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under the interchange of two lepton flavours or on a (spontaneously broken) CP symme-

try incorporating that interchange — or on both symmetries simultaneously. Each model
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lepton mixing; the fifth model also predicts a correlation between the lepton mixing angles

θ12 and θ23.
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1 Introduction

The problem of explaining the observed features of lepton mixing became significantly more

awkward with the recent definitive (more than 5σ) indications for a non-zero mixing angle

θ13 [1–3]. These indications have rendered obsolete the idea of a µ–τ interchange symmetry

in the neutrino mass matrix [4]. Moreover, a not so well-established (2σ) indication that the

mixing angle θ23 is not maximal1 suggests that the idea of a CP symmetry incorporating

the µ–τ interchange [8] should be discarded too.

At this juncture, one may either search for other ideas or try and somehow modify

the approaches mentioned in the previous paragraph in order to make them compatible

with the data. In this paper we take the latter path. Specifically, while in the models of

refs. [4, 9] the neutrino Dirac mass matrixMD was of the form diag (a, b, b) and in the model

of ref. [8] it was diag (a, b, b∗), in this paper we present models where MD = diag (a, b, c).

We shall see that this still allows us to retain some predictive power. In order to enhance

that power, we also apply in this paper an idea originally proposed in ref. [9], which allows

us to obtain one vanishing off-diagonal matrix element in the inverse of the light-neutrino

Majorana mass matrix M (in the basis where the charged-lepton mass matrix is diagonal).

In general, the matrix M , which is symmetric, contains nine physical parameters:

the six moduli of its matrix elements and three rephasing-invariant phases. Those nine

parameters correspond to nine observables: three neutrino masses, three mixing angles, one

Dirac phase (δ) in the mixing, and two Majorana phases among the three neutrino masses.

The first four models that we present in this paper have only five physical parameters

and are thus comparable, in predictive power, to models or Ansätze with two ‘texture

1In this paper we use exclusively the global fit of the neutrino-oscillation data by Fogli et al. [5]. Other

fits are contained in refs. [6, 7].
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zeros’ [10, 11]. Those models are able to predict δ and the absolute scale of the neutrino

masses.2 Moreover, our models provide excellent fits to the existing data on the three

mixing angles and on the two neutrino mass-squared differences. Our fifth model has only

four physical parameters and is able to predict one correlation between two mixing angles.

All the models that we propose in this paper utilize the type I seesaw mechanism with

three right-handed neutrinos. Thus, the leptonic multiplets in our models are the following:

• Three right-handed charged-lepton gauge-SU(2) singlets αR, where α may take the

values e, µ, and τ ;

• three right-handed neutrino singlets ναR;

• three left-handed doublets DαL = (ναL, αL)
T .

Our models also have a very simple scalar sector:

• Two Higgs doublets φ1,2 =
(

φ+
1,2, φ0

1,2

)T
. Their conjugate doublets are φ̃1,2 =

(

φ0
1,2

∗
, −φ−

1,2

)T
;

• two real gauge singlets, χ1 and χ2.

It is useful to compare the models in this paper with other recent models and Ansätze

which attempt to explain the nonzero θ13 and non-maximal θ23. Our models 3, 4, and 5

in this paper are based on an e–τ interchange symmetry (embedded, in models 4 and 5,

in a generalized CP symmetry) and therefore would never, even if that symmetry went

unbroken in MD, predict θ13 = 0. In our models 1 and 2 there is a µ–τ interchange

symmetry (embedded in model 1 in a D4 non-Abelian symmetry, and in model 2 in a

generalized CP symmetry),3 which is, however, broken in the neutrino Dirac mass matrix

MD. By contrast, many other models start from neither µ–τ , nor e–τ , nor e–µ interchange

symmetries. One approach focuses on ‘texture zeros’ in M ; this was recently advocated

in ref. [13] and numerically developed in ref. [14]. Alternatively one may use non-Abelian

symmetries like A4 —which do not contain the above-mentioned interchange symmetries

and had proven useful [15] for constructing models with vanishing θ13 —while relinquishing

additional assumptions in such a way that finally a nonzero θ13 emerges; an example of this

approach is ref. [16]. Or else one may use those non-Abelian symmetries in altogether novel

ways, see for instance ref. [17]. Another approach tries to find completely novel predictions

for θ13 and θ23 by having recourse to much larger non-Abelian flavour symmetry groups

together with carefully picked vacuum states; three very recent examples are given in

refs. [18–20], papers with related approaches are in refs. [21–23].

