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1 Introduction

The Higgs boson was discovered by the LHC collaborations in 2012 [1, 2] and precision
measurements of its properties have shown it behaves very much as one would expect in the
context of the Standard Model (SM) [3, 4]. This was the last particle predicted for the SM that
remained to be discovered, and that theory is now “complete” — except that the SM leaves
many unanswered questions, such as any explanation for the hierarchy of fermion masses;
a satisfactory description of the matter-antimatter asymmetry in the Universe; and a valid
candidate for Dark Matter, among other issues. Beyond the Standard Model (BSM) theories
have been proposed since the SM itself was proposed, and extensions of the scalar sector,
wherein more scalars than just the SM Higgs doublet are considered, have long been a popular
and fertile field of study. Considering an extra scalar gauge singlet has been proposed to
allow for an explanation of electroweak baryogenesis [5]; adding a SU(2) triplet to the SM [6]
originates the see-saw mechanism, which provides a natural explanation for the smallness
of the neutrino masses; and one of the most simple SM extensions is the two Higgs doublet
model (2HDM), proposed by T. D. Lee in 1973 [7] so that CP violation could be the result of
spontaneous symmetry breaking (for a review, see [8]). The model has a rich phenomenology,
predicting the existence of 3 neutral spin-0 particles (not just one) and a charged one. Some
versions of the 2HDM also include natural candidates for dark matter [9–12]. However, while
the SM scalar potential is characterized by 2 independent parameters, the most general
2HDM has, seemingly, 14 parameters, though the freedom to redefine both doublets reduces
that number to 11 [13]. As such, it is quite useful to impose discrete or continuous global
symmetries on the 2HDM, thereby reducing the number of parameters of the model and
increasing its predictive power. Not only that but those symmetries can provide natural
solutions for phenomenological problems: for instance, a Z2 symmetry was proposed by
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Glashow, Weinberg and Paschos [14, 15] so that flavour changing neutral currents (FCNCs)
mediated by neutral scalars become forbidden — and since such interactions are present in
the most general 2HDM lagrangian, and are highly constrained by experimental data, the Z2
symmetry provides a natural explanation for their absence, all the while reducing the number
of free parameters in the scalar potential to 7. Likewise, a continuous U(1) symmetry was
proposed by Peccei and Quinn as a possible explanation for the strong QCD problem [16],
from which a 2HDM scalar potential with only 6 parameters emerges.

All in all, six different global symmetries may be imposed on the SU(2)L × U(1)Y scalar
potential [17, 18]. Due to the freedom to redefine doublets by choosing different basis
for those fields, two a priori different scalar potentials may well correspond to the same
symmetry. For instance, the Z2 symmetry, resulting from the field transformations Φ1 → Φ1
and Φ2 → −Φ2, yields a scalar potential with the same physics than a potential invariant
under a permutation symmetry, Φ1 ↔ Φ2, even though both potentials have very different
relations imposed on its parameters. Another issue is that of accidental symmetries: since
we are considering a renormalizable theory the scalar potential will have at most quartic
terms in the fields, different field transformations yield physically equivalent potentials. For
instance, a scalar potential invariant under a Z3 symmetry, where doublets transform as
Φ1 → Φ1 and Φ2 → e2iπ/3Φ2, is physically indistinguishable from one invariant under a U(1)
Peccei-Quinn symmetry, for which Φ1 → Φ1 and Φ2 → eiθΦ2, with arbitrary values for θ.
Indeed, while we consider only the scalar and gauge sectors, there is no distinction between
these two possibilities. The same can be said for a 2HDM scalar sector invariant under a ZN

symmetry, with N ≥ 3, and as mentioned this is caused by the fact that the scalar potential
only has terms up to fourth power in the doublet fields. However, this picture changes when
one considers the Yukawa sector. Though most of the six symmetries of the scalar potential
can be extended to the full lagrangian yielding acceptable fermion phenomenology, there are
different possibilities of achieving that. We can therefore have physically different theories
which are identical in the scalar and gauge sectors but differ substantially in their Yukawa
interactions. For instance, it is possible to have a U(1)-invariant 2HDM where its Yukawa
sector has no FCNCs, and a Z3 symmetric 2HDM, which shares the same scalar potential
as the U(1) theory, but with FCNCs in its scalar-fermion interactions.

This then raises an interesting question, which we will study in this paper: since the U(1)
2HDM is invariant under a continuous symmetry, any vacuum which spontaneously breaks
that symmetry (i.e. one for which both doublets acquire a vacuum expectation value (vev))
yields a massless scalar (other than the 3 Goldstone bosons one expects from electroweak
symmetry breaking)- Indeed, minimising the scalar potential and computing the scalar masses
one finds that the pseudoscalar of the model, A, is massless in this theory.1 This is to
be expected from Goldstone’s theorem [22, 23]. But with a Z3 2HDM we are left with a
lagrangian which is invariant under a discrete symmetry but whose scalar potential is identical
to the Peccei-Quinn one. One then finds at tree-level that upon spontaneous symmetry
breaking the pseudoscalar A is also massless in this case. Is this a possible exception of

1This is usually avoided by adding a soft-breaking quadratic term in the potential. In this work we will
only deal with potentials without such soft breakings. It should be noted, however, that the Peccei-Quinn
2HDM symmetry is anomalous, and a non-zero but very small axion mass is expected to appear [19] from, in
principle, 3-loop contributions. For an alternate way to generate axion masses in 2HDMs, see [20, 21].
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Goldstone’s theorem, which explicitly applies to models with continuous symmetries? We
will show in the present work that is not the case and Goldstone’s theorem remains valid.
Since both models, the U(1) and Z3 invariant 2HDMs, differ only in their Yukawa sectors,
we should compute the contributions from fermions to scalar masses, and hopefully see that
those mass corrections to the pseudoscalar mass are non-zero for the Z3 model, remaining
zero for the U(1) case. But fermions have no contribution to scalar masses at tree-level, which
leads us to compute one-loop corrections to the scalar sector. We will discover that indeed a
Z3 symmetry yields a massive pseudoscalar at the one-loop level, while all U(1)-invariant
Yukawa sectors still originate a massless A. However, we will also show that, out of all
possible Z3-invariant Yukawa matrices (the seemingly complete list of such textures was
presented in [24]), only one gives a non-zero mass to A.

This paper is organised as follows: in section 2 we present the 2HDM and discuss in
detail the U(1) and Z3 symmetries imposed on it. We show that at tree-level both symmetries
yield a massless pseudoscalar. We review how these symmetries are extended to the fermion
sector, and how they generate different Yukawa textures. In section 3 we present the one-
loop potential and discuss its minimisation and the formalism needed to compute one-loop
contributions to the masses of the scalars of the model. We present the contributions to the
pseudoscalar and neutral Goldstone masses from the scalar and gauge sectors in section 4
and show how both of those masses remain zero, even at one-loop. In section 5 we then
compute the one-loop corrections from fermions, showing that a specific Z3 Yukawa texture
yields a non-zero pseudoscalar mass, all the while preserving the masslessness of the neutral
Goldstone boson. We will also show that the other possible Z3 Yukawa textures still yield
a massless pseudsocalar, as do all U(1)-invariant Yukawas. We will discuss these results
and present our conclusions in section 6.

2 The two Higgs doublet model: U(1) and Z3 symmetries

The 2HDM extends the scalar sector of the SM by considering two hypercharge Y = 1 SU(2)L

doublets. The most general renormalizable scalar potential that one can then write which is
invariant under the SU(2)L × U(1)Y gauge symmetries is given by, at tree-level,

V0=m2
11Φ

†
1Φ1+m2

22Φ
†
2Φ2−[m2

12Φ
†
1Φ2+h.c.]+ 1

2λ1(Φ†
1Φ1)2+ 1

2λ2(Φ†
2Φ2)2+λ3(Φ†

1Φ1)(Φ†
2Φ2)

+λ4(Φ†
1Φ2)(Φ†

2Φ1)+
{

1
2λ5(Φ†

1Φ2)2+
[
λ6(Φ†

1Φ1)+λ7(Φ†
2Φ2)

]
Φ†

1Φ2+h.c.
}
. (2.1)

Other than the m2
12 and λ5,6,7 coefficients, all parameters are real. Since the two doublets are

not physical fields (those will be the scalar mass eigenstates found after spontaneous symmetry
breaking), any unitary transformation of Φ1 and Φ2 which leaves the theory’s kinetic terms
invariant leads to a physically equivalent model. These basis transformations, defined as

Φ′
i = Uij Φj , (2.2)

for a generic 2× 2 unitary matrix U , allow one to simplify the model in many circumstances.
For instance, such basis transformations can show that the most general 2HDM scalar
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potential has only 11 independent real parameters (and not 14 as a naïve parameter counting
of eq. (2.1) would lead to conclude [13]).

The most general 2HDM, when extended to the fermion sector, would induce tree-level
flavour-changing neutral currents (FCNC) mediated by scalar particles. These interactions
may have sizeable contributions to several meson physics observables (such as B and K

meson oscillation parameters, for instance) and as such are constrained by experiments to be
quite small. One way to naturally ensure the absence of these FCNC is to impose a discrete
symmetry on the lagrangian — a simple Z2 symmetry, as proposed by Glashow, Weinberg
and Paschos [14, 15], wherein invariance of the lagrangian is required for the transformation
Φ1 → Φ1, Φ2 → −Φ2, forces a single scalar doublet to couple to fermions of the same electric
charge, thereby eliminating tree-level FCNC in scalar-fermion interactions. The impact of
this symmetry on the scalar potential is to set to zero the parameters m2

12, λ6 and λ7.2

Another global symmetry that one can impose on the 2HDM is a continuous U(1)
symmetry, as proposed by Peccei and Quinn [16] to solve the strong QCD problem. To wit,
one requires invariance of the lagrangian under the transformations

Φ1 → Φ′
1 = Φ1 , Φ2 → Φ′

2 = ei θΦ2 , (2.3)

with θ an arbitrary real number. This induces another restriction on the 2HDM scalar
parameters, rendering λ5 equal to zero, so that the potential becomes

V0 = m2
11Φ

†
1Φ1+m2

22Φ
†
2Φ2+ 1

2λ1(Φ†
1Φ1)2+ 1

2λ2(Φ†
2Φ2)2+λ3(Φ†

1Φ1)(Φ†
2Φ2)+λ4(Φ†

1Φ2)(Φ†
2Φ1) .
(2.4)

Let us now consider electroweak symmetry breaking, assuming both doublets acquire real
and neutral vevs,3 ⟨Φ1⟩ = (0 , v1/

√
2)T and ⟨Φ2⟩ = (0 , v2/

√
2)T such that v2

1 + v2
2 = v2,

with v = 246GeV for correct electroweak symmetry breaking. This vacuum clearly breaks
the global U(1) symmetry imposed on the model.4 We then parameterize the doublets’
real components φi such that

Φ1 = 1√
2

(
φ1 + iφ3

v1 + φ5 + iφ7

)
, Φ2 = 1√

2

(
φ2 + iφ4

v2 + φ6 + iφ8

)
, (2.5)

so that the tree-level minimization conditions are found by setting all φi to zero and computing
the derivatives of the potential in order of the vevs,

∂V0
∂v1

= 0 ⇐⇒
(
m2

11 +
1
2λ1v

2
1 + 1

2λ34v
2
2

)
v1 = 0

∂V0
∂v2

= 0 ⇐⇒
(
m2

22 +
1
2λ2v

2
2 + 1

2λ34v
2
1

)
v2 = 0 , (2.6)

2In the basis where the Z2 symmetry has the form mentioned. In other basis there might appear different
relations between parameters but the physical consequences of said symmetry are the same.

