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Abstract

In this paper, new results on the a-fractal function with variable parameters are presented.
The Weyl-Marchaud variable order fractional derivative of an a-fractal function with variable
parameters is examined by imposing certain conditions on the scaling factors. Following the
investigation of fractional derivative, the definite integral of the a-fractal function with variable
parameters is evaluated for various intervals in the prescribed domain. Finally, an explicit
structure for the a-fractal function is provided using the base ¢ representation of numbers.

Keywords: a-Fractal Function; Variable Parameters; Fractional Derivative; Definite Integral;

Base Representation.

1. INTRODUCTION AND
PRELIMINARIES

The fundamental construction of univariate fractal
interpolation functions is developed from the the-
ory of iterated function system (IFS) defined in R?.
The unique feature of fractal functions is the self-
referentiality, in a broader sense, fractals are finite
union of transformed copies of themselves. Methods
of generating types of fractal functions and investi-
gating their properties comprise fascinating stud-
ies in the field of fractal geometry T2 Following the
seminal paper of Barnsley Navascués? has consid-
ered a particular kind of IFS to yield a family of
parametrized self-referential functions for any given
continuous map, so-called the a-fractal functions.
The paper begins with the review of constructing
a-fractal interpolation function as follows.

Let Ny = {1,2,...,N}. Let {(zx,yx) € I x R :
k € Ny} be the N data points. Set [ = [z1, zx] and
its closed sub-interval I}, = [xg,xg+1], VA € Ny_1.
Let A be the partition of the interval I with x; <
T9 < --- < xn. For k € Ny_q, consider the affine
maps Ly : I — [} satisfying

Ly(x1) =g, Li(zn) = Tp41,
|Li(x) — Li(y)]
Srk‘x_yL Tke(oal)a xayEI-

For k € Ny_1, let I} be the N real-valued contin-
uous maps defined on J := I x R satisfying

Fy(r,m) = vk Fe(Zn,YN) = Ygt,
‘Fk(xau) - Fk(l’,v)|
<alu—v|, zel, uveR,

where 0 < ap < 1. Now the maps wy : J — I, x R
are defined by

wi(z,y) = (Li(2), Fp(z,9)), ke€Ny. (1)

The system {J;wy : k € Ny_1} becomes an IFS
and its attractor is a unique invariant set G, satis-
fying G = UkN:1 wk(@G). This set G is the graph of a
continuous function f : I — R obeying f(xr) = y,
VEk e Ny.

Denote by C*(I), the space of all continuous func-
tions equipped with the sup norm,

Ih|loo = max{|h(x)|:z € I}.

Let C**(I) ={h € C*(I) : h(z1) = y1 and h(zyn) =
yn} be the closed metric subspace of C*(I). The
Read-Bajraktarevi¢ (RB) operator T is defined on
C*(I) as

T(h(z)) = Fi(Ly (x), ho L (x)), (2)

for x+ € I, and & € Ny_;. The operator T
is a contraction mapping on the Banach space
(C*(I),]|“ loo) and the previously described frac-
tal function f is its unique fixed point, such that
Tf(x)= f(x), Va € [x1,zn] and hence, f satisfies
the following fixed point equation:

f(@) = Fu(Ly (), f o L (x)),

for x € I, and k € Ny_1. The commonly studied
IFS is constructed using the maps Li and Fj as
defined in the following:

Lk({B) = arT + bk,

(3)

Fi(z,y) = ooy + qr(z), ke Ny_q,

where ¢, are continuous functions chosen in such a
way that the end point conditions of F} are valid
and the parameters oy are called vertical scaling
factors of the maps wy obeying 0 < oy < 1. In
order to generate the a-fractal function, take

gr(x) = go Li(z) — agb(x), ke€Ny_1 (4)

in Eq. @), where g : I — R is the given continuous
function, also called germ function, b is a continuous
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map that agrees with ¢ at the end points of the
interval I such that b(z1) = g(z1), b(zn) = g(zN)
and b # g.

Let g® be the continuous function whose graph is
the attractor for the IFS given in (B) and (). Then,
the function g® obeying the functional equation
9%(x) = g(a) + ar(¢® —b)o L' (z), ke Ny_y,

(5)
is called the a-fractal interpolation function, shortly
a-fractal function corresponding to the partition
A and the base function b. The major advantage
of this a-fractal function is that fractal analogues
can be defined for any given continuous function g
using g¢.

