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Smoluchowski equations for linker-mediated
irreversible aggregation†

J. M. Tavares, *ab G. C. Antunes, acde C. S. Dias, ac M. M. Telo da Gamaac and
N. A. M. Araújo ac

We developed a generalized Smoluchowski framework to study linker-mediated aggregation, where

linkers and particles are explicitly taken into account. We assume that the bonds between linkers and

particles are irreversible, and that clustering occurs through limited diffusion aggregation. The kernel is

chosen by analogy with single-component diffusive aggregation but the clusters are distinguished by

their number of particles and linkers. We found that the dynamics depends on three relevant factors, all

tunable experimentally: (i) the ratio of the diffusion coefficients of particles and linkers; (ii) the relative

number of particles and linkers; and (iii) the maximum number of linkers that may bond to a single

particle. To solve the Smoluchoski equations analytically we employ a scaling hypothesis that renders

the fraction of bondable sites of a cluster independent of the size of the cluster, at each instant. We

perform numerical simulations of the corresponding lattice model to test this hypothesis. We obtain

results for the asymptotic limit, and the time evolution of the bonding probabilities and the size

distribution of the clusters. These findings are in agreement with experimental results reported in the

literature and shed light on unexplained experimental observations.

I. Introduction

The self-assembly of micro- and nano-size particles mediated
by linkers has been the focus of extensive experimental,1–9

theoretical10–12 and simulation4,10,11,13–17 studies in recent
years, since the addition of a second species provides extra
control of the aggregation process. Indeed the linkers to
particles ratio,1,4,6,8,9 the strength of the linker-particle
interactions,5,7 and the maximum number of linkers that can
bond to one particle,7,8 may be used to tune the stability of the
mixture, the extent and topology of the assembled structures,
the equilibrium phase behavior and the rheological properties
of the system.3,18 The linker-particle interactions are most often
engineered using complementary biological macromolecules,
such as complementary DNA strands3,8 or streptavidin and
biotin.1,2,4 As a consequence, the bonds formed between

particles mediated by linkers are extremely strong. These systems
form several types of disordered and more or less open clusters,
even at extremely low volume fractions.3,4,8 Theoretical studies
have focused mostly on equilibrium properties.12,14 Some simula-
tions have addressed the dynamics of these systems, either to get
information about the early stages of aggregation4 or to try to
predict the type of assembled structures at long times.15,16

An exception is the work reported in ref. 11, where a theory for
the dynamics of aggregation of linker-particle binary mixtures was
developed and studied.

The simplest theoretical description of the kinetics of aggre-
gation is based on the Smoluchowski coagulation equation:19,20

two clusters of mass i and j merge at rate Kij to form a cluster of
mass i + j. This description is general and flexible:21–23 its
application to a particular type of aggregation is encoded in
Kij – the so called kernel. The choice of the appropriate kernel
for a given aggregation process results from a wise combination
of (intuitive) knowledge of the specificities of the clustering
physical mechanism and the ability to draw relevant informa-
tion from the solution of the resulting equation.24 The wide
variety of kernels that have been studied22,23 depend on the size
or mass of the aggregating clusters, but not on the presence of
other components that promote aggregation. This includes
the only proposal (to the best of our knowledge) to use
Smoluchoswki equations to study linker particle aggregation:11

the effect of linkers was subsumed into an effective functionality and
a single time-scale for bonding was considered. These assumptions
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led to the use of the polymerization kernel21 that is appropriate
for single particle aggregation.

The goal of this work is to develop a generalized
Smoluchowski equation for linker-mediated aggregation where
linkers and particles are explicitly taken into account. Inspired
by the experimental works of ref. 1, 4 and 8, we will assume that
the bonds between linkers and particles are irreversible and
that clustering happens when there is an encounter between
diffusive linkers and particles (limited diffusion aggregation).
The choice of the kernel is dictated by analogy with single
component diffusive aggregating systems (where the Brownian
kernel is approximated by a constant kernel19,20) and by distin-
guishing clusters not only by their total size or mass, but by the
number of particles and the number of linkers that it contains.
We find that, even under these strong approximations, the
dynamics depends on three relevant factors, all corresponding
to controlable experimental quantities: (i) the ratio between the
diffusion coefficients of the particles and linkers (i.e. the
existence of at least two time scales); (ii) the concentration or
the relative number of particles and linkers and (iii) the
maximum number of linkers that may bond to a single particle.
This enables a direct comparison between the results of the
theory and existing experimental results where the effect of
these control parameters was investigated.4

The paper is organized as follows. In Section IIA we describe
and justify the choice of the kernel for linker-mediated aggre-
gation and derive the corresponding Smoluchowski equations.
We solve these equations in two ways: by simulating a lattice
model of linkers and particles whose time evolution is deter-
mined by those equations – Section IIB –, and analytically,
using a scaling hypothesis that leads to an approximate analy-
tical solution of the same equations – Section IIC. We report
results for the asymptotic limit, for the time evolution of both
the bonding fraction and the size distribution of the clusters,
obtained from the simulations and from the approximate
analytical theory, in Section IIIA–C. Some of the surprising
experimental results reported in ref. 4 are revisited and
explained in Section IIID. Finally, we discuss our results, draw
some conclusions and elaborate on the possibility of generalizing
the theory in Section IV.