The outline of this paper is as follows. In section 2 we introduce a matrix A, derived

from the matrix M but which does not suffer from the rephasing ambiguity of the latter;

it turns out that most predictions of our models can be stated in terms of A-matrix ele-

ments. In section 3 we present our first model, which uses a µ–τ interchange symmetry.

2We omit predictions for the two Majorana phases, since they are, in general, experimentally irrelevant.
3For a short review on the µ–τ interchange symmetry, see ref. [12].
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In section 4 we present our second model, which uses a CP symmetry incorporating the

µ–τ interchange. In section 5 we note that in both previous models one may use an e–τ

interchange instead of the µ–τ interchange and still obtain a perfect fit to the data; we

moreover note that, by combining the e–τ interchange symmetry with the corresponding

generalized CP symmetry, one obtains a fifth model that is still compatible with the data.

In section 6 we elaborate, by means of a fit to the phenomenological data and of scatter

plots, the predictions of our models. We briefly summarize our achievements in section 7.

2 The matrix A

Let

M =







a f e

f b d

e d c






(2.1)

be a symmetric 3× 3 matrix. We assume M to be invertible. Then,

M−1 =
1

detM







bc− d2 de− cf df − be

de− cf ac− e2 ef − ad

df − be ef − ad ab− f2






. (2.2)

We define the matrix A, which is a symmetric 3× 3 matrix too, through

Aαβ = Mαβ

(

M−1
)

αβ
, (2.3)

where we do not imply summation over α and β.4 Then,

A =
1

detM







abc− ad2 def − cf2 def − be2

def − cf2 abc− be2 def − ad2

def − be2 def − ad2 abc− cf2






. (2.4)

An advantage of the matrix A over the matrix M is that, when M gets rephased through

Mαβ → ei(ψα+ψβ)Mαβ , (2.5)

the matrix A remains invariant.

Since

detM = abc+ 2def − ad2 − be2 − cf2, (2.6)

the matrix A in eq. (2.4) satisfies
3
∑

α=1

Aαβ = 1 (2.7)

for any value of β. It follows from eq. (2.7) that only three elements of A are linearly

independent. Therefore A has only six parameters: three moduli and three phases.5

4In this section, Greek-letter indices have range {1, 2, 3}. In the other sections of this paper, M is

interpreted as the neutrino mass matrix and those indices indicate the lepton flavours e, µ and τ .
5The original matrix M , after allowing for the rephasing (2.5), has nine parameters: six moduli and

three phases. So, A contains less information than M .
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Equation (2.7) has several consequences. Let α 6= β 6= γ 6= α. Then,

Aγα = Aγβ ⇔ Aαα = Aββ, (2.8)

which holds because Aαα = 1 − Aβα − Aγα, Aββ = 1 − Aαβ − Aγβ , and A is symmetric.

Another consequence is

Aγα = A∗
γβ ⇒ Aγγ = A∗

γγ , (2.9)

which holds because Aγγ = 1−Aαγ −Aβγ . Still another consequence of eq. (2.7) is

Aγα = A∗
γβ ∧ Aαα = A∗

ββ ⇒ Aαβ = A∗
αβ . (2.10)

Finally, one further consequence of eq. (2.7) is

Aγα = A∗
γβ ∧ Aαβ = A∗

αβ ⇒ Aαα = A∗
ββ . (2.11)

3 Model 1

Our first model has lepton flavour symmetry D4. It is directly inspired by the model of

ref. [9]; as a matter of fact, it is a simplification thereof, since in ref. [9] the symmetry group

is D4 × Z2 (and since ref. [9] has three Higgs doublets while we need only two). Here we

dispense with the Z2 since we want to treat in exactly the same fashion the charged-lepton

and the neutrino Yukawa couplings to the Higgs doublets.