3It is actually impossible that charge breaking vevs occur for this model. Likewise, complex vevs which
would spontaneously break CP cannot occur in this model as well [25].

4For some regions of parameter space, the model also allows for a vacuum in which one of the doublets
remains vevless and therefore preserves the U(1) symmetry. That yields a Inert 2HDM [9–12] and would have
a non-zero pseudoscalar mass already at tree-level.
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where for convenience we defined λ34 = λ3 + λ4. The tree-level scalar squared mass matrix
is then given by

[
M2

S

]
ij
= ∂2V0
∂φi∂φj

∣∣∣∣∣
min

(2.7)

where by “min” we indicate that these second derivatives are computed with all φi = 0.
With the vevs considered and our ordering of the real components φi, the 8× 8 mass matrix
above breaks into four 2 × 2 blocks. Two of those blocks (corresponding to {φ1, φ2} and
{φ3, φ4}) are identical and give the charged mass matrix,

[
M2

H±

]
=

m2
11 + 1

2λ1v
2
1 + 1

2λ3v
2
2

1
2λ4v1v2

1
2λ4v1v2 m2

22 + 1
2λ2v

2
2 + 1

2λ3v
2
1

 . (2.8)

If evaluated at the tree-level solution of the minimization equations (2.6), this matrix has
a zero eigenvalue, corresponding to the mass of the charged Goldstone G±, and a non-zero
one giving the tree-level charged scalar mass. The block corresponding to fields {φ5, φ6}
is the CP-even mass matrix,

[
M2

H

]
=

m2
11 + 3

2λ1v
2
1 + 1

2λ34v
2
2 λ34v1v2

λ34v1v2 m2
22 + 3

2λ2v
2
2 + 1

2λ34v
2
1

 . (2.9)

When the eigenvalues of this matrix are evaluated with vevs satisfying the conditions of
eqs. (2.6) we find two non-zero values, the squared masses of the lighter CP-even scalar,
h, and the heavier one, H.

Finally, the block corresponding to the component fields {φ7, φ8}, which are the imaginary
parts of the neutral components of both doublets, will give us the masses of the pseudoscalar
A and the neutral Goldstone boson G0. This block is found to be diagonal, and the tree-level
pseudoscalar mass matrix is then given by

[
M2

A

]
=

m2
11 + 1

2λ1v
2
1 + 1

2λ34v
2
2 0

0 m2
22 + 1

2λ2v
2
2 + 1

2λ34v
2
1

 . (2.10)

At the tree-level minimum which satisfies eqs. (2.6), we find that all four entries of this
matrix vanish — which means that, in accordance with Goldstone’s theorem, the spontaneous
breaking of the continuous Peccei-Quinn U(1) symmetry produces a massless pseudoscalar,
along with the massless neutral Goldstone boson one would expect since electroweak symmetry
breaking is also occurring. As for the gauge boson masses, they arise as usual from the
kinetic terms in the lagrangian,

LK = (DµΦ1)†(DµΦ1) + (DµΦ2)†(DµΦ2) (2.11)

where the covariant derivatives are written as

Dµ = ∂µ − i

2 g
′Bµ − i

2 g σ
aW a

µ , (2.12)
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with a = {1, 2, 3} and σa are the Pauli matrices. The usual 2HDM gauge boson mass matrices
are then found, and the gauge boson masses given by

m2
W = g2

4 (v2
1 + v2

2) , m2
Z = g2 + g′2

4 (v2
1 + v2

2) . (2.13)

At this stage, let us consider the 2HDM with a different symmetry — a Z3 symmetry,
whereas instead of a generic angle θ as was considered in the U(1) symmetry in transformation
of eq. (2.3), we restrict ourselves to a single complex phase of 2π/3 and require invariance
of the lagrangian under

Φ1 → Φ′
1 = Φ1 , Φ2 → Φ′

2 = e2iπ/3Φ2 . (2.14)

Now, it is easy to verify that requiring invariance under Z3 or U(1) yields exactly the same
scalar potential, eq. (2.4). This is because all terms of the form Φ†

1Φ2 (or their hermitian
conjugates) transform non-trivially under both symmetries5 and as such all coefficients which
multiply such a term, with the exception of λ4, are set to zero by both symmetries. As a
consequence, imposing the discrete Z3 symmetry on the 2HDM scalar potential results in
an accidental continuous U(1) symmetry, and as such it is not surprising that spontaneous
symmetry breaking yields a massless pseudoscalar in both cases. The gauge sector also does
not distinguish between both symmetries so a scalar + gauge 2HDM with a Z3 symmetry
is indeed, by accident, a Peccei-Quinn U(1) 2HDM. Indeed, the same occurs for any other
ZN symmetry, with N ≥ 3.

However, this picture changes when we introduce fermions in the theory. We will only
look at the quark sector, but leptons would be handled in a similar manner. The interactions
between quarks and scalars are given by the Yukawa lagrangian, written as

−LY = Q̄LΓ1Φ1nR + Q̄LΓ2Φ2nR + Q̄L∆1Φ̃1pR + Q̄L∆2Φ̃2pR + h.c. , (2.15)

where the Γi, ∆i are 3×3 complex matrices of Yukawa couplings, and nR (pR) are 3-vectors in
flavour space containing the 3 right handed negative (positive) quark fields who, upon rotation
to the basis of quark mass eigenstates, will describe the down (up) quarks. Finally, QL stands
for a 3-vector in flavour space containing the 3 left quark doublets, i.e. (QL)i = (pi , ni)T

L.
The quark mass matrices are then given by

Mn = 1√
2
(Γ1v1 + Γ2v2) , Mp = 1√

2
(∆1v1 +∆2v2) , (2.16)

which are diagonalised by 3 × 3 unitary matrices UqL, UqR such that the physical down
and up masses appear as

Md = diag(md , ms , mb) = U †
dLMn UdR ,

Mu = diag(mu , mc , mt) = U †
uLMp UuR . (2.17)

Extending a U(1) or Z3 symmetry to the Yukawa sector is achieved by requiring invariance
of the lagrangian (2.15) under simultaneous transformations of the scalars under eqs. (2.3)

5Albeit with different complex phases, eiθ for U(1) and e2iπ/3 for Z3.
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or (2.14), respectively, and of the fermion fields under

QL → Q′
L = diag(eiα1 , eiα2 , eiα3)QL ,

nR → n′R = diag(eiβ1 , eiβ2 , eiβ3)nR ,

pR → p′R = diag(eiγ1 , eiγ2 , eiγ3) pR , (2.18)

with generic real phases αi, βi and γi. Under these transformations the Yukawa matrices
transform as

(Γa)ij = ei(αi−βj−θa) (Γa)ij , (2.19)
(∆a)ij = ei(αi−γj+θa) (∆a)ij , (2.20)

where θ1 = 0 and θ2 = θ. A given entry of a Γ or ∆ matrix will be non-zero if and only if the
combinations of phases in the exponentials above are equal to 0 (mod(2π)). The complete6

list of possible Yukawa matrices that are (a) invariant under these transformations, (b)
generate 3 massive up and down quarks and (c) can produce a realistic Cabbibo-Kobayashi-
Maskawa (CKM) quark mixing matrix were obtained in ref. [24], where it was shown that
there are many different, and physically non-equivalent, ways of extending symmetries of
the scalar sector to the Yukawa one. For instance, there are many Yukawa matrix textures
which are themselves U(1) invariant. One example out of many is to choose αi = 0 and
βi = −γi = −θ for all i = 1, 2, 3, which forces all fermions to couple only to Φ2, the Yukawa
matrices resulting thereof given by

Γ1 =

0 0 0
0 0 0
0 0 0

 , Γ2 =

× × ×
× × ×
× × ×

 ,

∆1 =

0 0 0
0 0 0
0 0 0

 , ∆2 =

× × ×
× × ×
× × ×

 , (2.21)

where “×” denotes a generic complex number. This is a well-known realisation of a “Type I”
2HDM, and the Yukawa matrices above have no scalar-mediated FCNCs. Like many other
U(1)-invariant textures, they are obtained for completely generic values of the phase θ.

But there are Yukawa textures which can only be obtained if θ = 2π/3 and are thus
specifically Z3-symmetric.7 All such cases are listed in section III.C.5 of ref. [24].8 One
such example are the textures

Γ1 =

× 0 0
0 × 0
0 0 ×

 , Γ2 =

0 × 0
0 0 ×
× 0 0

 ,

∆1 =

0 × 0
0 0 ×
× 0 0

 , ∆2 =

× 0 0
0 × 0
0 0 ×

 . (2.22)

6It should be emphasised that in ref. [24] only textures resultant from abelian symmetries were obtained.
Other textures are therefore possible. It also does not seem that the Z3 textures considered in [26] are included
in the list provided in [24].

7There are also Yukawa matrix textures which can only be obtained if θ = π and are therefore Z2-symmetric.
They are listed in section III.C.4 of ref. [24] but we will not consider them in this paper.

8We detected a typo in eq. (89) of ref. [24]: the (1,3) entry of matrix Γ1 should be zero.
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Looking at the entries of the Γ matrices we obtain the following conditions on the α and β

phases (we already chose α1 = 0, which can always be made without loss of generality),9

Γ1 : −β1 = 0 ; α2 − β2 = 0 ; α3 − β3 = 0
Γ2 : −β2 − θ = 0 ; α2 − β3 − θ = 0 ; α3 − β1 − θ = 2nπ , (2.23)

with n a generic integer number. It is then simple to verify that for these equations to
have a solution one must have α2 = β2 = −θ and α3 = β3 = −2θ. The final equation then
implies −3θ = 2nπ, for which θ = 2π/3 is a solution (as is θ = −2π/3, but both solutions
correspond to exactly the same physics).