The class of functions, g%, are the fractal per-
turbation of given function g and this process of
perturbation depends on the partition A, the base
function b and the vertical scaling parameters ay.
The scaling factors ay give the degree of freedom to
the fractal function either to preserve or to modify
the properties of the continuous function g. Note
that ¢ coincides with g when the associated scal-
ing factors oy are taken as zero for each k € Ny_.
If the vertical scaling parameters are taken as con-
tinuous functions on I, ay : [z1,2n] — (0,1) then
Eq. (@) becomes

9% (x) = g(a) + ar (L (@) {(g" = b) o L (2)},
(6)
for k € Ny_1, the function g% satisfying Eq. (@)
is referred as the a-fractal function with vari-
able parameters. For more interesting results on a-
fractal functions, the readers are encouraged to see
Refs. BHE.

Beginning with the univariate fractal interpola-
tion functions, various kinds of fractal functions
like bivariate, multivariate, fractal functions on
the higher dimension, recurrent fractal functions
and their properties like smoothness, stability and
study of their fractal dimensions have been fruit-
fully carried out by many researchers (refer Refs.
O-I7). The latest attractive research on fractal
functions is to examine their classical as well as
fractional calculus™828 In this line, several sorts
of fractional calculus methods have been applied
on the fractal functions and the fractal dimen-
sion has also been investigated for the graphs of
their fractional derivatives (and integrals). Among
the types of fractal functions, a-fractal functions
are some kind of special functions since any given
continuous functions can be approximated rather

than approximating the given data set. In par-
ticular, choosing the scaling factors as continuous
functions make the a-fractal functions much more
robust. Literature report clearly pictures that when-
ever the ordinary integral of a-fractal functions has
been evaluated, only the case of indefinite inte-
gral is dealt. On the other hand, the fractional
derivative is also studied only with the constant
fractional order. Recently, a novel idea of repre-
senting the fractal functions in explicit form has
been presented using the functional equation set-
ting 230 A1l the aforementioned results arise the
following investigations: (i) the examination of def-
inite integral of a-fractal function with variable
parameters, (ii) the exploration of variable order
fractional derivative of a-fractal function with vari-
able parameters and (iii) an explicit representa-
tion of a-fractal function using the system of func-
tional equations. With this motivation, the present
work explores the Weyl-Marchaud (WM) variable
order fractional derivative of the a-fractal function
with variable parameters under the predefined con-
ditions on the fractional derivatives of germ func-
tion g and the base function b. The definite inte-
gral of a-fractal function with variable parameters
is examined for various sub-intervals of I. Further,
the solution of system of functional equations is pre-
sented to provide an explicit structure for the a-
fractal function using the base ¢ representation of
numbers.

2. WEYL-MARCHAUD
VARIABLE ORDER
FRACTIONAL DERIVATIVE

In this section, the WM variable order fractional
derivative of an oa-fractal function with variable
parameters is evaluated.

Lemma 1. Consider the a-fractal function, g%, as
defined in Eq. (@), then

Ly(x)
/ g%(s)ds

k

— [ {o(Lats)) + anls)(g” — 0)(s) s,

TE+1
/ 9% (s)ds
Tk

o /% {9(Li(s)) + ar(s)(g" — b)(s)}ds,
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/x k 9% (s)ds

—b)(s)}ds.

Proof. The result follows by performing a standard
change of variable and considering the end point
conditions. O

The WM variable order fractional derivative of a

continuous function ¢ : I — R with variable frac-
tional order is expressed by

v(y _ U(y) Oog(x)_g(x_t)
(0¥ g)(x) = T = v(y) /0 RS R

where v: I — (0,1).