II. Theory
A. Smoluchowski equations

We consider a mixture of NP particles and of NL linkers in a
volume V. Particles, linkers and clusters diffuse and bond
irreversibly upon encounter. The linkers mediate the bonding
of the particles: two particles become bonded when one of
them bonds to a linker that is already bonded to another
particle. Two bonded particles belong to the same cluster
(and this defines a cluster as the set of particles that belong
to it). Each linker bonds to a maximum of two particles and
each particle bonds to a maximum of f linkers (f is often called
the particle valence). As a consequence, each linker can be in one
of three states: not bonded to any particle (state 0, free linker),

bonded to one particle only (state 1) or bonded to two particles
(state 2). Ni is the number of linkers in state i (so that N0 + N1 +
N2 = NL). The linkers control the extent of aggregation of the
particles, and to quantify this effect we use the parameter f, the
ratio between the actual number of linkers and the maximum
number of linkers that could be bonded to all particles,

f ¼ NL

fNP
: (1)

The size i of a cluster is defined as the number of particles
that belong to it. We assume that two particles that are bonded
to each other are connected by only one linker (no double
bonding) and that the clusters are tree like (no loops).
Therefore, a cluster of size i contains i � 1 linkers in state 2,
corresponding to the number of bonds needed to form it. Each
cluster of size i contains also a number j of linkers in state 1 in
the interval [0;wi], with wi = (f � 2)i + 2. Notice that a particle
with no linkers bonded to it is a cluster of size i = 1 with j = 0.
It is useful to consider that a cluster of size i has a total of wi

bonding sites on its ‘‘surface’’; if it contains j linkers in state 1,
then j of these sites are occupied (by a linker) and wi � j sites
are unoccupied. Therefore each cluster is characterized by two
integer numbers and thus a cluster (i,j) consists of i connected
particles and j linkers in state 1 or j occupied sites (see
Fig. 1(a)). Two clusters will aggregate when one unoccupied
site in one cluster bonds to an occupied site in the other.

We now propose a generalized Smoluchowski equation for
the time evolution of the clusters, which takes into account two
distinct aggregation mechanisms: bonding of free linkers to
clusters (i,j) and cluster-cluster aggregation. Let mij be the
number of clusters (i,j). The rate at which mij changes is,

_mij ¼ K0;þ � K0;� þ Kþ � K�; (2)

where:
(1) K0;þ is the rate at which free linkers bond to clusters

(i, j � 1) and form a (i,j) cluster,

K0;þ ¼ K0ði; j � 1Þ
N0mið j�1Þ

V
; (3)

(2) K0;� is the rate at which free linkers bond to (i, j) clusters,

K0;� ¼ K0ði; jÞ
N0mij

V
; (4)

(3) Kþ is the rate at which two clusters bond to form a (i, j)
cluster,

Kþ ¼
1

2

X
i1þi2¼i

X
j1þj2¼jþ1

Kði1; j1; i2; j2Þ
mi1j1mi2j2

V
; (5)

(4) K� is the rate at which a cluster (i,j) bonds to other
clusters:

K� ¼
X1
i1¼1

Xwi1

j1¼0
Kði1; j1; i; jÞ

mi1 j1mij

V
: (6)

K0(i, j) and K(i1, j1;i2, j2) are the kernels for the two types of
aggregation. They are chosen to be the product of the Brownian
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kernel19,20 (since we are assuming that particles, linkers and
clusters diffuse between encounters) and of a term that
accounts for the fact that bond formation in an encounter
depends on the number of occupied and unoccupied sites. The
Brownian kernel is approximated by a constant (see ref. 25),
and as a consequence

K(i1,j2;i2,j2) = 2kP � p(i1,j1;i2,j2), (7)

and

K0(i,j) = 2kPa � p0(i,j), (8)

where: kP = 4pDPRP; a ¼ 1þDL

DP

� �
1þ RL

RP

� ��
4; DL, RL are the

diffusion coefficient and the size of linkers, respectively; and
DP, RP are the diffusion coefficient and the size of the particles.
p and p0 are bonding probabilities defined in what follows.
A free linker may form a bond with a cluster (i, j) if the latter has
unoccupied sites. We define the probability p0(i, j) as the
fraction of unoccupied sites of the cluster,

p0ði; jÞ ¼
wi � j

wi
: (9)

A cluster (i1, j1) and a cluster (i2, j2) can aggregate if a bond is
formed between an unoccupied and an occupied site of each
cluster. Therefore, we define the probability p(i1, j1;i2, j2) as the
product of the fraction of unoccupied and occupied sites of

each cluster,

pði1; j1; i2; j2Þ ¼
j1ðwi2 � j2Þ þ j2ðwi1 � j1Þ

wi1wi2

: (10)

The restrictions to aggregation expressed by eqn (9) and (10)
incorporate in the dynamics the limited number of linkers that
a particle can support in a simple way. In both cases, each
aggregation event is considered to be instantaneous: the for-
mation of a bond is much faster than all other processes and
may be considered instantaneous compared to the other rele-
vant time scales (diffusion limited aggregation). In addition,
since we focus on the limit of low density of particles and
linkers, the timescale of the linker-mediated aggregation is
sufficiently large for the shape and orientation of each cluster
to be uncorrelated between successive bonding events. As a
consequence (as already expressed in (9) and (10)), every site of
the ‘‘surface’’ of a cluster is equally likely to form the next bond.
The relevant time scales are set by the diffusion coefficients of
the particles, DP, and the free linkers, DL. We define as control
parameter the ratio D of the diffusion coefficients,

D ¼ DL

DP
: (11)

Fig. 1 Schematic representation of the aggregation processes. (a) The constituents of the system are free linkers (or linkers in state 0) and clusters.
A cluster (i,j) consists of i particles (each can be bonded to a maximum of f other particles) and has j sites occupied (out of wi = (f � 2)i + 2), and wi� j sites
unoccupied; since the cluster is tree like, it has i � 1 bonds. An occupied site is a linker in state 1 and a bond is a linker in state 2. In the example of the
figure f = 4, i = 2 and j = 3; therefore wi = 6, there is 1 bond (or linker 2) and 3 unoccupied sites. (b) Diffusion. The constituents diffuse randomly: linkers
with a diffusion coefficient DL (or hopping rate HL in the simulation) and clusters (of all sizes) with a diffusion coefficient DP (or hopping rate HP in the
simulation). Only cases where DL Z DP are considered. (c) Linker-cluster aggregation happens with probability p0 (given by eqn (9)) when a free linker
encounters a cluster (i,j). After bonding to the cluster, the free linker turns into a linker 1 while the cluster gains an occupied and looses an unoccupied
site. The same bonding happens with equal probability when a cluster encounters a free linker. (d) Cluster-cluster aggregation happens with probability p
(given by eqn (10)) when two clusters meet. The size of the new cluster is the sum of the sizes of the clusters that merged; as a consequence one
occupied and one unoccupied sites (one in each cluster) disappear and a new bond forms. In the example of the figure, clusters (1,2) and (2,3) aggregate
to form a cluster (3,4).
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We consider the limit where the linkers diffuse faster than the
particles (i.e. D Z 1), since it is reasonable to assume that the
linkers have a lower mass (and size) than the particles.

