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Abstract — Optimal Reactive Power Dispatch (ORPD) is very
important for the security and economy of power systems. It is a
mixed integer nonlinear optimization problem for which
metaheuristic methods have proven to be effective in its solution.
This paper presents an implementation of the particle swarm
optimization algorithm (PSO) for the solution of the ORPD.
Another approach, called Fitness-Distance Ratio PSO (FDR-
PSO), is implemented to improve the results of the basic PSO. One
other version called Second Order PSO (SO-PSO) is implemented
for the same purpose. This second-order principle was combined
with the FDR-PSO, making it the SO-FDR-PSO. These versions
were tested on the IEEE 14 bus and IEEE 39 bus systems. The
results show that the tested PSO algorithm and its improved
versions can converge to good global optimal solutions (the best
optimal solution the PSO could find), effectively solving the
ORPD, with increasing degrees of success.

Index Terms-- Nonlinear programming, Optimal reactive power
dispatch, Particle swarm optimization

I. INTRODUCTION

ORPD is a sub problem of optimal power flow calculation.
Reactive power plays an important role in voltage stability and
active power flow in a power system. The objectives of the
ORPD are: minimization of active power losses; improvement
of voltage profile; minimization of transmission costs and
maximization of voltage stability in the system. This is achieved
by proper adjustment of parameters of the power grid, mainly
location and size of shunt capacitors/reactors, tap ratios of
transformers and the reactive power output of generators,
improving the quality of the grid’s voltage profile and reducing
power losses.

Several gradient-based optimization methods have been
used to solve this problem, such as interior point methods,
nonlinear programming, linear programming and quadratic
programming. However, these methods solve nonlinear
optimization problems only on an approximate basis [1].
Metaheuristic optimization methods, as a second-generation of
solution techniques for the ORPD, have been proposed with the
aim of overcoming the limitations of the gradient-based
methods. Among these methods are genetic algorithms [2],
particle swarm optimization [3], ant colony optimization [4],
simulated annealing [5], fuzzy logic [6], among others. Meta-
heuristic methods allow the search space to be explored more
efficiently, having a greater probability of avoiding convergence
to local minimum. However, such methods cannot guarantee
that the obtained solution is the global optimum, but a solution
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very close to this point can often be found. The use of
appropriate discretization methods and constraint handling
techniques can guarantee that the (sub) optimal solution is
always feasible [7]. This work intends to present a systematic
analysis of different metaheuristics based on PSO and the way
to apply these techniques to a problem with continuous and
discrete variables. Departing from the basic PSO, followed by
the SO-PSO, FDR-PSO and finishing combining the previous
methods resulting in the SO-FDR-PSO.

This paper is organized as follows: in section II the
mathematical model of the ORPD is defined; in section III it is
explained the concept of particle swarm optimization, and it is
presented its mathematical model; in section IV describes the
developed PSO algorithm; in section V the case studies for
developed algorithms are presented, and an analysis of the
results is conducted. In section VI the most relevant conclusions
are summarized, and perspectives of futures work are discussed.

II. MATEMATHICAL MODELLING OF THE ORPD

A. Objective function and restrictions

The ORPD is generally formulated as single-objective
optimization problem to minimize active power losses
(transmission losses) in a power system. The control variables
considered are the generator (PV bus) voltages (V¢), the ratio
of transformer taps (7%) and shunt capacitor reactive power

outputs (Q.).

The objective function for active power losses in a power
system is formulated as (1):

NBR

min B, =Y G, [V,.Z—ij—ZViVj cos(é}—&j.)} )
k=1

loss

Where k=1,2,...,Np,, being Np, the total number of branches,
P 1s the total active power loss in the transmission lines, Gk
is the conductance of branch & between buses i and j, V;, Vjare
the voltage magnitudes at buses 7 and j and J; , J; are the load
angles at buses 7 and j.