A handy introduction to the groups Dn and to their representations can be found in

ref. [24]. We recall that D4 is generated, in its defining doublet irreducible representation,

by the matrices

B =

(

1 0

0 −1

)

and D =

(

0 1

1 0

)

. (3.1)

The group D4 has four inequivalent singlet representations,

1pq : B → p1, D → q1, where p, q ∈ {+, −} . (3.2)

The groups Dn have been frequently used as flavour symmetry groups; for a review see

ref. [25]. In particular, D4 was utilized in a large variety of models, some of which are

collected in refs. [26–29].

Our model contains the D4 doublets

(

DµL

DτL

)

,

(

µR
τR

)

,

(

νµR
ντR

)

, and

(

χ1

χ2

)

, (3.3)

while the Higgs doublet φ2 is a 1+− of D4. The remaining fields, viz. DeL, eR, νeR, and φ1

are D4-invariant. In particular this means that our model 1 has a Z2 interchange symmetry

generated by the matrix D in eq. (3.1),

Z
(int)
2 : DµL ↔ DτL, µR ↔ τR, νµR ↔ ντR, χ1 ↔ χ2, φ2 → −φ2. (3.4)

– 4 –
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This symmetry is broken spontaneously at the low (Fermi or lower6) scale when φ0
2 acquires

a vacuum expectation value (VEV). There is, besides, the Z2 symmetry generated by the

matrix B in eq. (3.1),

Z
(τ)
2 : DτL, τR, ντR, χ2 change sign. (3.5)

This symmetry is broken spontaneously at the high (seesaw) scale when χ2 acquires a VEV.

It so happens that our model also has — just as the model of ref. [9]—two accidental

Z2 symmetries,

Z
(e)
2 : DeL, eR, νeR, χ1, χ2 change sign, (3.6a)

Z
(µ)
2 : DµL, µR, νµR, χ1 change sign. (3.6b)

These accidental symmetries are also broken at the seesaw scale when χ1,2 acquire VEVs.

We parameterize those VEVs as

〈0 |χ1| 0〉 ≡ U cosϑ, 〈0 |χ2| 0〉 ≡ U sinϑ. (3.7)

The Lagrangian of Majorana mass terms is then of the form

LMaj = −1

2

[

mν̄eRCν̄TeR +m′
(

ν̄µRCν̄TµR + ν̄τRCν̄TτR
)]

+H.c. (3.8)

The Yukawa Lagrangian is

LYuk = −y1D̄eLeRφ1

−y2
(

D̄µLµR + D̄τLτR
)

φ1 − y3
(

D̄µLµR − D̄τLτR
)

φ2

−y4D̄eLνeRφ̃1

−y5
(

D̄µLνµR + D̄τLντR
)

φ̃1 − y6
(

D̄µLνµR − D̄τLντR
)

φ̃2

−y7 (χ1ν̄µR + χ2ν̄τR)Cν̄TeR +H.c., (3.9)

where C is the charge-conjugation matrix in Dirac space. So the charged-lepton mass

matrix is diagonal,

Mℓ = diag (y1v1, y2v1 + y3v2, y2v1 − y3v2) , (3.10)

where vk =
〈

0
∣

∣φ0
k

∣

∣ 0
〉

for k = 1, 2. The neutrino Dirac mass matrix is diagonal too:

MD = diag (a, b, c) , (3.11)