The generalized Smoluchowski equation that describes
cluster formation is then given by eqn (2), within the approxi-
mations expressed by eqn (7)–(10). The description of the
dynamics of aggregation is completed with the equation for
the time evolution of the free linkers, i.e. the rate at which free
linkers bond to clusters that, subject to the approximations
described is,

_N0 � �
X1
i¼1

Xwi

j¼0
K0;� ¼ �2kPaN0

X1
i¼1

Xwi

j¼0
p0ði; jÞ

mij

V
: (12)

The aggregation dynamics for clusters of size i can be

obtained from eqn (2) by using mi ¼
Pwi

j¼0
mij and taking into

account that
Pwi

j¼0
ðK0;þ � K0;�Þ ¼ 0,

_mi ¼
kP
V

X
i1þi2¼i

Xwi1

j1¼1

Xwi2

j2¼1
pði1; j1; i2; j2Þmi1j1mi2j2

� 2kP
V

X1
i1¼1

Xwi

j¼1

Xwi1

j1¼1
pði; j; i1; j1Þmi1 j1mij :

(13)

In the next two subsections we solve eqn (12) and (13) to
obtain explicitly the time evolution of the aggregation process
in the particle linker system, within the approximations
adopted. First, we will perform kinetic Monte Carlo simulations
of a lattice model with the same dynamics. Then, we will use a
scaling hypothesis that leads to an (almost) analytical solution,
by reducing eqn (12) and (13) to a system of two ordinary
differential equations.

B. Numerical simulations

NP particles (or clusters (1,0)) and NL = ffNP free linkers are
randomly distributed without overlap on a simple cubic lattice
with Nlatt sites and periodic boundary conditions, each occupy-
ing one lattice site (RL = RP in the simulations). The initial
density of particles r � NP/Nlatt = NP/V is set to a low value
(r = 0.1 for the simulations reported) and f is chosen to be 6.
The diffusive motion of the clusters and free linkers is
described by kinetic Monte Carlo simulations. At each iteration,
one cluster or one free linker is chosen and attempt a hop to a
randomly chosen neighbouring lattice site. Free linkers are
chosen with probability HLN0/Q and clusters of size i with
probability HPmi/Q, where N0 and mi are the actual numbers
of free linkers and of clusters of size i, respectively, Q is the total
hopping rate,

Q ¼ HLN0 þHP

X
i

mi; (14)

and HL, HP are two hopping rates that can be related to the
diffusion coefficients of the linkers and particles (see below).

For a linker, depending on the state (occupied or empty) of the
randomly chosen neighbouring site, the hop is:
� Accepted if it is not occupied;
� Rejected if it is occupied by another free linker;
� Rejected/accepted with probability 1 � p0(i, j)/p0(i, j) (given

by eqn (9)) when it is occupied by a cluster (i, j); when accepted
the cluster (i,j) is updated to a cluster (i, j + 1), and the free
linker is changed to a linker of type 1 contained in the new
cluster.

Similarly, for a cluster (i1, j1), depending on the state of the
randomly chosen neighbouring site, the hop is:
� Accepted if it is not occupied;
� Rejected/accepted with probability 1 � p0(i, j)/p0(i, j) (given

by eqn (9)) if it is occupied by a free linker; when accepted the
cluster (i, j) is updated to a cluster (i, j + 1) and the free linker is
changed to a linker of type 1 contained in the new cluster;
� Rejected/accepted with probability 1 � p(i1, j1;i2, j2)/

p(i1, j1;i2, j2) (given by eqn (10)) if it is occupied by a cluster
(i2, j2); when accepted the clusters (i1, j1) and (i2, j2) disappear
by merging into a cluster (i1 + i2, j1 + j2 � 1).

After each hop that results in aggregation, the new cluster
occupies the site to which the cluster/linker hops. Therefore
each cluster/linker/particle occupies one lattice site only, and
the number of occupied lattice sites decreases along the
simulation.

The discrete hopping process is transformed into continu-
ous diffusion by: (i) using the relations20 HL = 6DL/a2 and
HP = 6DP/a2, where a is the lattice constant; (ii) incrementing
time, at each iteration, by a random number that follows a
Poisson distribution with average value 1/Q. The values of N0,
mi and Q are updated as a result of the agregation that follows
from the encounter of the diffusive linkers and clusters. Notice
that HL/HP = DL/DP = D.