The ORPD must comply with the power balance of the
system as well as its operating limits. The power balance
equations ensure that the load demand is met considering the
power losses in the system and are accounted during the power
flow solution. These equations constitute the equality
constrains of the problem and are calculated by (2) and (3)
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where j = 1,2,..., N, being N the total number of buses; Pg; and
Qg are the active and reactive power of the generators
connected to the i-th bus, respectively; Pp; and Op; are the active
and reactive power of the load connected to the i-th bus, and Gj;
and By are the branch conductance and susceptance between
bus i and bus j, respectively.

The limits of the control variables, generator (PV bus)
voltages (V), the ratios of transformer taps (7x) and shunt
capacitor reactive power outputs (Qc), constitute inequality
constraints defined by (4),(5) and (6).

G <V Vg )
< <™ ®)
O"<Q, <™ (6)

The limits of system state variables, which consist of load
bus voltages (V7), reactive power of generators (Og;), and line
power flow (S;,) are also inequality constraints defined by (7),
(8) and (9).

Vimin < V,- < Vimax (7)
leliﬂ < QG, < Q(;n,ax (8)
S/ln]:i“ S Slm S S/:ax (9)

The satisfaction of these constraints is essential for a stable
and secure functioning of the power system.

III. PARTICLE SWARM OPTIMIZATION

In the continuous space coordinate system, the PSO is
mathematically described in the following manner: assuming a
swarm size of N, each particle’s position vector in D-
dimensional space is X; = (xil,xiz, ...,x{i), and its velocity
vector is V; = (v}, vZ,...,v%). A particle’s individual best
position is P; = (pil,piz, ...,p{i), and the global best position
is Py = (p;, Des s pg). In the original version of the algorithm,
for a minimization problem, the individual best positions are
updated as (10).

d _ xi{wl 9f(Xi,t+l ) < f(F:t)
pi‘t+l - d

,otherwise

(10)

The velocity and position of each particle is updated by (11)
and (12).

d
vz‘,t+1

=, +c .rand, ( pl—x ) +c,.rand, ( pg’[ -x! ) (11)

d
X

_.d d
i+l T xi,t + Vi,t+1 (12)

Where w, designated inertia weight, is the parameter that affects
the degree of influence of the previous velocity, rand is a
random value in the range [0, 1] and ¢; and ¢, are stochastic
acceleration terms that attract each particle towards its
individual best, pBest (p;) and the global best, gBest (pg),
respectively. It’s important to select appropriate values for
these parameters as the performance of the PSO is highly
affected by them.

The PSO displays several advantages, which are,
summarily: The objective function is not required to be
differentiable nor continuous; its convergence speed and rate
are high and is easy to implement through programming. Like
all the other metaheuristic algorithms, the PSO algorithm has
disadvantages: When applied to objective functions with
multiple local optima, it has a chance to converge to a local
optimum. The main reason for it happening is the disappearance
of diversity within the particle population, which causes
premature convergence of the algorithm to a local optimum [8].
Therefore, it is important to take measures to increase diversity
of the particles.

Metaheuristic algorithms such as the PSO realize an
unconstrained search according to their definitions. Therefore,
when applied to constrained optimization problems, these
algorithms require additional constraint handling methods. By
using a constraint handling method, the information of
infeasible individuals can be exploited, resulting in better
solutions.

The simplest and early constraint method in literature is the
penalty function approach [9]. The effectiveness of the penalty
function depends on the adequate selection of the penalty
coefficients, which are generally found by trial and error, which
is tedious and prone to error. Various constraint handling
methods that require no manual parameter adjustment have
been proposed in literature, such as the principle of constrained
non-domination.

According to the principle of constrained non-domination
defined in [10], candidate solution X; is said to dominate
candidate solution X if and only if one of the following
scenarios occur:

e X is feasible and X; is infeasible;

e Both solutions are infeasible, and X; has a smaller
overall constraint violation than Xj;

e Both solutions are feasible, and X; is not worse than X;
in objective function value.

IV. SOLUTION METHODOLGY
A. Problem space coding

The position of a particle i, or a possible solution, is a multi-
dimensional vector composed by the control variables: reactive
power output of shunt capacitor banks, transformer tap ratios,
and generator voltages as in (13),

X, = [(Qq O ven O, V(T s T T, )V VooV, )} (13)
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where d. is the number of shunt capacitors banks in the system,
d; is the number of transformers with tap regulation, and d, is
the number of generators in the system.