6Our Higgs doublets φ1,2 are not necessarily the ones which couple to the quarks. Their VEVs may be

much lower (and their masses much higher) than the Fermi scale, suppressed for instance through a type II

seesaw mechanism [30]. Alternatively, our model 1 may be viewed as an ordinary two-Higgs-doublet model

furnished with a Z2 symmetry under which φ2 → −φ2; that symmetry may apply to the quark sector in

a variety of ways [31], for instance by inverting the signs of the right-handed down-type quarks. It has

been shown [32–35] that these models are quite capable of describing the phenomenology and experimental

constraints that arise from the recent observations of a Higgs-like particle [36, 37].
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where a = y∗4v1, b = y∗5v1 + y∗6v2, and c = y∗5v1 − y∗6v2. The Majorana mass matrix of the

right-handed neutrinos is given by

MR =







m y7U cosϑ y7U sinϑ

y7U cosϑ m′ 0

y7U sinϑ 0 m′






. (3.12)

The expression for the effective light-neutrino Majorana mass matrix is7

M = −MT
DM

−1
R MD. (3.13)

Since MD is diagonal and (MR)µτ = 0, it immediately follows that

(

M−1
)

µτ
= 0. (3.14)

Taking into account the imposed symmetries, one finds the scalar potential

V =
2
∑

k=1

[

µkφ
†
kφk + λk

(

φ†
kφk

)2
]

+λ3 φ
†
1φ1 φ

†
2φ2 + λ4 φ

†
1φ2 φ

†
2φ1 +

[

λ5

(

φ†
1φ2

)2
+H.c.

]

+

(

µχ +

2
∑

k=1

λ̄k φ
†
kφk

)

(

χ2
1 + χ2

2

)

+ λχ
(

χ2
1 + χ2

2

)2

+λ′
χχ

2
1χ

2
2 +

(

λφ†
1φ2 +H.c.

)

(

χ2
1 − χ2

2

)

. (3.15)

We assume that U is at the high scale, while v =
(

|v1|2 + |v2|2
)1/2

lies at the low scale.8

The vacuum potential for U and ϑ is

V0 =

(

µχ +
2
∑

k=1

λ̄k |vk|2
)

U2 + λχU
4 +

λ′
χ

4
U4 sin2 2ϑ+ 2ℜ (λv∗1v2)U

2 cos 2ϑ. (3.16)

Unless λ is very large, of order U2/v2, the last term in the right-hand side of eq. (3.16) is

much smaller than the term just before it and may be neglected.9 Then ϑ will be either

nπ/2 or (2n+1)π/4 (with integer n) depending on whether λ′
χ is, respectively, positive or

negative. We assume that λ′
χ is negative and that ϑ = π/4, i.e. that 〈0 |χ1| 0〉 = 〈0 |χ2| 0〉.

This equality holds to O
(

v2/U2
)

when λ and λ′
χ are of the same order.

7In section 2, M was a generic 3× 3 symmetric, non-singular matrix. From now on, M will specifically

denote the light-neutrino Majorana mass matrix in the basis where the charged-lepton mass matrix is

diagonal.
8This of course requires some finetuning in V . Namely, λ̄1,2 must be very small, of order v2/U2, in order

that µ1 and µ2 do not receive corrections of seesaw magnitude when χ1,2 acquire VEVs. This is an ordinary

‘hierarchy problem’, to which we cannot offer a solution.
9This is the same approximation as in eq. (3.13), which neglects terms of order v2/U2 [38] too.
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Thus,

M−1 = − diag

(

1

a
,
1

b
,
1

c

)







m m′′ m′′

m′′ m′ 0

m′′ 0 m′






diag

(

1

a
,
1

b
,
1

c

)

, (3.17)

where m′′ = y7U
/√

2. Hence,

M = − 1

m′
(

mm′ − 2m′′2
) diag (a, b, c)

×







m′2 −m′m′′ −m′m′′

−m′m′′ mm′ −m′′2 m′′2

−m′m′′ m′′2 mm′ −m′′2






diag (a, b, c) . (3.18)

It follows from eqs. (3.17) and (3.18) that10

Aeµ = Aeτ . (3.19)

We conclude that model 1 leads to two complex conditions on M , eqs. (3.14) and (3.19).