Simulations were performed on a lattice of size Nlatt = 253,
with NP = rNlatt = 1562 particles; 103 samples were run for each
pair (D,f). For D = 10 and some values of f, runs were
performed also on lattices of sizes Nlatt = 163 and 323 at the
same density r, to check for finite size effects that turned out to
be negligible.25

C. Scaling hypothesis for the cluster size distribution

In this section we show that it is possible to approximate the
full Smoluchowski description of eqn (13) by an analytically
solvable equation, if a scaling hypothesis for mij is adopted.
As demonstrated below, this scaling hypothesis is equivalent to
assuming that, at any given instant, the fraction j/oi of occu-
pied sites of a cluster (i, j) is independent of the size i of the
cluster and equals the ratio between the total number of
unoccupied sites (or linkers 1) and the total number of sites
of the clusters. Inspired by the fact that the kernel p(i1, j1;i2, j2)
in eqn (10) is a function of j1/wi1

and j2/wi2
, we assume the

following Ansatz for the cluster size distribution mij,

mijðtÞ ¼ miðtÞ
gð j=wi; tÞPwi

j¼0
gð j=wi; tÞ

; (15)
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where g(x,t) is a time dependent scaling function. Furthermore,
the moments of this function are calculated by replacing the
sum by an integral,

Xwi

j¼0
jkgð j=wi; tÞ ¼ wkþ1

i

ð1
0

xkgðx; tÞdx: (16)

A simple approximation for the time evolution of the cluster
size distribution mi(t) is then obtained by using eqn (15) and
(16) in eqn (13),

_miðtÞ ¼
2kP
V

qð1� qÞ
X

i1þi2¼i
mi1mi2 � 2mi

X1
i1¼0

mi1

 !
; (17)

where,

q ¼
Ð 1
0xgðx; tÞdxÐ 1
0
gðx; tÞdx

: (18)

Likewise, the time evolution of the free linkers is obtained by
substituting eqn (15) and (16) in eqn (12),

_N0 ¼ �
2kP
V

aN0ð1� qÞ
X1
i¼1

mi: (19)

Notice that the quantity q has a simple physical meaning: the
number of linkers in state 1 is N1 �

P
ij

jmij , which may be

written as,

N1 ¼ q
X1
i¼1

wimi; (20)

i.e., q is the ratio of the actual number of linkers in state 1 and
its maximum value for a cluster size distribution mi. Moreover,
if eqn (15) and (16) are used to replace the numerator in
eqn (18), we obtain,

q ¼

Pwi

j¼0
jmij

wimi
� N1;i

wimi
; (21)

which means that within the approximation the fraction of the
linkers 1 bonded to clusters of size i at a given instant is
independent of i. It is also possible to determine the time
evolution of N2 using eqn (17) (and recalling that the clusters
are tree like),

_N2 � �
X
i; j

_mij ¼
2kP
V

qð1� qÞðNP �N2Þ2: (22)

The time evolution of the number of free linkers N0 can be
expressed as (performing the sums in eqn (19)),

_N0 ¼ �
2kP
V
ð1� qÞN0ðNP �N2Þ: (23)

The time evolution of the fraction of linkers in state i, pi� Ni/NL, is
then given by,

:
p0 = �ap0(1 � q)(1 � ffp2) (24)

_p2 ¼
qð1� qÞð1� ffp2Þ2

ff
(25)

q ¼ f
1� p0 � p2

1� 2fp2
(26)

where the time has been rescaled by t - 2rkPt. Recall that
a = (1 + D)(1 + RL/RP)/4. These equations will be solved
numerically for fixed values of D and f and initial conditions
p0(0) = 1 and p2(0) = 0 (i.e. all linkers are free and all clusters are
(1,0) at t = 0, as in the simulations). Notice that the time
evolution for the fraction of linkers in state 1 can be obtained
from p1 = 1 � p0 � p2. Similarly, the ratio between the actual
number of bonds between particles, N2, and the maximum
number of those bonds, fNP/2 (that we designate by bonding
probability, pb), is also obtained as a function of time, as pb = 2fp2.

Finally, this approximation yields an expression for the
cluster size distribution mi as a function of p2. Dividing
eqn (17) by eqn (22) gives,

ð1� ffp2Þ2
ff

NP
dmi

dp2
¼
Xi�1
i1¼1

mi1mi�i1 � 2mi

X1
i1¼1

mi1 ; (27)

which, after a change of variables to z = 1/(1 � ffp2) � 1,
becomes,

NP
dmi

dz
¼
Xi�1
i1¼1

mi1mi�i1 � 2mi

X1
i1¼1

mi1 : (28)

This equation is formally equivalent to that obtained for the
time evolution of clusters with a constant kernel,20 and its
solution (for the initial condition mi(z = 0) = NPdi,1) is,

mi ¼ NP
zi�1

ð1þ zÞiþ1: (29)

Using the relation between z and p2, the cluster size distribu-
tion mi can be expressed as a function of p2,

mi = NP(1 � ffp2)2( ffp2)i�1. (30)

Since z = 0 is equivalent to the initial condition used in the
simulations (p2 = 0, p0 = 1), then eqn (30) is the theoretical
prediction for the time evolution of the cluster size distribution.
Notice that, as in the aggregation with constant or polymerization
kernels, the cluster size distribution depends on time through
the bonding probability only. The total number of clusters is

M0 �
P1
i¼1

mi ¼ NPð1� ffp2Þ and the second moment of the

cluster size distribution is M2 �
P1
i¼1

i2mi ¼ NP
1þ ffp2
1� ffp2

.

III. Results

The dynamics of the model is obtained through simulations at
several values of (D,f) for f = 6 using the same initial conditions
(free linkers at t = 0: p0(0) = 1, p2(0) = 0). The results are
compared with theoretical calculations based on the approxi-
mations discussed in the previous sections. This comparison
tests the validity of those approximations. Notice that in the
simulations RL = RP; so, in the theoretical calculations a = (1 + D)/2
in eqn (24). In the following we present and discuss the
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asymptotic regimes of the dynamics, the time evolution of the
bonding probabilities, and the time evolution of the cluster size
distribution.