The shunt capacitor reactive power Q. and transformer tap
positions T}, are discrete control variables which can assume
one of the values allowed by the step n of the capacitor banks
and transformer tap positions respectively, forming the vector
of discrete values X, defined by (14),

Xy =[ Xins Ko F 1 X +20,x, +(m=1)n]  (14)
where Xpin
variable X; and m =

and x4, are the lower limit of the discrete
Xmax~Xmin

The state variable vector is composed of the generators
reactive power, load bus voltages and line power flow, as (15),

Y, = [(ch,QGz,...,Q% ),(VI,VZ,...,th )o (S S Sin, )} (15)

where d, is the number of generators, dj is the number of buses
and d; is the number of transmission lines.

B. Parameters

The inertia weight was set to decrease linearly along the
iterations with expression (16),

=0 Lo " Prin i1 (16)

max ltern]ax

where @puq = 0.9 and i, = 0.4, iteryq, is the maximum number
of iterations and ifer is the number of the current iteration. This
means the inertia weight decreases linearly from 0.9 to 0.4.
These values allow a balance between global and local
exploration. The acceleration factors ¢; and ¢, were both set to
1, meaning the same weight is given to cognitive and social
search. The constriction factor y was proposed by [11], which
usually improves the convergence rate, results from (17).

L a7
P e

p=c+c

The velocity update defined by (11) becomes as (18).

vfm = ;(.[a).vi‘i +c,.rand, (pl.‘i - xf, ) +c,.rand, (pg’t - xl.‘i )J (18)

The number of particles was adjusted for each power system
in study by experimentation, to achieve a balance between
convergence speed and quality of solutions. The position and
velocity of each particle were initialized randomly in each
dimension, within the bounds of the respective control
variables.

C. Constraint handling

The equality (2) and (3) are met by the power flow solution
method, in this case the Newton-Raphson method. The
inequality constraints for the control variables (4), (5) and (6)
Ve, Tk, Qc) are met by imposing maximum and minimum
position limits, after, the position update equation is applied to
each particle with position X;.

The inequality constraints for the state variables (7), (8) and
9), (Vi, Oc, Sim), as they are dependent variables, are handled
with the following method: after the power flow is solved and
the objective function value (active power loss) is obtained for
each particle, the violation of each inequality constraint G; is
calculated for each state variable of vector ¥;. Then, the overall

constraint violation v(Y]) is calculated for each state variable
vector according with (19), where w; is a weight parameter

given by w; = Z !

max;

violation for each constraint.

and ¢ is the maximum constraint
max;

2 wG (%) (19)

G, (X )= max{g,(X),0} ,i=12,...p

Next, the principle of constrained non-domination is
applied to the individual best position P; update with (20),

X S (Xu)<f(B,) and v(Y,,,)<0(R,,)

d d

Dis =X 5 D(Y;,m) < v(PYz,t)

d .
P, otherwise

(20)

where Py, is the state variable vector obtained with the
individual best position P;. Expression (20) means that the
current position will always become the new individual best if
it has a smaller overall constraint violation, regardless of the
objective function value. In other words, a feasible solution is
always chosen over an infeasible solution. This results in
guaranteed convergence to a feasible solution, given enough
iterations.

D. Updating discrete variables

The PSO performs a search on the continuous domain. After
updating the position of each particle, the final step of the
algorithm is to approximate the control variables Q. and T}, to
their nearest feasible discrete domain locations. The two
discrete vectors which constitute the discrete domains are:

QCdu = [Q]an,...,Qm]
7;{41& = [7197;9'--,7:”]
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The method implemented to update the discrete variables
was proposed by [7]. The location of a particle in the discrete
domain is defined by a local hypercube expressed as (21),

Hy=[ (o), (07 ) (o) @D
i=1,2,m (22)

xf<x, <x!,
where m is the number of discrete variables, x; a variable in the
current particle position, and x; and x| are two consecutive
values in a discrete vector X, which define the vertices of the
local hypercube. The total number of vertices in the hypercube
is then 2™.