Theorem 2. Suppose the variable order fractional
derivatives of g and b given by

v(y) “ g(@) —g(s)
(1 —v(y)) /x (z — s)ttvW)

(D5 g)(x) =
|

(Dyb) () =

v(y)  b(x) = b(s)
T — () /z (@ — 5yt %
exist and satisfy g1 = (Dg(ly)g)(xl) = (}D)Z(ly)b)(xl) =
0 and (D:"g)(ax) = (Dab)(en). Let g°

be the a-fractal function with wvariable parame-
ters associated to the continuous function g. If

low@)loo < [a;] and T30 " Vag(en) # 1.
then }D)I(1 )g () is also a a-fractal function asso-
ciated with the IFS {Ly(x), Fy(z, )}, where

Fi(x,9) = alzv(y)ak(x)@ + qi(x) for k € Ny_1,
k() = k-1 + Gpy () ()
+a, " (DWW g o Ly) ()
—a;," Y oy () (DL b) (x),
o _ vy Tt (g% (L(x)) — g% (5)
Lo® = o L () 2o
g% (@p—1) — ga(s)> s

(xkfl _ 5)1+v(y)

"Wgo L) (ay)
(23 (DEWD) (2n) },

N
Un = Z {gramv(y) (zn) + a;zv(y) (D;(ly)g oLpy)(zN)
m=1

B -

Proof. The WM variable order fractional deriva-

tive of g% is given by
(D g) (L))
_ vy (L) —g%(s)
T T(1—v(y)) /ﬂc1 (Li(x) — s)1+vW) ds.

Utilizing Lemma [T the above equation is modified
as

_ vy /“’H 9 (x-1) — g“(S)dS

D(1=v()) Jo, (2p_1—s)1+W)
L) B i G Vit O
(1 —wv(y)) /z1 (g1 — )1 Tv®) d

oy [ gt (Lk(2) — g7 (s)
JrF(l—v(y)) /a:1 (Ly(z) — )1+v(y) d
agv(y) 9% (Lg(z)) — 9° (Li(u))

+F(1—1}(y)) /330 (Lk( ) (u))1+v )du

The following equation is obtained using the func-
tional equation of g“:

o N arv(y)
= Uh-1+ G o(y) () + T(1-v(y)

ar(r)g*(z) + qr(x) — ar(u)g®(u)
e k()
v (arz + by — agu — by)1HoW)

du
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= k1 + Gf ) () + a;v(y)ﬂ)g(ly) [ ()9 ()]
+a, "V (DWyg o Li)(2)
— a, "D o ()b (x)].
On applying the Leibniz’s rule, it is seen that
N a —v = (v .
— i1+ @) + 0 Y ()0, aule)
j=0

x (DLW g%(2)) + a;, "¥ (DLW g o L) (z)

x1

DASRITES)

= Fy(z, (Di(ly)go‘)(-%‘))-

Notations employed in the above equations are as

follows: |

k() = k=1 + Gip.y () ()
+a, "V oDw(y go Li)(x)
ay(x ><Dv<y b<x>>,

(67

Ik, v(y) (z) =

e
_g (xk‘—l) g (S) ds
(xk—l _ S)1+v(y)
Consider the following equation to determine the
new data points corresponding to the function

Dg(ly)ga

(D5 g%) (L ()

= Uk—1+ Gpop(y) (@) + a, "

ax(z)[D5, g% ()]
+a, "W g o L) ()

() (DY) (x). (7)
By taking z = zy and Li(xy) = xp in Eq.
(@) and employing the system of equations g, =
v+ Z?:l(lfj
k
G = 3 {620 (@N) + a5 P (@ )i
m=1

. a;”(y)

— Yj_1), one can get

4, O DY 0 L) ()

— a5, e (an) (D50 (2)) } -
By substituting k = N, gy is estimated as

N
Z gm o) (xN) +a- v(y)(Dv(y)goL )(SUN)

—a"Wap, (zy)

The scaling factors satisfy [|ag(2z)|lecc < \az(y)\ and
the join-up conditions of the function (Dg(ly)go‘):
Fi(x1,91) = 9k-1, Fr(on,9n) = Jr are also
satisfied. Hence, the WM variable order frac-
tional derivative of a a-fractal function is again

a fractal function of same kind corresponding to
(D" 9) (@).