The models corresponding to the U(1) textures of (2.21) and the Z3 ones of (2.22) are
not the same: the former has neutral scalars which preserve flavour in their interactions
with quarks, whereas the latter has FCNCs in those same interactions. There is therefore a
physical distinction between the U(1) and Z3 lagrangians, even though their scalar sectors
are seemingly identical. But then we are left with a question: if the Z3 lagrangian has a
discrete symmetry, then Goldstone’s theorem does not apply, and there should be a massive
pseudoscalar after spontaneous symmetry breaking. That, however, is not what we have
already seen in eq. (2.10), where the tree-level minimisation conditions yield a massless
pseudoscalar. Before considering that Godlstone’s theorem might be incorrect, however, we
should consider that both lagrangians, the U(1) and Z3-symmetric ones, differ only in their
Yukawa sector, and as such we may anticipate that contributions to the pseudoscalar mass
from the fermionic sector will distinguish between both models, and give rise to a non-zero
mass for the Z3 case. Such contributions only appear at the one-loop level, which motivates us
to undertake the computation of radiative corrections to the pseudoscalar mass in both models.

3 One-loop potential and one-loop scalar masses

In this paper we will closely follow the formalism developed by Stephen P. Martin in a
series of papers [27–29]. In this section we will briefly review the formalism required for
our purposes and refer the reader to those references for further details. The one-loop
effective potential V1 is given by

V1 = V0 +∆V1 , (3.1)

where we have already written the tree-level potential V0 in eq. (2.4) and the one-loop
contribution is

∆V1 = 1
64π2

∑
α

nαm
4
α

[
log
(
m2

α

µ2

)
− 3

2

]
, (3.2)

where we are working in the Landau gauge and considering a Dimensional Reduction reg-
ularization scheme.10 In this expression µ is an arbitrary renormalization scale (typically

9In these equations obviously all terms equal to “0” should be interpreted as “0 (mod(2π))”, but for our
purposes it is enough to only consider a factor of “2nπ” in the last equation.

10Had we used Dimensional Regularization, the factors of 3/2 in ∆V1 would be replaced by 5/6 for the
gauge boson contributions.
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considered of the order of the largest masses of the theory, to numerically minimize the
size of the logarithms present in this expression) and the α index runs through all particles
in the model. The mα are the tree-level masses for each particle, and the factors nα are,
for a particle of spin sα, given by

nα = (−1)2sα (2sα + 1)CαQα , (3.3)

with Cα = 3 for particles with colour and 1 for all others; and Qα = 2 for particles with
electric charge and 1 for neutral ones. The one-loop minimization equations are therefore

∂V1
∂vi

= ∂V0
∂vi

+ ∂∆V1
∂vi

= 0 (3.4)

and a simple calculation gives(
m2

11 +
1
2λ1v

2
1 + 1

2λ34v
2
2

)
v1 +

1
32π2

∑
α

nαm
2
α

∂m2
α

∂v1

[
log
(
m2

α

µ2

)
− 1

]
= 0 ,

(
m2

22 +
1
2λ2v

2
2 + 1

2λ34v
2
1

)
v2 +

1
32π2

∑
α

nαm
2
α

∂m2
α

∂v2

[
log
(
m2

α

µ2

)
− 1

]
= 0 . (3.5)

Numerically, these equations may be solved for the values of m2
11 and m2

22 once all other
couplings and vevs are chosen.11 The tree-level masses depend on the vevs, so their derivatives
can be obtained easily from eqs. (2.8), (2.9), (2.10) and (2.13) for the scalars and gauge
bosons. In section 5 we will show how to handle the fermionic masses. In all of these
expressions, the tree-level expressions for each particle mass are evaluated with vevs which
satisfy the one-loop minimization equations. As mentioned earlier, the tree-level masses of
eqs. (2.8), (2.9) and (2.10) evaluated at the tree-level minimum given by eqs. (2.6) yield three
massless Goldstone bosons and a massless pseudoscalar — the former due to spontaneous
electroweak symmetry breaking, the latter from the spontaneous breaking of the U(1) global
symmetry. In the evaluation of the one-loop effective potential, or its derivatives, tree-level
masses are evaluated at the one-loop minimum and therefore no massless eigenvalues are
expected. But when the one-loop scalar mass matrix is evaluated at the one-loop minimum
we expect to again find three massless eigenvalues corresponding to the Goldstone bosons,
and again a massless pseudoscalar from spontaneous breaking of U(1).

In [28, 29] a method of computing the one-loop scalar self-energies was presented. The
procedure uses a mass-independent renormalization scheme, in which observables — such
as masses or cross sections — are outputs, but the inputs of the model are renormalized
running couplings and mass parameters. This method is ideal for situations where tree-level
predictions for the mass of a given particle are expected to be substantially altered through
radiative corrections, albeit in a perturbative manner. For instance, in SUSY models the
Higgs mass is predicted to be less than the mass of the Z boson at tree-level — but one-loop
contributions to that mass can substantially enhance it, and make the SUSY value compatible
with the current experimental value [30, 31]. Likewise, this method is appropriate for the
question we are considering in this paper — to investigate whether the tree-level prediction,

11Notice, however, that those two parameters enter into the definitions of the squared scalar masses present
in the one-loop terms above.
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mA = 0, is preserved by loop corrections both for the case of a U(1)-invariant lagrangian
and a Z3-invariant one.

The physical masses are independent of both gauge and external momentum, and are
defined as the poles of the propagator of the particle in question. Following [28, 29], for a
theory with n scalars with tree-level masses m(0)i, the one-loop mass m(1)k is the value
of s which solves

Det
[(
m(0)2

i − s
)
δij +

1
16π2 Πij

(
m(0)2

k

)]
= 0 , (3.6)

where s = m(1)2
k = −p2, p being the external momentum, and Πij are the scalar self-energies.

Since the self-energies Πij have a complicated dependence on the variable s, this equation
will typically be solved in an iterative way: start with s = 0 and compute the eigenvalues
of the one-loop mass matrices, take those for the new values of s and repeat the process
until s converges to a single value for each mass. This formalism is valid for a general theory
containing an arbitrary number of scalars (S) Ri, spin-1/2 Weyl fermions (F) ψI and gauge
bosons (G) Aµ

a ,12 interacting according to the partial Lagrangians

LS = −1
6λ

ijkRiRjRk − 1
24λ

ijklRiRjRkRl , (3.7)

LSF = −1
2y

IJkψIψJRk + h.c. , (3.8)

LSG = −gaijAµ
aRi∂µRj −

1
4g

abijAµ
aAbµRiRj −

1
2g

abiAµ
aAbµRi . (3.9)

The conventions are clear: LS describes the self interactions between the scalars Ri, and
the symmetric tensors λijk and λijkl will be deduced from the scalar potential of eq. (2.4)
for the U(1) and Z3 models. LSF describes the interactions between scalars and fermions
and is therefore a different way of expressing the Yukawa lagrangian of eq. (2.15), and the
yIJk couplings will be related to the Γ and ∆ matrices of (2.15). The yIJk tensors are
symmetric on the indices I, J , and raising/lowering their indices is tantamount to complex
conjugation, i.e yIJk = y∗IJk.

Interactions between gauge bosons and scalars are contained in LSG, and the gabi and
gabij couplings will be deduced from the scalar kinetic terms of eq. (2.11). With these
definitions the one-loop scalar self-energies are found to be [28, 29]

Πij = 1
2λ

ijkkA(m2
k)−

1
2λ

iklλjklB(m2
k,m

2
l )

+ gaikgajkBSG(m2
k,m

2
a) +

1
2g

aaijAG(m2
a) +

1
2g

abigabjBGG(m2
a,m

2
b)

+ Re
[
yKLiyKLj

]
BF F (m2

K ,m
2
L) + Re

[
yKLiyK′L′jMKK′MLL′

]
BF̄ F̄ (m2

K ,m
2
L) , (3.10)

where the A, B are functions of s and masses, and their explicit expressions are shown in
appendix A. The first line of the equation above includes all scalar-only contributions to
the self-energies, ΠS

ij ; the second line all contributions involving gauge bosons, ΠG
ij ; and

12These fields correspond to the eigenstates of the tree-level mass matrices for scalars, fermions and gauge
bosons, and each will be described by, respectively, lowercase indices i, j, k, l, uppercase indices I, J, K, L and
lowercase indices a, b.
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all fermionic contributions are gathered in the third line, ΠF
ij , which also involves MIJ ,

off-diagonal elements figuring in fermionic propagators in the Weyl formalism (see [27, 28]
for further details). Since in this work we are interested in the loop corrections to the
pseudoscalar mass, we use the tree-level mass matrix from eq. (2.10) and obtain, for the
one-loop mass matrix evaluated at the desired minimum, the following expression

[
M2

A

]
=

m2
11 + 1

2λ1v
2
1 + 1

2λ34v
2
2 + 1

16π2 ΠG0G0
1

16π2 ΠG0A

1
16π2 ΠAG0 m2

22 + 1
2λ2v

2
2 + 1

2λ34v
2
1 + 1

16π2 ΠAA


= 1

16π2

XG0G0 ΠG0A

ΠAG0 XAA

 (3.11)

with

XG0G0 = ΠG0G0 −
∑

α

nα
m2

α

2v1

∂m2
α

∂v1

[
log
(
m2

α

µ2

)
− 1

]
,

XAA = ΠAA −
∑

α

nα
m2

α

2v2

∂m2
α

∂v2

[
log
(
m2

α

µ2

)
− 1

]
, (3.12)

where we have already used the one-loop minimization conditions from eq. (3.5) and made
the choice G0 ≡ φ7 and A ≡ φ8 (see eq. (2.5); this choice is simplified by the fact that the
tree-level pseudoscalar mass matrix (2.10) is diagonal).

We now present detailed calculations of each of the contributions to the loop corrections
— scalar, gauge and fermionic — with the expectation that:

• Since the U(1) and Z3 models are identical in all regards in the scalar and gauge sectors,
the respective contributions to [M2

A] must keep the pseudoscalar massless.

• Using U(1)-symmetric Yukawa matrices should yield fermionic contributions to the
self-energies such that both the neutral Goldstone and the pseudoscalar remain massless.
From Goldstone’s theorem a massless pseudoscalar is to be expected since a continuous
symmetry of the lagrangian has been spontaneously broken.

• If Z3-symmetric Yukawa matrices are considered then the fermionic contributions to
the self-energies should be such that while the neutral Goldstone remains massless the
pseudoscalar mass receives a finite, non-zero contribution. This will be a verification
of Goldstone’s theorem since the lagrangian symmetry being spontaneously broken
is discrete.

One important detail to consider: since we are interested in loop corrections to the pseudoscalar
mass matrix, which includes a massless Goldstone boson, the calculation will in principle
yield two different values of s.