The Nearest Vertex Approach (NVA) is used to
approximate each variable x; (Q, and Tj ) of the current
position to the nearest vertex of its local hypercube H,; based
on Euclidean distance, as in (23).

x; x—xL|<|x —xU|

~ N S i R A I

xo=qo T T im0, o, (23)
X, ,otherwise

With this approximation, the control variables Q. and T}, in
the current solution will become discrete values allowed by the
respective discrete vectors

@Z‘xl,xz,...,Xm .

E. Fitness-Distance Ratio PSO

It has been seen that the global PSO has the tendency to get
trapped in a local optimum, essentially due to all particles
following the same global best position. Reference [12]
addressed this issue by proposing a mixed global-local PSO,
called FDR-PSO. In this algorithm, one particle for each
velocity dimension is selected, from their neighborhood, to
update the velocity of each particle to counter the possibility of
the movement towards different particles cancelling each other.
The neighborhood of each particle consists of a maximum of
five particles with a saved individual best position. At each
iteration, a new particle is appended to the neighborhood while
the oldest particle is removed. The selected particles must
satisfy two criteria: they must be near the current particle, and
they must have visited a position of higher fitness. As such, a
particle from the neighborhood with individual best position P;
is selected such that expression (24) is maximized.

f(P,)_f(X:) (24)
|7 =]

The particle with individual best P; that maximizes this
ratio will become the neighborhood best (nBest) particle B,

towards which the dimension d of the velocity of particle i is
updated. The influence of the gBest is maintained for higher
diversity of particles, therefore a new component is added in the

velocity update equation for the nBest. The velocity update
equation results from (25).

d

Vi,t+l =

,{.[w.vft +c,.rand, ( pft -x ) +

1,

+c,.rand, (pz,t - xlfft )+ c,.rand, (p:”, —x? )] (25)

it

The acceleration factors ¢, ¢, and c3 were all set to 1. By
making the acceleration factors equal each particle is equally
pulled towards the pBest, gBest and nBest particles. The FDR-
PSO was implemented as an optional function for the global
PSO, hence the constraint handling and updating of discrete
variables are also maintained.

F. Second Order PSO

One method to increase performance is by improving the
initialization of the particles, as noted by [13], where is
proposed a variation of the PSO that optimizes the initialization
of the particles, called Second Order PSO (SO-PSO). The
second order PSO can be described as running the PSO
algorithm more than once, where the initial positions for the
second run are generated based on the global best position
obtained at the end of the first run, maintaining this global best
position as the initial global best position. In this manner the
algorithm continues the search for an optimum after
convergence, having a good solution as a starting point.

The initial position for each particle is generated by making
each control variable in the final gBest position vary randomly
within their minimum and maximum change limit with (26) and
27),

d
xmin (26)
d
;’min
d

xmax (27)
d

g max

min lim =

max lim =

where x%;, and x%,, are the lower and upper limit of the
control variable at dimension d and pg _and pg are the
.. . min max_
minimum and maximum value of the control variable at
dimension d found at the gBest position respectively.
Finally, the new initial positions for the next run are
calculated with (28), for each particle i.

_.d dd
Xinit = Pg FaNG,
P : (28)
rand; € [mm lim ,,max lim , }

i

The stopping criterion of the implemented SO-PSO is
defined as a maximum number of runs of the global PSO. The
maximum number of runs was set to 10. By experimentation,
this stopping criterion was found sufficient to obtain a good
optimal solution at convergence in the final run. The SO-PSO
is also implemented as an optional function for the global PSO.
In this manner the SO-PSO can be combined with the FDR-
PSO, hence designated SO-FDR-PSO.
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The power systems for the testing of the algorithm were
implemented in Siemens PSS E Xplore 34. The algorithm was
written in Python 2.7, and the code interacts with PSS E through
its API, which allows the changing of the control variables in
the system, solving the power flow, reading the state variables
and calculating the power losses.