Therefore, the matrix M in this model contains five physical parameters, as opposed to

nine physical parameters in the general case.

4 Model 2

In model 2, the symmetry Z
(int)
2 of model 1 is substituted by the CP symmetry











DeL(x) → γ0CD̄T
eL(x̄)

DµL(x) → γ0CD̄T
τL(x̄)

DτL(x) → γ0CD̄T
µL(x̄)

,











eR(x) → γ0CēTR(x̄)

µR(x) → γ0Cτ̄TR (x̄)

τR(x) → γ0Cµ̄TR(x̄)

,

CP :










νeR(x) → γ0Cν̄TeR(x̄)

νµR(x) → γ0Cν̄TτR(x̄)

ντR(x) → γ0Cν̄TµR(x̄)

,























χ1(x) → χ2(x̄)

χ2(x) → χ1(x̄)

φ1(x) → φ∗
1(x̄)

φ2(x) → −φ∗
2(x̄)

,

(4.1)

where x = (t, ~r) and x̄ = (t,−~r). Notice that, since χ1 and χ2 are gauge-singlet fields, they

have no electroweak interactions, hence CP may be arbitrarily defined for them; we have

opted for χ1
CP↔ χ2. Also notice that the Higgs doublets φ1 and φ2 transform with opposite

signs under CP .

Besides, model 2 also has the symmetries Z
(e)
2 , Z

(µ)
2 , and Z

(τ)
2 of model 1. Therefore,

the symmetry features of model 2 cannot be readily described through a group, since

they include a CP symmetry that does not commute with the two usual symmetries Z
(µ)
2

and Z
(τ)
2 . The theory of this kind of flavour symmetries has for example recently been

investigated in ref. [39];11 other recent examples of their utilization are refs. [43, 44].

10Aµµ = Aττ also follows from eqs. (3.17) and (3.18) but is equivalent to eq. (3.19), cf. eq. (2.8).
11See also ref. [40]. Generalized CP symmetries were pioneered in refs. [41, 42].
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We now have

LMaj = −1

2

[

mν̄eRCν̄TeR +m′ν̄µRCν̄TµR +m′∗ν̄τRCν̄TτR
]

+H.c., (4.2)

where m is real, and

LYuk = −y1D̄eLeRφ1

−
(

y2D̄µLµR + y∗2D̄τLτR
)

φ1 −
(

y3D̄µLµR − y∗3D̄τLτR
)

φ2

−y4D̄eLνeRφ̃1

−
(

y5D̄µLνµR + y∗5D̄τLντR
)

φ̃1 −
(

y6D̄µLνµR − y∗6D̄τLντR
)

φ̃2

− (y7χ1ν̄µR + y∗7χ2ν̄τR)Cν̄TeR +H.c., (4.3)

where y1 and y4 are real. So the charged-lepton mass matrix is once again diagonal,

Mℓ = diag (y1v1, y2v1 + y3v2, y
∗
2v1 − y∗3v2) , (4.4)

just as the neutrino Dirac mass matrix, which is as in eq. (3.11) with a = y∗4v1, b =

y∗5v1+y∗6v2, and c = y5v1−y6v2. The Majorana mass matrix of the right-handed neutrinos

is given by

MR =







m y7U cosϑ y∗7U sinϑ

y7U cosϑ m′ 0

y∗7U sinϑ 0 m′∗






(4.5)

and eq. (3.14) still holds.

The scalar potential is

V =
2
∑

k=1

[

µkφ
†
kφk + λk

(

φ†
kφk

)2
]

+λ3 φ
†
1φ1 φ

†
2φ2 + λ4 φ

†
1φ2 φ

†
2φ1 + λ5

[

(

φ†
1φ2

)2
+H.c.

]

+

(

µχ +

2
∑

k=1

λ̄k φ
†
kφk

)

(

χ2
1 + χ2

2

)

+ λχ
(

χ2
1 + χ2

2

)2

+λ′
χχ

2
1χ

2
2 +

[

λ
(

φ†
1φ2χ

2
1 − φ†

2φ1χ
2
2

)

+H.c.
]

, (4.6)

where λ5 is real but λ is in general complex. Once again, if λ′
χ is negative then ϑ = π/4.