4 One-loop masses: scalar and gauge sectors

We will first deal with the contributions to the one-loop minimization conditions of eq. (3.5).
These are obvious for the gauge bosons: their masses are given in eqs. (2.13), so their
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derivatives are trivial to obtain and yield

∂∆V G
1

∂vi
= 1

32π2
vi

v2

[
6m2

Z A(m2
Z) + 12m2

W A(m2
W )
]

(4.1)

with all spin and charge degrees of freedom already taken into account and the A(x) function
is defined as

A(x) = x

[
log
(
x

µ2

)
− 1

]
. (4.2)

The scalar contributions are equally simple for the neutral Goldstone and pseudoscalar —
using eqs. (2.10) we obtain

∂m2
G0

∂v1
= λ1 v1,

∂m2
G0

∂v2
= λ34 v2

∂m2
A

∂v1
= λ34 v1,

∂m2
A

∂v2
= λ2 v2 . (4.3)

As for the contributions from the charged and CP-evens scalars, we see from eqs. (2.8) and (2.9)
that their squared masses are the eigenvalues of real symmetric 2× 2 matrices of the form

[
M2

S

]
=
(
a b

b c

)
(4.4)

with vev-dependent coefficients a, b and c. The corresponding eigenvalues are therefore the
solutions of the characteristic equation

F (x, vi) = x2 − (a+ c)x+ ac− b2 = 0 (4.5)

which gives us

m2
1,2 = 1

2

(
a+ c±

√
(a− c)2 + 4b2

)
. (4.6)

The lowest of the eigenvalues (associated with the “−” sign in this equation) correspond
to the lightest CP-even scalar h and to the tree-level charged Goldstone G± squared mass.
Analytical expressions for the derivatives of these eigenvalues may be obtained directly from
the expression above or, applying the implicit function theorem to eq. (4.5), from

∂m2
1,2

∂vi
=

(ai + ci)m2
1,2 + 2bbi − cai − aci

m2
1,2 −m2

2,1
(4.7)

where ai, bi and ci represent the derivatives of the respective coefficients with respect to vi,
and they are very simple expressions of the λ couplings and vevs. This expression for the
derivatives of the squared masses is quite useful if one wants to perform analytical checks but
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it is also helpful when performing numerical calculations. Putting everything together we have

(32π2)∂∆V
S

1
∂v1

=
[
2
(λ1 + λ3)v1m

2
H± + λ4v2b± − (λ1c± + λ3a±)v1

m2
H± −m2

G±
A(m2

H±)

+2
(λ1 + λ3)v1m

2
G± + λ4v2b± − (λ1c± + λ3a±)v1

m2
G± −m2

H±
A(m2

G±)

+(3λ1 + λ34)v1m
2
h + 2λ34v2bH − (3λ1cH + λ34aH)v1

m2
h −m2

H

A(m2
h)

+(3λ1 + λ34)v1m
2
H + 2λ34v2bH − (3λ1cH + λ34aH)v1

m2
H −m2

h

A(m2
H)

+ λ1v1A(m2
G0) + λ34v1A(m2

A)
]
, (4.8)

(32π2)∂∆V
S

1
∂v2

=
[
2
(λ2 + λ3)v2m

2
H± + λ4v1b± − (λ3c± + λ2a±)v2

m2
H± −m2

G±
A(m2

H±)

+2
(λ2 + λ3)v2m

2
G± + λ4v1b± − (λ3c± + λ2a±)v2

m2
G± −m2

H±
A(m2

G±)

+(3λ2 + λ34)v2m
2
h + 2λ34v1bH − (λ34cH + 3λ2aH)v2

m2
h −m2

H

A(m2
h)

+(3λ2 + λ34)v2m
2
H + 2λ34v1bH − (λ34cH + 3λ2aH)v2

m2
H −m2

h

A(m2
H)

+ λ34v2A(m2
G0) + λ2v2A(m2

A)
]
, (4.9)

where {a±, b±, c±} ({aH , bH , cH}) are the entries of matrix (2.8) ((2.9)) following the con-
vention of eq. (4.4).

The self-energies require that we obtain the tensors λijk, λijkl, gaij , gabi and gabij . To
do so we must express the tree-level potential (2.4) and kinetic terms (2.11) in terms of
mass eigenstates, both of scalars and gauge bosons. As we already discussed, the neutral
Goldstone and pseudoscalar are identified with the scalar components φ7 and φ8. The charged
component fields φ1...4 give rise to two charged scalars and Goldstone bosons through the
diagonalization angle β of matrix (2.8),13

H+ = cβφ1 − sβφ2, G+ = sβφ1 + cβφ2

H− = cβφ3 − sβφ4, G− = sβφ3 + cβφ4 (4.10)

where we use the notation cx = cosx and sx = sin x. Since we are considering a one-
loop minimization of the potential the angle β is not the one usually considered in 2HDM
calculations, meaning that here tan β ̸= v2/v1. The two CP-even tree-level eigenstates are
likewise defined through the diagonalization angle α of (2.9),

h = cαφ5 − sαφ6 , H = sαφ5 + cαφ6 . (4.11)
13Readers will notice that though we use the notation H±, G±, these are real fields, not the complex ones

usually used to represent charged scalars. The formalism of [27–29], however, requires that we indeed use real
fields for all eigenstates.
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With these definitions and the conventions of eq. (3.7)–(3.9), the tensors required are simply
the derivatives of the lagrangian with respect to the tree-level mass eigenstates, with those
fields set to zero. So for instance,

λAAhh = ∂4V0
∂2A∂2h

= s2
α λ2 + c2

α λ34 (4.12)

and
λAG+H− = ∂3V0

∂A∂G+∂H− = −λ4 v1
2 . (4.13)

All non-zero coefficients λ relevant for the current calculation are listed in appendix A. We
now show the final expressions for the scalars’ contributions to the self-energies, leaving
intermediate calculations to the reader. For the off-diagonal term, we have

ΠS
AG0 =ΠS

G0A= λ4
4
{
4sβcβ

[
A(m2

G±)−A(m2
H±)

]
+λ4v1v2

[
B(m2

H± ,m2
G±)+B(m2

G± ,m2
H±)

]}
,

(4.14)
where the B(x, y) function is defined in eq. (A.3). We can now use the definition of the
diagonalization angle β, eq. (4.10), of the charged mass matrix, eq. (2.8), to obtain the
following relation:

λ4 = 2sβcβ

v1v2

(
m2

G± −m2
H±

)
. (4.15)

For s = 0,14 the B function is simply B(x, y) = (A(x) − A(y))/(y − x) and therefore it
follows that

ΠS
AG0 = λ4 sβcβ

[
A(m2

G±)−A(m2
H±) +

(
m2

G± −m2
H±

) A(m2
H±)−A(m2

G±)
m2

G± −m2
H±

]
= 0 . (4.16)

For the diagonal terms we obtain

ΠS
G0G0 =

1
2

[
λ34A(m2

A)+3λ1A(m2
G0)+

(
λ34c

2
α+λ1s

2
α

)
A(m2

H)+
(
λ1c

2
α+λ34s

2
α

)
A(m2

h)
]

+
(
λ3c

2
β+λ1s

2
β

)
A(m2

G±)+
(
λ1c

2
β+λ3s

2
β

)
A(m2

H±)−
v2

2λ
2
4

2 B(m2
G± ,m2

H±)

−(λ1v1sα+λ34v2cα)2B(m2
G0 ,m2

H)−(λ1v1cα−λ34v2sα)2B(m2
G0 ,m2

h) , (4.17)

ΠS
AA = 1

2

[
3λ2A(m2

A)+λ34A(m2
G0)+

(
λ2c

2
α+λ34s

2
α

)
A(m2

H)+
(
λ34c

2
α+λ2s

2
α

)
A(m2

h)
]

+
(
λ2c

2
β+λ3s

2
β

)
A(m2

G±)+
(
λ3c

2
β+λ2s

2
β

)
A(m2

H±)−
v2

1λ
2
4

2 B(m2
G± ,mH±)

−(λ34v1sα+λ2v2cα)2B(m2
A,m

2
H)−(λ34v1cα−λ2v2sα)2B(m2

A,m
2
h) . (4.18)

These expressions must now be plugged into eq. (3.11) and (3.12) along with the explicit
one-loop potential derivatives of eq. (4.8) and (4.9). With s = 0, and expressing all B

14We should definitely perform this computation with s = 0 to obtain the mass of the neutral Goldstone
boson at one-loop. As we will see, however, when only the scalar and gauge contributions to the self-energies
are considered, the choice s = 0 yields two zero eigenvalues, which proves that the pseudoscalar is also found
to be massless.
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functions in terms of A functions, a careful calculation will see a series of cancelations occur
— these arise from the fact that the diagonalization angles β and α are not independent of
the masses, vevs and couplings of the model, as we saw in eq. (4.15). The following relations
were found to be useful for this calculation:

λ1 = 1
v2

1

(
c2

αm
2
h + s2

αm
2
H −m2

G0

)
,

λ2 = 1
v2

2

(
s2

αm
2
h + c2

αm
2
H −m2

A

)
,

λ34 = m2
H −m2

h

v1v2
sαcα . (4.19)

The end result is that all entries of the 2 × 2 matrix of (3.11) become equal to zero. The
readers are invited to verify this analytic result in full. To illustrate the calculation we show
explicitly the vanishing of terms involving the contributions from A and G0 in ΠG0G0 —
keeping only those terms in eqs. (3.12), (4.8) and (4.17), we obtain

XG0G0 = 1
2
[
λ34A(m2

A)+3λ1A(m2
G0)
]
−(λ1v1sα+λ34v2cα)2B(m2

G0 ,m2
H)

−(λ1v1cα−λ34v2sα)2B(m2
G0 ,m2

h)−
1
2v1

{
λ1v1A(m2

G0)+λ34v1A(m2
A)
}
, (4.20)

where the term in curly brackets comes from the derivatives of the one-loop potential. We see
that the terms in A(m2

A) cancel out and, using the relations (4.19), the factors multiplying
the B functions above are given by

λ1v1sα + λ34v2cα =
m2

H −m2
G0

v1
sα ,

λ1v1cα − λ34v2sα =
m2

h −m2
G0

v1
cα . (4.21)

Thus, using the explicit s = 0 form of the B functions and keeping only the A(m2
G0) terms,

this becomes

XG0G0 = λ1A(m2
G0)−

s2
α

v2
1

(
m2

H −m2
G0

)2 A(m2
G0)

m2
H −m2

G0
− c2

α

v2
1

(
m2

h −m2
G0

)2 A(m2
G0)

m2
h −m2

G0

= λ1A(m2
G0)−

1
v2

1

(
c2

αm
2
h + s2

αm
2
H −m2

G0

)
A(m2

G0) = 0 , (4.22)

where in the final step we once again used the first of eqs. (4.19). Similar calculations are
performed for the rest of the terms and show that all one-loop scalar contributions to the
pseudoscalar mass matrix vanish at the minimum.