V. CASE STUDIES

A. Test systems data and parametrs

The proposed versions of the PSO in the previous chapter
were tested on the IEEE 14 bus and IEEE 39 bus systems.

The IEEE 14 bus system has five generators, at buses 1, 2,
3, 6 and 8, three transformers with tap regulation between buses
4-7,4-9 and 5-6, and one shunt capacitor at bus 9. The voltage
limits on all buses are [0.9, 1.1] p.u, the tap step of the
regulating transformer is 0.0125 p.u and the tap position limits
are [0.9, 1.1] p.u. The shunt capacitor battery has three equal
groups, each one with 6 Mvar.

The IEEE 39 bus system has ten generators, from buses 30
up to 39, one transformer with tap regulation between buses 6-
31, two shunt capacitors at buses 4 and 5. The voltage limits on
all buses are [0.9, 1.1] p.u;, the step of the transformer tap
positions and the tap position limits are the same as in the IEEE
14 bus system; The shunt capacitor battery at bus 4 has four
equal groups, each one with 25 Mvar, and at bus 5 has eight
groups, each one with 25 Mvar.

For the IEEE 14 bus system, a maximum of 50 iterations of
the PSO were sufficient for convergence. The number of
particles was set to 60. The SO-PSO has a maximum of 10
iterations, adding up 500 iterations for the PSO.

For the IEEE 39 bus system, a maximum of 100 iterations
of the algorithm were sufficient for convergence. The number
of particles was set to 90. The SO-PSO has a maximum of 10
iterations, adding up 1000 iterations for the PSO.

B. Results and analysis

A statistics-based analysis is required to evaluate the
performance of a stochastic algorithm such as the PSO. The
PSO, FDR-PSO, SO-PSO and SO-FDR-PSO were run 30 times
for the IEEE 14 bus system and IEEE 39 bus system. The
performance of the algorithms was measured with the following
indicators:

*  Average accuracy: the average objective function value
(active power losses, in MW) of the 30 runs;

e Standard deviation (consistency) in relation to the
average accuracy of the 30 runs;

*  Bestaccuracy: the best objective function value (lowest
active power losses) obtained within 30 runs of the
algorithm;

*  Success rate: percentage of the total runs where the best
accuracy was reached. Two decimal places in the
objective function value were considered in calculating
the success rate;

* Convergence time: the approximate average time
elapsed in each run.

The performance indicators obtained with the results of 30
runs of the algorithm are displayed in Tables I and II.

Foremost, it was verified that all the control variables were
within their respective bounds, also the discrete control
variables, Q. and T) assumed one of the values from their
discrete vectors. Therefore, all the obtained solutions are
feasible both in the continuous domain and the discrete domain.
All the state variables obtained with each solution are also in
their feasible domain, which means that the constraint handling
methods employed, and the nearest vertex approach are effective
in this problem. Tables III and IV display an example of an
optimal solution to IEEE14 and IEEE39.

TABLE L Performance indicators for IEEE 14 bus

Performance indicators

PSO FDR-PSO SO-PSO SO-FDR-
PSO
Avg. accuracy [MW] 12.387 12.297 12.298 12.280
Std. dev. 0.066 0.015 0.030 0.000
Best accuracy [MW] 12.280 12.281 12.280 12.280
Success [%] 7 17 57 100
Convergence Time [s] 28 140 280 1400
TABLE II. PERFORMANCE INDICATORS FOR IEEE 39 BUS
Performance indicators
PSO FDR-PSO | SO-PSO SO-FDR-
PSO
Avg. accuracy [MW] 38.134 38.116 38.006 37.955
Std. dev. 0.197 0.097 0.036 0.007
Best accuracy [MW] 37.962 37.975 37.948 37.949
Success [%] 3 3 7 63
Convergence Time [s] 93 700 930 7000
TABLE IIL EXAMPLE OF OPTIMAL SOLUTION IN THE 1ST RUN OF THE
GLOBAL PSO ON THE IEEE 14 BUS
Oc 18
Tx [1.0125,0.9, 0.9875]
Ve [1.1,1.086,1.1,1.1, 1.1]
TABLE IV. EXAMPLE OF OPTIMAL SOLUTION IN THE 1ST RUN OF THE
GLOBAL PSO ON THE IEEE 39 BUS
Oc 25,50
Tk [0.95]
[1.041, 1.1, 1.037,
Ve 1.042, 1.051,1.094, 1.1,
1.072, 1.07,1.078]