A. Asymptotics

The asymptotic states of the model (i.e. the values of the
probabilities pi and pb when t - N) may be found by consi-
dering the aggregation rules and the nature of the clusters.
A tree like cluster with i particles has, by definition, i � 1 linker-
mediated bonds. Thus, for the model under study, the actual
number of linker-mediated bonds, N2, must obey N2 o NP

(or p2 o 1/(ff)). Moreover, since each particle can bond to
at most f linkers the number of occupied sites is N1 r fNP

(or p1 r 1/f). In Fig. 2 we plot the asymptotic values of
the bonding probabilities pi and the bonding fraction
pb � N2/( fNP/2) = 2fp2, as a function of f for D = 10. We find
three different asymptotic regimes depending on the values of f:

(1) 0ofo
1

f
. In this regime the total number of linkers is

less than the total number of particles. In fact, the number of
linkers is so low that all the linkers will establish bonds
between the particles (i.e. all linkers 0 become linkers 2). The
time taken to form these bonds depends on D (as discussed
below) but not the final state: p2 = 1 and p1 = p0 = 0, which is a
fixed point of eqn (24) and (25). Due to the tree like character of
the clusters, N2 o NP or p2 r 1/(ff), and this regime will occur
when f o 1/f. The asymptotic value of the bonding probability
pb grows linearly with f up to its maximum value 2/f. These
results are independent of D (for simplicity only D = 10 is
shown in Fig. 2).

(2)
1

f
ofo 1� 1

f
. In this regime, the number of linkers is

larger than the total number of particles but smaller than
NP( f � 1). The number of bonds between the particles takes
its maximum value p2 = 1/( ff) and the bonding probability, pb = 2/f,
is maximal and independent of f. Since NL 4 NP or f 4 1/f, the

number of type 1 linkers is non-zero N1 = NL� NP or p1 = 1� 1/( ff)
(and p0 = 0). This regime corresponds to the fixed point p0 = 0,
p2 = 1/( ff) of eqn (24) and (25), and will occur when f o 1 � 1/f,
since p1 + p2 = 1 r 1/(ff) + 1/f. The asymptotic state is also
independent of D, and is shown in Fig. 2 for D = 10. The same
results are obtained for any other value of D. The constant bonding
fraction pb = 2/f implies that in this regime there is a single cluster,
which contains all the particles, in the limit t - N.

(3) f4 1� 1

f
. In this regime the asymptotic state is deter-

mined by the exhaustion of unoccupied sites in the clusters.
At t = 0, the number of unoccupied sites is fNP; since each linker
1 occupies one site and each linker 2 occupies two sites, the
fraction of unoccupied sites at any time is 1 �f(p1 + 2p2), and
vanishes when p1 + 2p2 = 1/f. The values of p1 and p2 which
satisfy this condition depend on D. This can be seen by
analysing two limiting cases. When D c 1, the NL linkers, free
at t = 0, change to linkers 1 before any bonds between the
clusters are formed; at this stage there are NL linkers 1 and
fNP � NL unoccupied sites that will then start to form bonds
between the particles or clusters; at the end of this process,
there are fNP � NL bonds (p2 = 1/f � 1) and 2NL � fNP linkers 1
(p1 = 2 � 1/f), and the aggregation stops since all the sites are
occupied. In the other limit, when D { 1, when a free linker
bonds to an unoccupied site a bond between two clusters is also
formed between the newly occupied site and an unoccupied
one; this process lasts while N2 remains below its maximum
value NP (p2 = 1/( ff)). Thereafter the remaining free linkers
NL � NP will bond with the ( f � 2)NP still unoccupied sites; this
second process ends when N1 = ( f� 2)NP (or p1 = (1� 2/f )/f), as
all the sites are occupied. Notice that at this stage a number of
linkers are still free as N0 = NL� ( f� 1)NP (or p0 = 1� (1� 1/f )/f)
is non-zero. The asymptotic state for finite values of D lies
between these limits. This regime corresponds to the fixed point
q = 1 of eqn (24) and (25). In Fig. 2 and 3(a) we show the
asymptotic values of pi for D = 10 and 1 � 1/f o f o 1, obtained
from the simulations and the theory, which are in quantitative
agreement. Fig. 3(b)–(d) illustrate this for other values of D and
reveal the same excellent agreement between the simulation and
the theoretical results.

We conclude that the asymptotic numbers of bonds and
clusters depend on the ratio of the diffusion coefficients D only
when NL 4 ( f � 1)NP. Faster free linkers (larger D) promote the
depletion of unoccupied sites decreasing the formation of
bonds between the clusters. For intermediate values of NL, i.e.
1/f o f o 1 � 1/f, the model predicts the formation of a single
cluster, containing all the particles, in the long time limit.

B. Time evolution of the bonding probabilities

We consider the dynamics of the aggregation at three different
values of f = 0.05, 0.5 and 0.95 (representative of the three
asymptotic regimes), and different diffusion ratios, D = 1, 5, 10
and 20. We keep f = 6 fixed. At the two lowest values of f, the
fraction of linkers of type 1, p1, exhibits a maximum at early
times. The value of this maximum increases and the time
when it occurs decreases as D increases (see Fig. 4(a) and 5(a)).

Fig. 2 Asymptotic values of the probabilities pi as a function of f for f = 6
and D = 10. The symbols represent simulation results and the lines the
theoretical results from eqn (24) and (25). Three different regimes are
observed for fo 1/f, 1/f o f o 1 � 1/f and f 4 1 � 1/f. Only the latter is D
dependent (see Fig. 3).
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The presence of the maximum signals the change from an initial
regime dominated by the formation of bonds between free linkers
and unoccupied sites to a second regime where bonds between
the particles form and the clusters merge. This transition is
absent at f = 0.95 (see Fig. 6(d)): if the fraction of free linkers is
sufficiently high bond formation between free linkers and unoc-
cupied sites dominates at all times, due to the large decrease of
unoccupied sites required for the formation of bonds between
clusters. Fig. 4 and 5 show that, at low f, the time evolution of the
bonding probabilities can be divided into an initial D dependent
regime (up to 2rkPt E 10–20, Fig. 4 and 5(a), (b)) and a late D
independent regime (Fig. 4 and 5(c), (d)). By contrast, at large
values of f the dynamics depends on D at all times (see Fig. 6).