The same in fact holds for the contributions stemming from the gauge sector. The g
tensors detailing the scalar and gauge interactions are, as before, obtained through derivatives
of the kinetic terms with respect to scalar and gauge mass eigenstate fields, setting those
fields to zero. For instance,

gAAW +W− = − ∂4LK

∂A2∂W+∂W− = g2

2 = 2m2
W

v2 . (4.23)
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We also obtain gabA = gabG0 = 0, for all gauge bosons a, b, and another example is

gZG0h = − ∂3LK

∂Zµ∂G0∂(∂µh) = −mZ

v
cα . (4.24)

All non-zero coefficients g relevant for the current calculation are listed in appendix A. With
these coefficients we can proceed to compute the contributions of the gauge sector to the self-
energies in eq. (3.10). For the off-diagonal elements of the pseudoscalar mass matrix we obtain

ΠG
AG0 = m2

Z

v2 sαcα

[
BSG(m2

H ,m
2
Z)−BSG(m2

h,m
2
Z)
]
, (4.25)

where the BSG function is defined in eq. (A.4). It is then easy to see that in the Landau
gauge and for the limit of zero external momentum, s = 0, one obtains BSG(x, y) = 0, and
therefore ΠG

AG0 = 0. Once again we find that the one-loop contribution to the off-diagonal
element of the pseudoscalar mass matrix is zero. As for the diagonal elements, we obtain

ΠG
AA=m2

Z

v2

[
s2

αBSG(m2
h,m

2
Z)+c2

αBSG(m2
H ,m

2
Z)+AG(m2

Z)+2c2
WAG(m2

W )
]
, (4.26)

ΠG
G0G0 =

m2
Z

v2

[
c2

αBSG(m2
h,m

2
Z)+s2

αBSG(m2
H ,m

2
Z)+AG(m2

Z)+2c2
WAG(m2

W )
]
, (4.27)

where cW = mW /mZ . As mentioned before, the BSG function is zero for s = 0 and in the
Landau gauge, and the function AG(x) is equal (in the same circunstances and for a DRED
renormalization scheme) to 3A(x) (see eq. (A.2)).15 Thus we obtain

ΠG
AA = ΠG

G0G0 = 3m2
Z

v2

[
A(m2

Z) + 2c2
WA(m2

W )
]
. (4.28)

Once this expression is inserted into eq. (3.12) along with the contributions to the minimization
conditions involving gauge bosons, from eq. (4.1), all terms in A(x) cancel out.

Thus we conclude that, when considering the one-loop contributions from scalars and
gauge bosons to the pseudoscalar mass matrix, said matrix remains identically equal to zero,
as it was at tree-level. Therefore we obtain a massless neutral Goldstone boson, as required
by electroweak gauge symmetry breaking, and a massless pseudoscalar — as is to be expected
since the lagrangian of the model has a continuous U(1) symmetry, the spontaneous breaking
of which must needs produce a massless particle. And since in the scalar and gauge sectors
the imposition of a U(1) or Z3 symmetries is indistinguishable, these results confirm the
validity of Goldstone’s theorem — the imposition of a discrete Z3 symmetry in a scalar +
gauge 2HDM leads to a theory with an accidental continuous symmetry, therefore a massless
pseudoscalar follows after spontaneous symmetry breaking. This now changes when we
consider, finally, the contributions from fermions to the self-energies.

5 One-loop masses: fermion sector

The fermion sector calculations are made more difficult by the fact that we wish to study
generic textures of Yukawa matrices. Models with flavour conservation, such as 2HDMs of

15This factor of “3” counts the spin degrees of freedom of the gauge bosons, see eq. (3.3).
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Type I (or II, or X, or Y), allow, as we shall see, for a full analytic calculation of one-loop
pseudoscalar mass corrections. But in generic models where FCNCs are present that will not
be possible. In fact, since there are three generations of quarks, the eigenvalues of the quark
mass matrices cannot in general be obtained analytically, unlike the scalar and gauge cases.
Our investigation of the fermion sector will therefore perforce be (mostly) numerical — we will
choose random values for both vevs v1 and v2, obviously respecting v2

1 + v2
2 = v2, and random

values for the entries of the Yukawa matrices so that six massive quarks are obtained; we will
then compute the value of the one-loop contributions to the self-energies and minimization
conditions and determine numerically whether the pseudoscalar acquires a mass or not.

There is however a semi-analytical way to proceed in dealing with the minimization
conditions. Considering the definitions of the quark mass matrices, eq. (2.16), and their
diagonalization matrices, eq. (2.17), we see that the matrices

Hd =MnM
†
n , Hu =MpM

†
p (5.1)

are diagonalized by the unitary left matrices of eq. (2.17), and their eigenvalues are the squared
down and up quark masses, respectively — since these matrices are not bi-diagonalized as
the matrices Mn, Mp are, their eigenvalues are guaranteed to be real and positive, and
may be obtained numerically in a trivial manner. Notice that for each chosen texture for
the matrices Γ1 and Γ2 (∆1 and ∆2) we can write simple analytical expressions for each
entry of Hd (Hu). For the up sector, the squared masses are the solutions m2 of a cubic
characteristic equation of the form

Det
(
Hu −m2 13×3

)
= 0 . (5.2)

Defining the 3× 3 matrix Fu = Hu −m2 13×3, this equation may now be written as

Fu(m2, va) =
3∑

i,j,k=1
ϵijk F1i F2j F3k = 0 (5.3)

and therefore, using the implicit function theorem, we may write

∂m2

∂va
= −

∂Fu

∂va

∂Fu

∂m2

. (5.4)

The derivatives of Fu are given by

∂Fu

∂x
=

3∑
i,j,k=1

[
ϵijk

∂F1i

∂x
F2j F3k + ϵijk F1i

∂F2j

∂x
F3k + ϵijk F1i F2j

∂F3k

∂x

]
, (5.5)

that is, they are given by the sum of the determinants of the three matrices obtained from
Fu by replacing one of their lines by its derivative with respect to the variable x. For a
given choice of textures for ∆1 and ∆2, all of these determinants are analytical expressions
of the entries of those matrices, the vevs and the mass of each quark. Therefore, once the
eigenvalues of Hu have been obtained numerically, we may use them in eqs. (5.4) and (5.5)
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and obtain the numerical values of the derivatives of the squared up quark masses with
respect to the vevs. The procedure is analogous for the down sector. The quark contributions
to the one-loop minimization conditions will therefore be

∂∆V F
1

∂vi
= − 12

32π2

∑
quarks

∂m2
q

∂vi
A(m2

q) , (5.6)

where the factor “−12” stems from eq. (3.3).
The self-energies of eq. (3.10) use Yukawa couplings from the scalar-fermion interaction

lagrangian, eq. (3.8), written in terms of Weyl spinors in the basis of quark mass eigenstates.
Since the 2HDM Yukawa lagrangian we wrote, eq. (2.15), or the textures from eqs. (2.21)
and (2.22), are written in terms of Dirac fermion notation, a “dictionary” between both
notations is needed. First we need to rotate the Γ and ∆ matrices to the mass basis — this
is accomplished through the rotation matrices in eq. (2.17), so that

Γ̄a = U †
dL Γa UdR , ∆̄a = U †

uL ∆a UuR , (5.7)

where the bars indicate Yukawa matrices in the quark mass basis. In this paper we are
interested in loop corrections to the pseudoscalar sector, so we can restrict ourselves to the
interactions of G0 and A in the Yukawa lagrangian of eq. (2.15). Since these two scalar
eigenstates coincide (at tree-level) with the imaginary neutral components of, respectively,
Φ1 and Φ2 we obtain, for the three up-type quarks ui and three down-type quarks dj , the
following lagrangian:

−LY =
[
− i√

2

(
Γ̄†

1

)
ij
d̄i PL dj +

i√
2

(
∆̄†

1

)
ij
ūi PL uj + h.c.

]
G0

+
[
− i√

2

(
Γ̄†

2

)
ij
d̄i PL dj +

i√
2

(
∆̄†

2

)
ij
ūi PL uj + h.c.

]
A+ . . . (5.8)

where we have introduced the usual left and right projectors PL and PR. Let us now follow
the notation of [27] and recall that any Dirac spinor Ψ may be represented by two Weyl
spinors, ξ and χ — in this language “ξ” will embody the left-handed component of the Dirac
spinor Ψ, and “χ†” its right-handed one, so that we will have, for two different fermions,

Ψi PL Ψj = χi ξj , Ψi PR Ψj = ξ†i χ
†
j . (5.9)

To make the connection with the lagrangian from eq. (3.8), then, we introduce 12 Weyl
spinors, numbered such that odd/even indices correspond to χ/ξ fields, to wit

ψ1 ≡ χu , ψ3 ≡ χc , ψ5 ≡ χt , ψ7 ≡ χd , ψ9 ≡ χs , ψ11 ≡ χb ,

ψ2 ≡ ξu , ψ4 ≡ ξc , ψ6 ≡ ξt , ψ8 ≡ ξd , ψ10 ≡ ξs , ψ12 ≡ ξb , (5.10)

so that, if for instance one selects the top quark interaction terms with A from eq. (5.8), we get

−LY = i√
2

[(
∆̄†

2

)
33
t̄ PL t+

(
∆̄†

2

)
32
t̄ PL c+

(
∆̄†

2

)
31
t̄ PL u+ h.c.

]
A+ . . .

=
(
y56A ψ5 ψ6 + y54A ψ5 ψ4 + y52A ψ5 ψ2 + h.c.

)
A+ . . . . (5.11)
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One can then identify each entry of the yIJk tensors,16 for example, one has

y56A = y65A = i√
2

(
∆̄†

2

)
33
,

y54A = y45A = i√
2

(
∆̄†

2

)
32
. (5.12)

Notice that most of the entries of the yIJk tensors are zero — all diagonal terms, yIIk = 0,
due to the way Weyl mass terms are written; and since we are not considering charge
breaking vacua the up and down quark mass matrices will not mix and therefore yIJk = 0
for I ∈ {1, . . . , 6} and simultaneously J ∈ {7, . . . , 12}. Further, the coefficients M IJ used in
eq. (3.10) are obtained from the mass terms in the lagrangian through

M IJ = − ∂2L
∂ψI∂ψJ

, (5.13)

this derivative being computed with all fields set equal to zero. We therefore have a semi-
analytical algorithm to compute one-loop fermionic corrections to scalar mass matrices:

• Obtain, from symmetry arguments, the Yukawa textures for the Γ and ∆ matrices.

• Choose vevs v1 and v2 and random values for the Yukawa couplings. Numerically
obtain the eigenvalues of the quark mass matrices and their diagonalization matrices.