Thus,

M−1 = − diag

(

1

a
,
1

b
,
1

c

)







m m′′ m′′∗

m′′ m′ 0

m′′∗ 0 m′∗






diag

(

1

a
,
1

b
,
1

c

)

, (4.7)

where m′′ = y7U
/√

2 Hence,

M−1 = − 1

m |m′|2 − 2ℜ
(

m′∗m′′2
) diag (a, b, c)

×







|m′|2 −m′∗m′′ −m′m′′∗

−m′∗m′′ mm′∗ −m′′∗2 |m′′|2
−m′m′′∗ |m′′|2 mm′ −m′′2






diag (a, b, c) . (4.8)
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Therefore this model predicts12

Aeµ = A∗
eτ . (4.9)

So this model has once again five parameters, since it predicts the two complex eqs. (3.14)

and (4.9).

5 Models 3, 4, and 5

In the models of the previous two sections we have made the following assignment for the

lepton flavours: we have assumed that the lepton flavours being interchanged either by the

symmetry Z
(int)
2 of eq. (3.4) or by the CP symmetry of eq. (4.1) are the µ and τ flavours.

Two other choices are possible — the lepton flavours being interchanged might be either

e and µ or e and τ . We have tested those two other choices against the experimental data

and have found that the second choice fits those data just as well as models 1 and 2 above.

Thus, we define model 3 as predicting

(

M−1
)

eτ
= 0, (5.1a)

Aeµ = Aµτ , (5.1b)

and model 4 as predicting

(

M−1
)

eτ
= 0, (5.2a)

Aeµ = A∗
µτ . (5.2b)

It is also possible to simultaneously impose invariance under Z
(int)
2 of eq. (3.4) and the

CP symmetry of eq. (4.1). In that case,

• Equation (3.8) holds with m and m′ real, cf. eq. (4.2).

• Equation (3.9) holds with y1–7 real, cf. eq. (4.3).

• Equation (3.15) holds with λ5 and λ real, cf. eq. (4.6).

So, finally one ends up with eq. (3.17) with m, m′, and m′′ real. The CP symmetry may

be broken spontaneously through VEVs v1,2 with a relative complex phase and this makes

a, b, and c complex; but that has no relevance for our predictions, since a, b, c drop out in

the matrix A.

It turns out that the model delineated above is unable to correctly fit the present data.

But the model in which the e and µ flavours are interchanged relative to the above works

fine; hence we define model 5 as predicting

(

M−1
)

eτ
= 0, (5.3a)

Aeµ = Aµτ , (5.3b)

Aµτ = A∗
µτ . (5.3c)

12It also predicts Aµµ = A∗
ττ , Aee = A∗

ee, and Aµτ = A∗
µτ , but these three relations can be derived from

eqs. (3.14) and (4.9), as was pointed out at the end of section 2.
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6 Observable predictions

We have fitted models 1–5 of the previous sections to the phenomenological data of ref. [5].

It turns out that our models fit the data so perfectly that we were able to use just the 1σ

intervals given in that paper. Thus, we have required that

m2
2 −m2

1 ∈ [7.32, 7.80]× 10−5 eV2, (6.1a)

sin2 θ12 ∈ [0.291, 0.325] , (6.1b)

m2
3 −

m2
1 +m2

2

2
∈ [2.33, 2.49]× 10−3 eV2, (6.1c)

sin2 θ13 ∈ [0.0216, 0.0266] , (6.1d)

sin2 θ23 ∈ [0.365, 0.410] , (6.1e)

in the case of a normal neutrino mass spectrum. If the neutrino mass spectrum is inverted,

then the requirements (6.1a) and (6.1b) remain, but the requirements (6.1c)–(6.1e) are

substituted by

m2
1 +m2

2

2
−m2

3 ∈ [2.31, 2.49]× 10−3 eV2, (6.2a)

sin2 θ13 ∈ [0.0219, 0.0267] , (6.2b)

sin2 θ23 ∈ [0.370, 0.431] , (6.2c)

respectively. In eqs. (6.1) and (6.2), m1,2,3 are the neutrino masses and θ12,13,23 are the

lepton mixing angles as defined in the standard parameterization in eq. (13.79) of ref. [45].