The theoretical results are validated by comparing them to
the results of simulations (lines and symbols in Fig. 4–6). At low
f = 0.05, initially, there is qualitative agreement for the time
evolution of p1 and p2, including their dependence on D
(Fig. 4(a) and (b)). At late times, there is agreement on the
prediction that the dynamics does not depend on D (Fig. 4(c)
and (d)). However, a quantitative discrepancy has been
observed: while the theory predicts fast exponential decay to
the asymptotic values, the simulation reveals a slower time
evolution. This discrepancy between the simulation and the
theoretical results (and also the observed in Fig. 6(c)) may be
attributed to fluctuations in the distribution of the fraction
of occupied sites in clusters with different sizes. Indeed, the
analytical theory assumes that, at each instant, the fraction of
occupied sites of a cluster is independent of its size (eqn (21)).
This means that, under conditions where most of the clusters
have either a few (low f) or many (high f) occupied sites,
a strongly varying quantity is approximated by its average value,
giving rise to the discrepancies observed in these regimes.
At f = 0.5 (Fig. 5) the agreement between the theory and

Fig. 3 Asymptotic values of the probabilities pi for different values of
D in the regime f 4 1 � 1/f (numerical results for f = 6). The symbols
represent simulation results and the lines the theoretical results from
eqn (24) and (25). (a) D = 10 (a blow up of part of Fig. 2); (b–d) depict p0,
p1 and p2 respectively. The different symbols and lines correspond to
different values of D as indicated. The analytical expressions when D c 1
and D{ 1 may be found in the text. The asterisks in (c and d) are simulation
results for D = 100.

Fig. 4 Time evolution of the probabilities p1 ((a and c)) and p2 ((b and d)) at
fixed f = 0.05 and the indicated values of D, at short ((a and b)) and long
((c and d)) times. The symbols represent simulation results and the lines are
numerical solutions of eqn (24) and (25). For the sake of clarity, in (c and d) only
the results for D = 1 and D = 10 are shown (the results are independent of D).

Fig. 5 Time evolution of p1 and p2 as in Fig. 4 at f = 0.5.

Fig. 6 Time evolution of p0, p1 and p2 as in Fig. 4 and 5 at f = 0.95.
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simulations is almost quantitative at all values of D. Both
predict a power-law decay of the evolution of the probabilities
at late times, with an exponent E�1 (Fig. 5(c) and (d)). This
feature results from the non-linearity of eqn (25), which for
1/f o f o 1 � 1/f, and t - N reduces to,

:
x = �B(f,f)x2, (31)

where x = 1� ffp2 and B( f,f) = ( f� 1� ff)( ff� 1)/( f� 2)2. The
solution of this equation yields p1(t) � p1(t = N) = 1/(Bfft). This
power law decay was observed in simulations for other values of
f in the range 1/f o f o 1 � 1/f, which strongly suggests
that the present model in this range behaves as irreversible
aggregation with a constant kernel.20

The maximum number of bonds between particles
(mediated by type 2 linkers) is reached asymptotically whenever
1/f o f o 1 � 1/f for any D as discussed in Section IIIA (see
Fig. 2). In this regime, the system tends to form a single cluster
that contains all particles. In order to investigate the conditions
(f,D) under which the time required for the aggregation of this
cluster is minimal, we analyse eqn (24) and (25) in the limits
t - 0+ and t - N, to obtain the behaviour of the bonding
fraction pb in these limits. At t = 0, one has :

pb = 0 and
€pb ¼ fð1þ DÞ=f , and therefore,

lim
t!0þ

pbðtÞ ¼ f
1þ D
f

t2: (32)

As a consequence, the initial growth of the clusters increases
with D and f. The limit t - N may be obtained using eqn (31)
as pb = 2/f (1 � x) and thus,

lim
t!1

pbðtÞ ¼
2

f
1� 1

Bðf ;fÞt

� �
: (33)

The function B(f,f) has a maximum at f = 0.5. Thus, for any f
and D, the single cluster limit will be approached faster when
f = 0.5. This behaviour is illustrated in Fig. 7(a), where the
value of pb for f = 6 and D = 10 is plotted for f = 0.2, 0.5 and 0.8,
as obtained from the theory and simulations. Initially, the
fastest growth is obtained for the largest f (f = 0.8). However,
the bonding fractions for f = 0.8 and f = 0.5 cross at t E 5
(in the units used in the figure) and the bonding fraction for
f = 0.5 becomes the largest at later times. Fig. 7(b) represents

this crossover time as a function of f A [0.5;1 � 1/f ] for several
values of D. This result may have experimental relevance: if the
goal is the growth of the largest cluster in the shortest time
then, for a given number of NP particles, the optimal number of
linkers is NL = fNP/2, irrespective of their diffusion coefficients.

C. Cluster size distributions

In this section, we compare the results of simulations and
theory for the cluster size distribution. Notice that this quantity
can be measured in more realistic simulations and even in
experiments.1,4 The total number of clusters is the zeroth
moment, M0, of the cluster size distribution mi. It is, by definition,
related to the number of linkers in state 2, M0 = NP� N2, since the
clusters are tree like. As a consequence, the mean cluster size,
hS1i � NP/M0, can be calculated from p2: hS1i = 1/(1 � ffp2). In
Fig. 8(a) and (c), hS1i�1 is represented for D = 10, f = 6. hS1i
grows with time, but the extent of this growth depends on f. At
f o 1/f it reaches the asymptotic value hSi = 1/(1 � ff) – see
Fig. 8(a). At f 4 1 � 1/f, the asymptotic value of hS1i depends
on D. In both cases, the growth of large clusters is strongly
limited as we observed hS1i o 2 at all times. By contrast, when
1/f o f o 1 � 1/f, there is no finite asymptotic limit for hS1i, as
shown in Fig. 8(c). The mean cluster size grows monotonically
with time; the dependence on f is limited to the time taken to
reach a given cluster size, which has a minimum at f = 0.5 (at times
larger than the crossover described in Fig. 7). The results in Fig. 8(a)
at f = 0.05 and 0.95 reveal that the agreement between simulations
and theory is good while those in Fig. 8(c) at f = 0.5 and 0.2 show
that the theory slightly overestimates hS1i at long times.