• Compute the quark contributions to the minimization equations using the procedure
outlined before eq. (5.6).

• Rotate the Yukawa matrices to the quark mass eigenbasis, eq. (5.7).

• Identify the non-zero entries of the tensors yIJk as per the method described in eq. (5.11).

• With the yIJk and quark masses determined, compute the fermionic contributions to
the self-energies, ΠF

ij , from eq. (3.10).

We will now apply this procedure to textures which are obtained from U(1) and Z3 symmetries.
To do this, we will use the work of reference [24], where the effect of all 2HDM abelian
symmetries on the Yukawa matrices was obtained.

5.1 U(1)-symmetric Yukawa textures

With the U(1) symmetry extended to the Yukawa sector, not just the scalar and gauge
sectors, we have a lagrangian invariant under a continuous symmetry. Goldstone’s theorem
therefore implies that the pseudoscalar must remain massless at loop level. Let us see that
this is indeed the case in an explicit simple example, that of a 2HDM with Type-I Yukawa
couplings inforced by a U(1) symmetry, i.e. the textures shown in eq. (2.21). Unlike the
general case treated above, for Type-I Yukawas a single doublet (in this case Φ2) couples
to fermions. Therefore the symmetry enforces Γ1 = ∆1 = 0 and the up (down) Yukawa

16The yIJk tensors are symmetric on the indices I, J , due to the fact that the product of two Weyl spinors
is also symmetric, i.e. ξχ = χξ. See [27] for more details.
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matrices are directly proportional to the up (down) quark mass matrices — therefore the
quark mass eigenbasis is also the basis where the Yukawa matrices are diagonal, and no
FCNC occurs. All quark masses are therefore of the form

mq = λq√
2
v2 , (5.14)

where λq is a diagonal element of Γ2/∆2 in the quark mass basis. Substantial simplifications
then occur:

• Since G0 is the neutral imaginary component of Φ1 and this doublet does not couple
with fermions, G0 has no Yukawa interactions.

• The quark masses depend only on v2 therefore there are no fermionic contributions to
the derivatives of the potential with respect to v1.

• Another consequence is that the tensors yIJG0 are automatically zero, which implies
that the contributions to the self-energies, ΠF

G0G0 and ΠF
AG0 , are also zero.

• As a consequence the masslessness of the neutral Goldstone boson G0 at one-loop is
automatically confirmed.

• The yIJA tensor becomes extremely simple, leading to no FCNC. The entries pertaining
to the top quark, for instance, are given by

y56A = y65A = imt

v2
, (5.15)

and
M56 =M65 = mt . (5.16)

For example, the one-loop contribution of the top quark to the A mass will then be given
by (using the definitions of eqs. (3.12) and (5.6))

1
16π2 X

top
AA = Πtop

AA − (−12)
2v2

∂m2
t

∂v2
A(m2

t )

= Πtop
AA + 12 m

2
t

v2
2
A(m2

t ) , (5.17)

where the self-energy term is, according to (3.10),

Πtop
AA = 2× 3× Re

[
y56Ay56A

]
BF F (m2

t ,m
2
t ) + 2× 3× Re

[
y56Ay56AM56M56

]
BF̄ F̄ (m2

t ,m
2
t ) ,

(5.18)
where the overall factor “2” comes from the sum on the symmetric yIJ tensors indices, and
“3” accounts for the colour of the quark. Then, from eqs. (A.6), (A.7) and (A.11), we obtain

BF F (m2
t ,m

2
t ) = −2m2

t log
(
m2

t

µ2

)
− 2A(m2

t ) ,

BF̄ F̄ (m2
t ,m

2
t ) = −2 log

(
m2

t

µ2

)
. (5.19)
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Therefore, using the values shown above for y56A and M56 in eq. (5.18) we find that

Πtop
AA = −12 m

2
t

v2
2
A(m2

t ) , (5.20)

which implies that Xtop
AA = 0. The same conclusion will apply for the contributions for all

other quarks. Thus, in the Type-I U(1) model the pseudoscalar remains massless at one-loop
when that symmetry is spontaneously broken, as expected by Goldstone’s theorem. Since
this demonstration can be made for each quark separately, the conclusions we reached hold
for models Type-II, X or Y, where no FCNC occurs in the model.

We tested all possible U(1) Yukawa textures listed in ref. [24] (to wit, those textures for
the down and up quarks shown in sections III C.1 to C.3 of that reference). In that paper,
textures resulting from the application of abelian global symmetries on the 2HDM lagrangian
were obtained, with the demands that the symmetry-constrained Yukawa matrices lead to
six massive quarks, and a CKM matrix with no zero entries. These minimal requirements
were not tested numerically (meaning, the Yukawa textures were not shown to reproduce the
correct values of the quark masses of entries of the CKM matrix). Several textures were found
to be possible only under application of a Z2 symmetry — thus not leading to a massless
pseudoscalar — or of a Z3 symmetry, which we will treat in the next section. Unlike the
flavour-preserving textures of Type-I (or II, X and Y), which we showed analytically that lead
to a massless pseudoscalar at the one-loop level, for the vast majority of the U(1) textures
presented in [24] the calculations of the self-energies can only be made numerically. We
use the procedure outlined above in section 5, generating random numbers for the Yukawa
matrices’ entries and for the vevs;17 diagonalizing numerically the resulting quark mass
matrices, obtaining the right-handed and left-handed rotation matrices defined in eq. (2.17);
obtaining the contributions from the quarks to the one-loop minimization conditions through
the process explained in eqs. (5.4), (5.5) and (5.6); obtaining the mass-basis Yukawa matrices
through eq. (5.7) and identifying the entries of the yIJk tensors following the procedure
outlined in eq. (5.11); and finally computing the quark contributions to the pseudoscalar
mass matrix following the formulae of eq. (3.10).

The conclusion was the same for all the U(1) Yukawa textures from [24]: if the U(1)
symmetry has been spontaneously broken, the one-loop pseudoscalar mass matrix yields two
massless eigenvalues, even when including fermionic contributions. This was expected, since it
is exactly what Goldstone’s theorem predicted. It may be seen as an explicit confirmation of
that theorem, but in the context of this paper it serves as a confirmation that our numerical
methods of performing the mass corrections at one-loop are correct.

5.2 Z3-symmetric Yukawa textures

As we discussed in section 2, it is possible to have Yukawa textures which are Z3-symmetric
— those shown in eq. (2.22) are a specific example, they can only be obtained if the angle θ,
defined in eq. (2.3), is equal to 2π/3. As shown in eqs. (2.23), the several phases transforming
left and right handed quark fields are also constrained to be multiples of ±2π/3. An important

17We restricted ourselves to real entries for the Yukawa couplings, but there should be no differences if
complex entries were considered.
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Figure 1. Pseudoscalar mass as a function of the highest quark mass obtained for the Z3 Yukawa
textures of eq. (2.22). In red, points for which all six quark masses were fitted to their experimen-
tal values.

point for what we will show below is the observation that the textures of the Γ (or ∆) matrices
in eq. (2.22) require θ = 2π/3 on their own, without the need to consider symmetry constraints
arising from the ∆ (Γ) matrices. Other implementations of a Z3 symmetry, such as the one
studied in ref. [26], also require θ = 2π/3, but to reach that conclusion one needs to analyze
the restrictions arising from non-zero textures in both the up and down Yukawa matrices,
not just those of the up sector, or just those of the down one.

We performed a numerical analysis of the one-loop quark contributions to the pseudoscalar
mass arising from the Yukawa textures of eq. (2.22). As we did for the U(1) textures, we
generated random numbers for the values of the Yukawa couplings (between -1 and 1) and
for the vevs v1 and v2 such that v2

1 + v2
2 = v2 and computed the quark mass matrices,

their eigenvalues and right-handed and left-handed rotation matrices. We then calculated
the quark contributions to the one-loop minimization conditions and to the pseudoscalar
self-energies. In all that follows we chose µ = 100GeV.18 The results are shown in figure 1,
where we show the pseudoscalar mass mA as a function of the highest quark mass obtained
in the numerical procedure described above. In the case of the blue points in the plot we did
not require that the quark masses obtained are correct, but in a separate fit we generated
red points using a minimization procedure to find the values of the Yukawas which, for
a given set of vevs, correctly reproduce all six quark masses within 2-σ intervals of their
experimental values, taken from [32]. We computed the self-energies at s = 0.19 We verify
that the neutral Goldstone boson continues, as expected, to be massless, but the same cannot
now be said for the pseudoscalar.

18The physical results are independent of this choice, though it is assumed that the value of µ is such that
the logarithmic terms in the potential and self-energies are small. For coherence, this also means that the
values of all running quantities are being taken at the scale µ.

19This is a good approximation [30, 31], and we confirmed its validity performing the iterative procedure
mentioned earlier. We found that convergence to s = m2

A occurs after less than 7 iterations for most cases and
that the final value of mA is usually at most 6% different from the one computed with s = 0.
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(a) (b)

Figure 2. Scatter plots for the one-loop pseudoscalar mass as a function of (a) Minimum value of
the quark mass generated, fixing the highest mass to 10 GeV and allowing the remaining two to differ
by several orders of magnitude. Only up quarks considered. (b) Vev ratio v2/v1, keeping v2

1 + v2
2 = v2.

All six quark masses correctly fitted.

The most relevant conclusion from figure 1 is that the one-loop quark contributions force
mA ̸= 0, thus confirming what is expected from Goldstone’s theorem: since the lagrangian
has a discrete Z3 symmetry — not a continuous U(1) one — then a spontaneous breaking
of that symmetry ought to not imply a massless pseudoscalar. That in the 2HDM with a
Z3 symmetry that occurs at tree-level is an accident, arising from the fact that the scalar
potential is identical for both Z3 and U(1) symmetries. But here we see how the lagrangian
with a discrete symmetry implies a massive pseudoscalar.

The second notable conclusion is that the pseudoscalar mass obtained is much smaller
when all six quark masses obtained from the Z3 Yukawa textures are in agreement with
experimental values — this, we believe, is a consequence of the hierarchy of quark masses,
which ranges from mu ≃ 2.2MeV to mt ≃ 173GeV. In order to obtain such diverse orders
of magnitude in the quark masses with vevs v1 and v2 ranging between 0 and 246 GeV, the
entries of the Z3 Yukawa matrices of eq. (2.22) must also have significant differences in order
of magnitude. What we have concluded from our parameter scan is that, in order to correctly
reproduce the known spectrum of up and down quark masses, at least one entry of the
matrices Γ and another in matrices ∆ must be several orders of magnitude (between two and
five) below the remaining ones. It is easy to see that, if one (any one) of the non-zero entries
in the Yukawa matrices shown in eq. (2.22) is set to zero, the resulting theory is invariant
under a full U(1) symmetry, no longer under a discrete Z3 one. Thus, fitting all quark masses
to their real values and therefore reproducing the observed fermion hierarchy forces our Z3
Yukawa matrices to numerically approach a U(1) texture — which, if exact, would force
mA = 0. A corresponding reduction in the pseudoscalar mass is thus obtained.