Notice that we have not used in our fits the constraints in ref. [5] for the Dirac phase δ of

lepton mixing, which we chose instead to be an observable to be predicted by our models.

For comparison, at the 1σ level the authors of ref. [5] found

δ ∈ [0.77π, 1.36π] ⇒ cos δ ∈ [−1,−0.43],

δ ∈ [0.83π, 1.47π] ⇒ cos δ ∈ [−1,−0.09]
(6.3)

for a normal and for an inverted spectrum, respectively.

We have found that all our models are able to fit the data either in eqs. (6.1) — for a

normal mass spectrum — or in eqs. (6.2) — for an inverted mass spectrum — or in both of

them — perfectly. In models 1 to 4, the phase space for the five observables appears, inside

the intervals quoted in those equations, uniformly filled in all our scatter plots, so that no

prediction for any of those observables looks warranted. On the other hand, predictions for

the overall neutrino mass scale and for the phase δ are possible. Another quantity that one

may predict is the effective mass mββ ≡ |Mee|, which is relevant for neutrinoless double

beta decay. In model 5, moreover, the angles θ12 and θ23 are correlated and significantly

restricted relative to the intervals in eqs. (6.1b) and (6.2c), respectively.
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Figure 1. For model 1, we present (a) cos δ vs. mββ and (b) the sum of the three neutrino masses

vs. mββ . All points shown were found requiring a 1σ fit to the data of Fogli et al. [5]. Model 1

allows an inverted mass spectrum only.
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Figure 2. For model 2, we present (a) cos δ vs. mββ and (b) the sum of the three neutrino

masses vs. mββ . All points shown were found requiring a 1σ fit to the data of Fogli et al. [5]. The

green (light grey) points correspond to a normal mass spectrum, while points corresponding to an

inverted mass spectrum are shown in blue (black).

Model 1 is compatible only with an inverted neutrino mass spectrum. The neutrino

masses must be quite high, of order 0.2 eV or more for each neutrino, which risks violating

cosmological bounds [46–48]. The phase δ is close to π (cos δ < −0.5), which agrees with

the (valid at the 1σ level) preference found in ref. [5]. The corresponding scatter plots are

presented as figure 1.

For model 2 both a normal and an inverted neutrino mass spectrum are possible.

However, if the spectrum is inverted then δ must be very close to π/2 or 3π/2 and the

three neutrinos must be almost degenerate with masses around 0.15 eV, which is disfavoured

by some of the recent cosmological bounds [46–48]. For a normal spectrum neutrino masses

may be lower and there is a close correlation between cos δ and the scale of neutrino masses.

Notice that for model 2 cos δ is always positive, which disagrees with the findings of ref. [5]

at the 1σ level; at the 2σ level, though, cos δ is already unconstrained in ref. [5], so this

should not be considered a severe handicap of our model. Plots for this case are given in
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Figure 3. Plots for cos δ vs. mββ in model 3 (plot a) and in model 4 (plot b); and for the sum

of the neutrino masses vs. mββ in model 3 (plot c) and in model 4 (plot d). All points shown were

found requiring a 1σ fit to the data of Fogli et al. [5]. Models 3 and 4 allow an inverted neutrino

mass spectrum only.

figure 2. Models 3 and 4 are, in practice, extremely similar. Only an inverted neutrino

mass spectrum is possible for them. The neutrino masses must moreover lie in a very narrow

range: the lowest mass, m3, must lie in between 0.008 eV and 0.012 eV. This is compatible

with all current cosmological bounds. Moreover, those models force cos δ < −0.4, which is

in agreement with the 1σ range obtained in ref. [5] — see eqs. (6.3). Plots for models 3

and 4 are presented in figure 3.