The cluster size distribution was determined using simula-
tions for D = 10, f = 6 at several values of f and different times.
The inverse of M2, the second moment of these distributions,
divided by NP, is represented in Fig. 8(b) and (d), as a function

Fig. 7 (a) Bonding probability, pb, as a function of time at the early stages
for D = 10 and for three values of f. The lines represent theoretical results
eqn (24) and (25). The crossover time, where pb at f = 0.5 equals pb at
f = 0.8, is indicated. The inset displays the simulation results for the same
parameters, namely, f = 0.2 (circles), f = 0.5 (squares) and f = 0.8
(triangles); in the inset the lines are guides to the eye. (b) Crossover time
as a function of f for different values of D.

Fig. 8 Inverse mean cluster size, M0/NP ((a and c)) as a function of time,
and inverse second moment of the cluster size distribution ((b and d)), as a
function of (1 � fpb/2)/(1 + fpb/2). D = 10 and f = 6 in all cases; the values of
f are indicated in the figures. The symbols are the results from simulations
and the lines from eqn (24), (25) and (34). The patterned symbols in (b)
indicate the asymptotic values predicted by the theory at f = 0.95 (square)
and f = 0.5 (circle).
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of (1 � fpb/2)/(1 + fpb/2) to facilitate the comparison with the
theoretical prediction. A behaviour similar to that of hS1i is
observed: limited growth at f = 0.05 and 0.95 and an asymptotic
divergence at f = 0.2 and 0.5. The theory overestimates M2 in all
cases except at f = 0.5.

The fraction of clusters of a given size i, mi/M0, is repre-
sented in Fig. 9 at several values of f and three different times,
corresponding to pb E 0.5pb(N), pb E 0.75pb(N) and pb E
pb(N). The theoretical results are obtained using eqn (30) for
the fraction of clusters of size i,

mi

M0
¼ 1� fpb

2

� �
fpb

2

� �i�1
; (34)

where pb = 2fp2. At the initial stage of growth, the cluster size
distributions are exponential for every f and the agreement
between eqn (34) and the results of simulation is excellent.
As time progresses, we find that this distribution is still
exponential for large i, at f = 0.05 and f = 0.95 (see Fig. 9(a)
and (b)), but the agreement between theory and simulations is
poor. The theory predicts an exponential distribution for all
sizes and largely underestimates the frequency of large clusters.
These differences are compatible with the results reported in
Fig. 8(a) and (b): theory and simulation agree for the number of
small clusters and for hS1i (which is dominated by the con-
tribution of the more abundant small clusters); on the other
hand, as large clusters have a more significant contribution to
M2, the broader distributions observed in the simulations yield
a larger M2 than that predicted by the theory.

There is a remarkable agreement between the cluster size
distributions obtained by simulations and theory at f = 0.5
(see Fig. 9(c)). At this value of f the asymptotic value of pb is 2/f,
and thus the distribution eqn (34) becomes a very slow varying
function of i for values of pb close to 2/f. Both theory and
simulation exhibit a very broad cluster size distribution (almost
uniform in the simulations) at the highest value of pb in
Fig. 9(c). To test if this agreement is obtained at other values

of f A [1/f; 1 � 1/f ], the results at f = 0.2 are shown in Fig. 9(d).
Exponential distributions are obtained at low and intermediate
values of pb and for large cluster sizes only when pb is close to
2/f. The theory underestimates both the number of very small
and very large clusters. Still, the broadness of mi/M0 is reached
asymptotically in both theory and simulations.

In summary, both the theory and the simulations predict two
different behaviours for the cluster size distribution: (i) at high
and low f, the distribution will be dominated by very small
clusters and the growth of large clusters is rather limited; (ii) at
intermediate values of f the distribution will evolve to almost
uniform, with a large number of small and large clusters alike.

D. Comparison with experiments

The theoretical framework developed here can be tested by
comparison with experiments reported in ref. 4, where the
assembly kinetics of dilute binary mixtures of streptavidin-
coated large particles (P) and biotin-coated small ones (L – the
linkers)1 was studied using Dynamic Light Scattering.26 From
these measurements the time evolution of the number of
clusters and the number of linkers (i.e. mi(t) for different values
of i and N0(t)) was obtained. The number of particles, NP, was
fixed and samples with different number of linkers, NL, were
investigated. A combination of geometrical parameters with the
analysis of experimental results led to the estimate f = 65 as the
maximum number of linkers that can bond to a particle.
The diffusion coefficients of particles and linkers were mea-
sured in an independent experiment and DL/DP E 5 was found.

The analysis of the experimental results for m1(t) (Fig. 5 of
ref. 4) shows that, in the initial stages of growth, the rate at
which monomeric particles disappear has a non-monotonic
dependence on NL: at a given instant, | :m1| was found to be
maximal for an intermediate value of NL. The prediction of our
theory for m1(t) is obtained by solving eqn (17) for i = 1,

:m1 = �2m1q(1 � q)(1 � ffp2), (35)

together with eqn (24) and (25), using the experimental para-
meters D = 5 (and RL/RP = 1/D in (24)), f = 65, and ff = NL/NP.
Fig. 10(a) shows the results of this calculation for the experi-
mental values NL/NP = 2, 80, and 200: the faster variation is
obtained first for NL = 200 and then for NL = 80. This non trivial
behaviour is elucidated in Fig. 10(b): | :m1| is represented as a
function of NL/NP at three different times in the initial stages of
growth (2rkPt = 0.1, 0.2 and 0.3) and is in line with the non-
monotonic experimental observation depicted in Fig. 5(b) of
ref. 4.