To verify this, we performed two separate analysis, whose results are shown in figure 2. In
plot 2(a), we considered only the contributions from one type of quarks (in this case, the up
ones) and fixed one of their masses (m1) to 10 GeV. The second mass (m2) we allowed to vary
from 0.01 to 1 GeV, and the third mass m3 was allowed to vary between 10−6 and 10−3 GeV.
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In this way we forced a very hierarchical quark mass spectrum. The effect is clear: as the
fermion mass spectrum becomes more hierarchical (meaning, as the smallest quark mass
becomes increasingly smaller), the pseudoscalar mass is driven to smaller values. In figure 2(b)
we attempted a different fitting procedure, randomly generating vevs v1 and v2 correctly
reproducing electroweak symmetry breaking, thus satisfying v2

1 + v2
2 = v2 = (246 GeV)2 but

including cases with vevs with significant differences in orders of magnitude. In this way
we were trying to “shift” the hierarchy in quark masses to a hierarchy in vevs, which would
allow for all Yukawa couplings to be of the same order in magnitude, but the conclusion
remains: it is not possible to reproduce the experimental values of all six quark masses and
not have at least one entry be several orders of magnitude smaller than the rest, which
makes the Z3-invariant matrices be numerically similar to U(1)-invariant ones, thus yielding
a much smaller pseudoscalar mass.

This model provides a rather natural mechanism to generate a very low pseudoscalar
mass — mA would be small because it is actually zero at leading order, its non-zero mass the
result of radiative corrections. Indeed, we found a rough upper bound of ∼ 0.008GeV on the
pseudoscalar mass in this model. Is such a low pseudoscalar mass excluded by experimental
axion searches? We can use the exclusion limits shown in figure 90.1 of [32] as a function of
the pseudoscalar mass mA and its coupling to two photons gAγγ . In the Z3 model we are
studying, the axion would have a diphoton decay through a fermion triangle loop. There
are very well known formulae for the width of such a decay (see for instance [33, 34]). Using
the definitions from [32] and [34], we obtain

gAγγ = α

6
√
2π

∣∣∣∣∣∣4
(
∆̄2
)

33
mt

AA
1/2(τt) +

(
Γ̄2
)

33
mb

AA
1/2(τb) + · · ·

∣∣∣∣∣∣ , (5.21)

where τx = m2
A/(4m2

x), AA
1/2(τ) are the well-known pseudoscalar form factors and we explicitly

show the top and bottom contributions. With the range of pseudoscalar masses which correctly
fit the quark masses (see figure 1) to very good approximation we have τt ≃ τb ≃ 0 and in
that limit it is easy to obtain AA

1/2(0) ≃ 2. For the parameter scan we performed, we obtain
gAγγ between roughly 10−9 and 10−3 GeV−1 for pseudoscalar masses ranging from about 102

to 8× 106 eV and this parameter range is excluded by several astrophysical searches (see [32]
for details). A careful consideration of the assumptions undertaken in those searches would
be interesting, but falls outside the scope of the current work.

At this stage we should investigate the other Z3-invariant Yukawa matrices presented in
ref. [24]. We did so, and discovered that, out of all the Z3 invariant textures shown in that
paper (to wit, those contained in equations (89) to (95)), the only one that did not yield a
one-loop massless pseudoscalar is the one shown in our eq. (2.22) (eq. (92) of [24]). Though
surprising at first, there is a good reason for this to occur: all the other apparently Z3 textures
shown in that paper can actually be shown to be related by basis transformations to U(1)
invariant ones (to be specific, to the textures shown in equations (57) or (60) of [24]). Therefore
they are not really Z3 invariant, but rather invariant under a continuous U(1) symmetry, and
as such the pseudoscalar remains massless at one-loop for such Yukawa textures.

An even more interesting situation occurs with the Z3 Yukawa textures used in ref. [26],
which also lead to the pseudoscalar mass remaining equal to zero at the one-loop level. In
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that paper, the Yukawa matrices are found to be

Γ1 =

0 0 0
0 0 ×
× × 0

 , Γ2 =

× × 0
0 0 0
0 0 ×

 ,

∆1 =

0 0 0
0 0 ×
× × 0

 , ∆2 =

0 0 ×
× × 0
0 0 0

 , (5.22)

so that the lagrangian is invariant under the choice of phases (defined in eqs. (2.3) and (2.18))

α2 − β3 = 0, α1 − β1 − θ = 0
α3 − β1 = 0, α1 − β2 − θ = 0
α3 − β2 = 0, α3 − β3 − θ = 0 (5.23)

for the Γ matrices (and all zeros above should be interpreted as integer multiples of 2π)
and, for the ∆ matrices,

α2 − γ3 = 0, α1 − γ3 + θ = 0
α3 − γ1 = 0, α2 − γ1 + θ = 0
α3 − γ2 = 0, α2 − γ2 + θ = 0 . (5.24)

The equations (5.23) coming from the constraints on the Γ matrices lead to two equations
on the α phases,

α1 − α3 = θ , α3 − α2 = θ + 2nπ , (5.25)

for some integer n, which can be satisfied by any value of θ — the Γ matrix textures of
eq. (5.22) can therefore be obtained by a generic U(1) symmetry. Likewise, from the ∆
matrix constraints in eq. (5.24), we obtain

α1 − α2 = −θ , α2 − α3 = −θ + 2mπ , (5.26)

for any integer m, again equations which might be satisfied for any value of θ — and thus the ∆
matrix textures of eq. (5.22) can be obtained by a generic U(1) symmetry. However, when we
take eqs. (5.25) and (5.26) together, we immediately obtain that they can only hold together if

3θ = 2nπ (5.27)

for some integer n, which can only be satisfied by θ = 2π/3 + 2nπ. This means that the only
way to obtain the combined Γ and ∆ textures of eq. (5.22) is with a Z3 symmetry.

Therefore the Yukawa textures considered in [26] are unquestionably the result of a Z3
symmetry, but with a difference vis a vis those of eq. (2.3) treated in this paper. As we
showed in eq. (2.23), the texture of the down-type Yukawa matrices Γ alone forced the angle θ
to be 2π/3, and the same can be shown for those ∆ matrices. As shown above, however, the Γ
matrix textures used in ref. [26], could be reproduced by a U(1) symmetry, and likewise for the
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corresponding ∆ matrix textures. And this is relevant because, given that we are considering
neutral minima, the quark contributions to the self-energies in eq. (3.10) are computed
separately for up and down quarks. Thus, if the Γ/∆ matrices originating such contributions
have textures which are analogous to those obtained from a U(1) symmetry, then they will
give the same result as that of a continuous symmetry, preserving the masslessness of the
pseudoscalar. Simply put, in the one-loop formulae of eq. (3.10) the up-quark contributions
“don’t know” about the down-quark ones and therefore, even though the lagrangian of ref. [26]
is certainly invariant under a Z3 symmetry through the interplay between up and down
Yukawa matrices, at one-loop even the fermionic contributions to the self-energy will not
render the pseudoscalar massive. It is to be expected that with higher order corrections taken
into account a non-zero mass contribution from the fermion sector will appear in this model,
but that cannot occur at one-loop. It may be an analogous situation to the “propagation” of
CP violation from the Yukawa sector to the rest of the theory in the SM [35].

6 Conclusions

Spontaneous breaking of a continuous symmetry yields massless scalars. This is the well-
known Goldstone theorem, a crucial part of understanding how the electroweak gauge bosons
acquire their masses and longitudinal polarizations in the Higgs mechanism. In the 2HDM,
global symmetries are frequently considered to increase the model’s predictive power, or to
produce interesting phenomenology. One such symmetry is the continuous Peccei-Quinn U(1).
When both doublets acquire a vev electroweak symmetry breaking occurs and three Goldstone
bosons appear, as usual — but an additional massless pseudoscalar is produced, as expected.
Likewise, when imposing a Z3 symmetry on the 2HDM, a massless pseudoscalar also appears at
tree-level, despite that symmetry being a discrete one. This is due to the fact that, the 2HDM
potential having at most terms quartic in the scalar fields, imposing a discrete Z3 symmetry
leads to a scalar sector with an accidental continuous U(1). In fact, any ZN symmetry with
N ≥ 3 leads to the same U(1)-invariant potential. While imposing these different symmetries
leads to the same scalar and gauge sectors, they can lead to different fermion sectors. Indeed,
there are many different ways of extending both the U(1) and Z3 symmetries to the fermion
sector, with considerably different phenomenologies. Yukawa interactions may distinguish
between discrete and continuous symmetries, and one should expect that in a lagrangian
invariant under a discrete Z3 symmetry the pseudoscalar mass will acquire loop corrections
stemming from fermions — but remain massless for any U(1)-invariant model.

We tested this assumption by computing the one-loop self-energies to the pseudoscalar
mass matrix, showing analytically that, for both U(1) and Z3 invariant 2HDMs, they yielded
two massless particles when only the contributions from the scalar and gauge sectors were
taken into account. This was to be expected, since those two sectors of the model cannot
distinguish between both symmetries. We then computed the one-loop quark contributions
to the pseudoscalar mass matrix for all U(1)-invariant Yukawa textures in the exhaustive
list provided in ref. [24], and showed that for all of them the pseudoscalar remained massless
at one-loop, as foreseen by Goldstone’s theorem. Repeating that calculation for a specific
Z3 Yukawa texture (eq. (95) of ref. [24], eq. (2.22) of this paper) we then found a non-zero
pseudoscalar mass (the neutral Goldstone from electroweak symmetry breaking remaining
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massless, of course). Thus we confirmed that imposing a discrete symmetry on the 2HDM
lagrangian did not lead to a massless scalar — the accidental tree-level symmetry of the
scalar potential was not verified when one-loop fermion corrections were taken into account.
We also found that several symmetries classified as Z3 in [24] were indeed basis changes from
U(1) symmetries, thus producing massless axions even at one-loop.