In model 5 the neutrino mass matrix M is effectively real, apart from the unphysical

phases of a, b, and c; neglecting those phases, M may be diagonalised by a real orthogonal

matrix O as OTMO = diag (m1,−m2,m3).
13 The smallest neutrino mass is m3, since

only an inverted spectrum works in model 5. In that model the neutrino masses are

exceedingly constrained: the sum of the light-neutrino masses must be (0.110± 0.003) eV

and mββ = (0.020± 0.001) eV. The matrix O is characterized by Dirac phase δ = π.

Besides these predictions, model 5 predicts a correlation between the mixing angles θ12
and θ23, which we depict in the scatter plots in figure 4. One sees in figure 4 (a) that

model 5 is still viable, although rather marginally, at the 1σ level.

13We have found that only this choice of Majorana phases works: the largest eigenvalue of M in absolute

value, viz. m2, must have sign opposite to the one of the other two eigenvalues.
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Figure 4. The correlation between sin2 θ23 and sin2 θ12 in model 5. In plot (a) all the physical

quantities were forced to lie inside their 1σ ranges of ref. [5] while in plot (b) the 3σ ranges were

used instead. The cross in both plots marks the best-fit point of ref. [5]. Model 5 only allows an

inverted mass spectrum, with the Majorana phases and δ = π fixed (see text).

7 Summary

In this paper we have constructed five flavour models for the lepton sector. They are

two-Higgs-doublet models with a standard Z2 symmetry which changes the sign of one of

the doublets, or else with a CP symmetry under which one of the doublets is odd. The

models are not necessarily supersymmetric and use no soft breaking of symmetries, just

spontaneous breaking. Since they are seesaw models, they include an extra high scale at

which we introduce two real scalar gauge singlets and three right-handed neutrinos. Models

1–4 have five physical parameters each, while model 5 only has four parameters. They all

fit very well the phenomenological data for the lepton mixing angles and for the neutrino

mass-squared differences. With the exception of model 2, all our models predict an inverted

neutrino mass spectrum and a negative cos δ. In models 1 and 2 the neutrino mass scale

tends to be quite high, in possible conflict with cosmological bounds, but in models 3, 4,

and 5 the neutrinos are fairly light. Model 5 furthermore predicts a well-defined correlation

between the mixing angles θ12 and θ23.

Experimental consequences of our models may either be around the corner or unattain-

ably far. On the one hand, the two Higgs doublets that we utilize in our models may be the

ones of a two-Higgs-doublet model; either of the Z2 symmetries generated by B and by D

in eq. (3.1) may be suitably extended to the quark sector in order to guarantee the absence

of flavour-changing neutral Yukawa interactions (FCNYI) in that sector. Note that the

D4 symmetries of our models 1, 3 and 5 ensure the absence of FCNYI at tree level in the

lepton sector (the same statement being true for the generalized symmetries of models 2

and 4); the standard option [31] to avoid FCNYI in two-Higgs doublet models is a Z2

symmetry under which φ2, eR, µR, and τR change sign, but that option is not unique, as

shown here. In our model FCNYI only arise at loop level [49]; flavour-changing couplings

to the γ and Z0 gauge bosons are suppressed if the seesaw scale is sufficiently high [49, 50].

The FCNYI may lead to decays like τ± → µ±e+e− or else to neutral-scalar decays of the
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type S0 → τ+µ−, which may in the future be observable at the LHC; however, the flavour-

changing vertices are suppressed by a loop factor and by two Yukawa couplings and will

typically be small. On the other hand, the two Higgs doublets of our models may not be

unique; there may be an extra Higgs doublet, call it φ0, which has a much larger VEV and

is the only one that couples to the quarks. In such a scheme, φ1,2 will have large masses

and small VEVs due to a type-II seesaw mechanism for Higgs doublets14 [30] and might

be undetectable at the LHC.
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