Notice that the numerical simulations reported in ref. 4 were
not able to reproduce the behaviour depicted in Fig. 10, since
they were limited by technical reasons to extremely short times.
By contrast, in the theory described here, all the parameters
(time included) can be varied freely, providing a simple tool for
interpreting and predicting experimental results.

In particular the theory describes the long time behaviour
reported in ref. 4. The asymptotic regime (limit t - N) of the
kinetics was analysed by calculating the fraction of linkers
bonded to particles (using the measurement of the number of

Fig. 9 Fraction of the clusters of a given size for D = 10, f = 6 at different
times (corresponding to the values of pb). (a) f = 0.05; (b) f = 0.95;
(c) f = 0.5, (d) f = 0.2. Symbols are the simulation results and the lines are
obtained from eqn (34) at the indicated values of pb. In all cases, lines with
larger (absolute) slopes correspond to larger values of pb.
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free linkers N0(t) at long observation time) – see Fig. 3 of ref. 4.
The observation that the full adsorption of linkers by particles
only occurs at high values of NL/NP is reported as unexpected.
In Fig. 11 we plot the number of linkers bonded per particle,
i.e. (NL � N0(t))/NP = ff(1 � p0(t)), as a function of NL/NP at two
instants, calculated using eqn (24) and (25). We also plot the
asymptotic limit of the theory that indeed corresponds to the
full adsorption case. However, it is clear that the time to reach
this limit is strongly dependent on NL/NP. It is possible to
observe, at the same time, samples at full adsorption and
samples that are only halfway to that limit (e.g. NL/NP E 400
and NL/NP E 70, respectively, for 2rkPt = 0.5).

IV. Conclusions and discussion

We have studied the dynamics of linker-mediated irrever-
sible aggregation of particles with a maximum valence f, by

developing a generalized Smoluchowski theoretical framework
in which linkers and particles are explicitly taken into account.
Smoluchowski equations were solved using simulations and
an approximated theory obtained via a scaling argument.
Simulations have shown that the dynamics and the cluster size
distributions are determined by f (the ratio between the actual
number of linkers and the maximum number of linkers to
which particles can bond or total number of bonding sites) and
by D (the ratio between the diffusion coefficients of linkers and
clusters) in a non-trivial way. In particular, f alone determines
the asymptotic state of the system when f o 1 � 1/f, while for
1 4 f 4 1 � 1/f (i.e. for a large number of linkers) the
asymptotic state will depend also on D. The cluster size
distributions obtained at both low (o1/f) and high (41 � 1/f)
f are exponential and exhibit finite and small moments at all
times. On the other hand, for f A [1/f; 1 � 1/f] the distribution
becomes very broad asymptotically, with a diverging second
moment. In this interval, the initial growth of the clusters is
faster at larger values of f and D; however, after a crossover
time that depends on D, the system with f = 0.5 exhibits always
the fastest growth and the largest clusters (at a given time).

The results of the approximate analytical theory – eqn (24)
and (25) – are in line qualitatively (and in some cases quantita-
tively) with the simulation results. This comparison tests the
validity of the assumption that the fraction of unoccupied sites
of a cluster is independent of its size. This hypothesis works
quantitatively at the initial stages of growth but fails drastically
at low (o1/f) and high (41 � 1/f) f by failing to describe
correctly the cluster size distributions at long times. This
means that, at least at low and high f, there is a relevant non
trivial time evolution of the dependence on the cluster size of
the fraction of unoccupied sites that is not captured by the
analytical theory. The theory makes the strong prediction that
the cluster size distribution (34) depends on time only through
the bonding probability pb, and the comparison with the
simulations shows that this is valid for values of f A [1/f;
1 � 1/f]. Any extension of this theory would have to include a
explicit f and cluster size dependence on the fraction of
occupied sites.

The cluster size distribution (34) of the linker-mediated
aggregation is equal to that obtained for a constant kernel,20

and therefore the model proposed in this work, with dynamics
determined by the kernel defined in eqn (7) and (8), turns out
to be similar to the model of irreversible aggregation with a
constant kernel. In particular, the absence of percolation
(i.e. the formation of a giant cluster in a finite time) and
the asymptotic broad distribution at large times reinforce the
similarity with the linker-mediated aggregation model in the
range f A [1/f; 1 � 1/f ].

We found that the analytical theory explains some experi-
mental results of ref. 4. In particular, the simplicity of the
theory allowed to vary both ff = NL/NP and time, enabling the
exploration of length and time scales that are not accessible
through detailed numerical simulations.

We focused on the study of limited linker-particle aggrega-
tion with two diffusion time scales. One could extend this study

Fig. 10 (a) Time evolution of the number of monomeric particles m1 as
predicted by theory for three values of NL/NP used in the experiments.
(b) Theoretical prediction for the rate of change of the number of
monomeric particles

:
m1 at three different times as a function of NL/NP.

The model parameters used in the calculations are those reported in the
experiments, f = 65 and D = 5. This figure reproduces the experimental
results reported in Fig. 5 of ref. 4.

Fig. 11 Theoretical prediction for the number of bonded linkers per particle at
the two indicated (long) times as a function of NL/NP. The dotted line represents
the asymptotic limit and corresponds, for each NL/NP, to full adsorption of
linkers on particles. D = 5 and f = 65 were used in the calculations. This figure
reproduces the experimental results reported in Fig. 3 of ref. 4.
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by adding more realistic ingredients to the theory such as:
(i) clusters with more general structures (not just tree like),
and even loop formation, since it seems to be particularly
important, at least in equilibrium conditions, when the linkers
are polymer like;27 (ii) other kernels, namely a generalized
polymerization kernel, which may be amenable to analytical
treatment and compared with the approximation developed in
ref. 11; (iii) correlations in the distribution of unoccupied sites,
etc. However, our study shows that this type of theories,
regardless of the strong simplifying assumptions, do contribute
to a deeper understanding of the dynamics of linker-mediated
aggregation.
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