Two unexpected things were revealed in our calculation, however. The first is that,
though Yukawa interactions give rise to a one-loop pseudoscalar mass mA, the value of mA

is highly, and non-intuitively, dependent on the quark mass spectrum. Indeed, allowing for
generic quark masses all of the same order yields one-loop fermion masses as high as ∼
30 GeV, as we see in figure 1 for a maximum quark mass of ∼ 200 GeV. We can understand
these values by performing a quick estimate, approximating the fermion contributions to
the scalar masses by the second derivative of the potential with respect to the vevs; we take
A(x) ≃ x in eq. (5.6) and the maximum value v2 can take, so that

mA ≃
√
∂2V F

1
∂v2

2
= 1

8π

√
12
m4

q

v2 ≃ 22.4 GeV . (6.1)

However, when adjusting all six quark masses to their know values, we see, in the red points
of figure 1 that the pseudoscalar mass becomes much smaller, between 10−6 and 10−2 GeV in
our fit. We interpreted this as a consequence of using the Yukawa matrices of eq. (2.22) to
reproduce the strong hierarchy of the quark mass spectrum: to obtain such different masses,
some of the entries of the Yukawa matrices must be much smaller than others. But when any
of the entries of the matrices in eq. (2.22) are zero, the lagrangian ends up invariant under a
continuous U(1) symmetry, which leads to mA = 0. The fermion mass hierarchy thus leads
to an approximate continuous symmetry, thus reducing substantially the order of magnitude
of the pseudoscalar mass. The model therefore provides a natural way of generating very
small (∼MeV and lower) axion masses. Since these axions interact with charged fermions
they have a loop-induced diphoton decay. The coupling strength of the pseudoscalar-photon
interactions determined from those interactions makes the parameter space studied here
already excluded by experimental axion searches, though a deeper analysis is warranted (for
instance, some axion searches assume the particle behaves like Dark Matter, which may not
be a reasonable assumption for the model under discussion).

The second unexpected result was finding a massless pseudoscalar for certain Z3 Yukawa
textures (those of ref. [26], our eq. (5.22)). This is a consequence of the fact that the textures
in the down/up Yukawa matrices can be reproduced separately with a U(1) symmetry — it
is only when one tries to force both down and up Yukawa matrices to have the forms shown
in eq. (5.22) that one finds that is only possible for a Z3 symmetry, not for a generic U(1).
But the one-loop pseudoscalar fermionic self-energies have separate contributions from the
up and down quarks — hence, if the Yukawa matrices contributing to those self energies
have identical textures to others resulting from a U(1) symmetry, the net contribution to
pseudoscalar masses will be zero. One expects that Goldstone’s theorem is still valid, but
only higher order corrections, presumably involving diagrams with both up and down quarks,
will eventually result in mA ̸= 0. We might then expect that the model studied in [26], if
devoid of any soft breaking terms, would produce in a natural way much smaller values for
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the pseudoscalar mass. Thus, like the consequences of CP violation in the SM on the rest of
the lagrangian, the impact of a discrete symmetry in the Yukawa sector may only reflect itself
in the pseudoscalar mass at very high orders. On a side note, the work of refs. [36, 37] should
be especially appropriate for these questions, as their authors have performed two-loop scalar
mass calculations for generic renormalizable theories, using SARAH implementations [38–42].
The tools therein developped should allow for a verification of the results of this work, and a
possible way of confirming the two-loop conjecture for the textures of (5.22).

The conclusions reached in this work are valid for any theory with discrete symmetries
which lead to accidental continuous ones in the scalar potential at tree-level. Goldstone’s
theorem assures us that, if the model’s lagrangian distinguishes between a continuous and
a discrete symmetry in the Yukawa sector, there will be fermionic contributions that will
make the pseudoscalar massive. However, it is not guaranteed that will occur already at
the one-loop level. The two Z3 symmetries compared in this paper showed that, if up/down
Yukawa matrices are formally identical to those obtained from a U(1) symmetry, mA will
remain zero at least at the one-loop level. An interesting question becomes therefore: other
than the textures of eq. (2.22), can there be any other Z3-symmetric Yukawas that alread
yield a non-zero pseudoscalar mass at one-loop? The analysis of ref. [24] was very thorough,
but it did not seem to include the textures of ref. [26], for instance. Finally, what applications
of interest might there be in these calculations? Though our motivation was essentially a
theoretical one, the fact that we found low axion masses arising from symmetries may well be
of interest in exploring the allowed parameter space for those particles shown in ref. [32]. In
particular, it would be interesting to explore models with discrete symmetries for which the
pseudoscalar mass is loop-generated and thus naturally small but where the axion couplings
to diphotons is also suppressed (unlike the model we studied here). This would require a
suppression of the axion-fermion couplings contributing to gAγγ (see eq. (5.21)), which might
be possible in a version of the so-called CP3 model.
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A Coupling and integral definitions

Below we define the several integral functions used in the self-energy calculations. Our
definitions follow the conventions of [28, 29]:

A(x) = x

[
log
(
x

µ2

)
− 1

]
, (A.1)

AG(x) = 4A(x)− Lx[xA(x)] , (A.2)

B(x, y) = 2− rsxy log
(
x

µ2

)
− tsyx log

(
y

µ2

)
+ ∆1/2

sxy

s
log(txys) , (A.3)
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BSG(x, y) = (2x− y + 2s)B(x, y) +A(x)− 2A(y)

+ Ly[(x+ y − s)A(y)− (x− s)2B(x, y)] , (A.4)

BGG(x, y) = −7
2B(x, y) + 1

2Lx[xB(x, y)] + 1
2Ly[yB(x, y)] ,

+ 1
4LxLy

{
xA(y) + yA(x) + [2s(x+ y)− x2 − y2 − s2]B(x, y)

}
(A.5)

BF F (x, y) = (x+ y − s)B(x, y)−A(x)−A(y) , (A.6)

BF̄ F̄ (x, y) = 2B(x, y) , (A.7)

where AG and BGG are presented for the DR renormalization scheme chosen and the
following definitions were used:

∆xyz = x2 + y2 + z2 − 2xy − 2xz − 2yz ,

tabc =
a+ b− c+∆1/2

abc

2a ,

rabc =
a+ b− c−∆1/2

abc

2a . (A.8)

Also, we have

Lxf(x) ≡
f(x)− f(ξx)

x
, (A.9)

where ξ = 0 , 1 corresponds to the Landau/Feynman gauges. At s = 0 we have the following
simplified expressions:

B(x, y) = A(x)−A(y)
y − x

, (A.10)

B(x, x) = −log
(
x

µ2

)
, (A.11)

BSG(x, y) = 0 , (A.12)

where the BSG condition was obtained in the Landau gauge.
Here we present the relevant non-zero couplings used in our calculations (the ones not

shown may be obtained from permutations of indices). The scalar trilinear couplings defined
in eq. (3.7) are:

λG0H+G− = −λG0G+H− = −1
2v2λ4 ,

λAH+G− = −λAG+H− = 1
2v1λ4 ,

λG0G0h = v1λ1cα − v2λ34sα ,

λG0G0H = v2λ34cα + v1λ1sα ,

λAAh = v1λ34cα − v2λ2sα ,

λAAH = v2λ2cα + v1λ34sα , (A.13)
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and the quartic scalar couplings are:

λG0AH+H+ = λG0AH−H− = −λG0AG+G+ = −λG0AG−G− = −λ4cβsβ ,

λG0AH+G+ = λG0AH−G− = 1
2λ4(c2

β − s2
β) ,

λG0G0H+H+ = λG0G0H−H− = λ1c
2
β + λ3s

2
β ,

λG0G0G+G+ = λG0G0G−G− = λ3c
2
β + λ1s

2
β ,

λG0G0H+G+ = λG0G0H−G− = (λ1 − λ3)cβsβ ,

λAAH+H+ = λAAH−H− = λ3c
2
β + λ2s

2
β ,

λAAG+G+ = λAAG−G− = λ2c
2
β + λ3s

2
β ,

λAAH+G+ = λAAH−G− = (λ3 − λ2)cβsβ ,

λG0G0hh = λ1c
2
α + λ34s

2
α ,

λG0G0HH = λ34c
2
α + λ1s

2
α ,

λG0G0hH = (λ1 − λ34)cαsα ,

λAAhh = λ34c
2
α + λ2s

2
α ,

λAAHH = λ2c
2
α + λ34s

2
α ,

λAAhH = (λ34 − λ2)cαsα ,

λG0G0G0G0 = 3λ1 ,

λAAAA = 3λ2 ,

λG0G0AA = λ34 . (A.14)

Likewise, the non-zero trilinear gauge couplings in eq. (3.9) are:

gW +G0H+ = gW−G0H+ = i gW +G0H− = −i gW−G0H− = mW

v
√
2
cβ ,

gW +G0G+ = gW−G0G+ = i gW +G0G− = −i gW−G0G− = mW

v
√
2
sβ ,

gW +AH+ = gW−AH+ = i gW +AH− = −i gW−AH− = −mW

v
√
2
sβ ,

gW +AG+ = gW−AG+ = i gW +AG− = −i gW−AG− = mW

v
√
2
cβ ,

gZG0h = gZAH = −mZ

v
cα ,

gZG0H = −gZAh = −mZ

v
sα . (A.15)

It should be noted that contrarily to the scalar couplings above, gaij are not symmetric
under an interchange of scalar indices (see eq. (3.9)), and gabG0 = gabA = 0 for all gauge
fields a, b. The quartic couplings are:

gW +W−G0G0 = gW +W−AA = 2m2
W

v2 ,

gZZG0G0 = gZZAA = 2m2
Z

v2 . (A.16)
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Finally, for the fermion couplings of eq. (3.8) we have:

y12G0 = i√
2

(
∆̄†

1

)
11
, y14G0 = i√

2

(
∆̄†

1

)
12
, y16G0 = i√

2

(
∆̄†

1

)
13
,

y23G0 = i√
2

(
∆̄†

1

)
21
, y25G0 = i√

2

(
∆̄†

1

)
31
, y34G0 = i√

2

(
∆̄†

1

)
22
,

y36G0 = i√
2

(
∆̄†

1

)
23
, y45G0 = i√

2

(
∆̄†

1

)
32
, y56G0 = i√

2

(
∆̄†

1

)
33
,

y78G0 = i√
2

(
Γ̄†

1

)
11
, y710G0 = i√

2

(
Γ̄†

1

)
12
, y712G0 = i√

2

(
Γ̄†

1

)
13
,

y89G0 = i√
2

(
Γ̄†

1

)
21
, y611G0 = i√

2

(
Γ̄†

1

)
31
, y910G0 = i√

2

(
Γ̄†

1

)
22
,

y912G0 = i√
2

(
Γ̄†

1

)
23
, y1011G0 = i√

2

(
Γ̄†

1

)
32
, y1112G0 = i√

2

(
Γ̄†

1

)
33
. (A.17)

The couplings yIJA can be obtained from these by replacing ∆1 (Γ1) by ∆2 (Γ2). The
coefficients M IJ , defined in eq. (5.13), are the masses of the six quarks, so we have:

M1 2 = mu , M3 4 = mc , M5 6 = mt ,

M7 8 = md , M9 10 = ms , M11 12 = mb . (A.18)
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