For the 14 buses system, through comparison of the
performance indicators, it can verify that the FDR-PSO has
better consistency and average accuracy than the global PSO.
And knowing that in theory the FDR-PSO decreases the
probability of premature convergence to local optima thereby
improving the optimal solutions, we can conclude the FDR-
PSO behaved as expected. We can infer that better average
accuracy, success rate, and consistency translate to lower
probability of premature convergence to local optima. As such,
for the SO-PSO, given the slightly improved average accuracy
and much superior success rate and consistency, there appears
to be a very low chance of premature convergence to a local
optimum. The SO-FDR-PSO further enhances these results, to
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the extent that there is no standard deviation and a success of
100%, meaning the SO-FDR-PSO consistently reached the best
solution obtained so far. Through considerate observation of the
results of one run of the SO-PSO in Table V we can assume that
the entire search space was explored, to the best of the
capability of the PSO.As indicated in section IV-F, if a better
gBest is found with the SO-PSO initialization mechanism, the
optimization process will continue as the particles will now
have a new position to follow. We can see that through this
mechanism, the swarm cannot find an optimal solution that
results in losses lower than exactly 12.27964 MW, leading us
to conclude that the searching capability of this PSO was
exhausted, and that this optimal solution is possibly the global
optimum of the problem, or at least very close to it.

TABLE V. DETAILED RESULTS OF ONE OF SO-PSO AND SO-FDS-PSO
FOR THE IEEE 14 BUS

Optimized power losses [MW]
Run n’ SO-PSO | SO-FDR-PSO
1 12,457 12,281
2 12,382 12,279
3 12,339 12,279
4 12,339 12,279
5 12,339 12,279
6 12,280 12,279
7 12,279 12,279
8 12,279 12,279
9 12,279 12,279
10 12,279 12,279

In the case of the 39 buses system, the FDR-PSO remains
clearly more consistent than the global PSO, although the other
performance indicators are identical, meaning that we cannot
affirm that the FDR-PSO will certainly not converge
prematurely to local optima, but we can affirm that it has a
smaller probability to do so. The overall advantage of the SO-
FDR-PSO stands as observed by the clearly superior
performance indicators.By making the same observations done
for the 14 buses system, regarding the search space and the best
optimal solution, for the 39 buses system the global optimum
should be close to approximately 37.948 MW, as no better
solution could be reached with the SO-PSO.

VI. CONCLUSION

In this paper a PSO algorithm was developed for the
minimization of active power losses within the ORPD and was
tested on the IEEE 14 bus and IEEE 39 bus systems. The
algorithm proved to be effective as it always converged to
solutions, which were always feasible both in the continuous
domain and the discrete domain. A comparison of the results
obtained with these versions of the PSO was made through a
statistics-based analysis, and it was found that the FDR-PSO
obtained improved solutions as expected. The FDR-PSO
consistently avoided premature convergence to local optima,
solving the primary issue of the PSO, allowing us to conclude
that the FDR-PSO is superior to the PSO when applied to the
ORPD. The SO-PSO, and particularly the SO-FDR-PSO
presented the most noteworthy results. In a practical setting, the
convergence time may have to be considered, and certain
parameters will have to be adjusted such as neighbourhood size,
number of iterations of the SO-PSO or a different stopping

criterion, so that a compromise is reached between convergence
time and quality of the optimal solutions.

This version of the algorithm consistently converged to
what appears to be the global optimum of the problem. Future
work will focus on solving the ORPD with other objective
functions such as voltage profile improvement, voltage stability
improvement or system costs minimization. Attention will be
given particularly to the SO-PSO since it has proven to be
promising.
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