Corollary 3. Similar to Theorem 1, the WM vari-
able order fractional derivative of an a-fractal func-
tion defined at the end point xx can be explored if

)(zN)) }/{1—Za ame}

I
the fractional derivatives of g and b,

v(y) _ 9(t)

O9)(w) =~ s [ x_tm(y)dt
TN b

v(y) —

O = ~raes [

exist and satisfy (Dgg)g)(m) = (Dgg)b)(xl) and
v = D2 g)(zn) = DUYb)(zy) = 0. Then, the

Sfunction ngv)g (x) is again a a-fractal function

2440008-5
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satisfying ||a(2)|loe < |az(y)|’ where Fk(ﬂ%?)) =

alzv(y)ak(x)?} + Qk(x) and Z{cvzl a;v(y)ak(l‘l) 7& 17
for k € Ny_q,

~

k() = G = g oy (@) + ap "V (DY g 0 Li)(2)
— a;v(y) ag(x) (]D)g(ly) b)x,

o _ v
Ik v(y) (z) = m

The proof of the corollary is a similar consequence
of Theorem 21 O

Example 4. Let g(z) = '3 be the given
continuous function on the closed interval [0,1].
The a-fractal function is generated for the choice
of scale vector a with the components o =
(0.7,-0.7,0.7,—-0.7) for k = 4 and base func-
tion b(x) = z. Figures [[h and 1b represent the
graph of a-fractal function g® and its WM frac-
tional derivative D%2¢g® with order 0.2 for the germ
function g.

3. DEFINITE INTEGRAL OF
a-FRACTAL FUNCTION

In this section, the scaling function ay, : [z1,zn5] —
(0,1) is taken to be a continuous function such that
lalloc < 1 and o exists, and some results in rela-
tion to the definite integral of a-fractal function are
established.

The following theorem gives the defi-
nite integral of a-fractal function for various
intervals.

1.4r 0.5
1.2 0. ak
ir {
0.3
0.8f
0-2
0.6f
0.1
0.4
|
0.2 or
O‘ 1 1 1 1 1 '0._]. 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a)

Fig. 1

(b)

Graphical representation of a-fractal function g® and its WM fractional derivative D02 g
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Theorem 5. Suppose g is an a-fractal function satisfying Zfi}l a;a;(xn) # 1. Then

1

[ reas=Ya { [ o(ats)) — astsip(s) s

_ {/:N (042(8) /; g(u)du) ds}}/{l —~ ]jZ:aiai(l’N)}v

1 =1 aii(TN) =

[ o bt Sl o s {[ oo )]

+kZ | ol (61 = s bt s - kz [ (w00 [ gtwpan)as

xT

/:cﬁ g%(s)ds = apog(zn) /:N g%(s)ds — ak{/:N <a§g(s) /; g(u)du) ds}

+ay / " G(Li(s)) — an(s)b(s)}ds.

Proof. Consider

N—-1 TN
- Z az/ {9(Li(s)) + ai(s) (g™ — b)(s)}ds
=1 1

The first formula follows from the last equality.
Using the same argument, the second formula is
computed as follows:

_Ifai{/gng <a;(s) /g:g(u)du> ds}

=1
k—1 -

+3a [HolLils) - au(s)bls)ds
i=1 z1

Zi‘:f aiai(xN)
- >

1- S aoi(an) =

x { / T LgLi(s) — auls)b(s) s

{1 o o)

k—1 .
#3005 [ HalLi(s) - ay(os) s
=1 m

T

_Igai /:N <a;(s) /g:g(u)du)ds.

Similarly, the third formula follows with the stan-
dard change of variable, s = Ly(u). O

The following theorem is based on the fundamen-
tal results discussed in Ref. [3l

Theorem 6. The hyperbolic IFS {I;L; : k €
Ny_1} has a unique attractor I and for each x € I,

2440008-7
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there exists a sequence &€ = £1&o - &, -+ such that

&n € {Nn_1} and for ally € I,
T = Lﬁ(y) = L§1§2-"£n---(y)
= Lg oLgo---0Lg -+ (y).

For some x in the interval I, this sequence is finite,
with y = x, i.e.

Xr = Lg(y) = L£1 o L£2 O---0 Lfn(x())a
where n € N.

Using this formulation and recursive procedure,
the integration of g is obtained for any = € I as

follows:
TN N-1 Tr41
[ eeas=Y [ g
X1 k:1 T
Thy1 $k+1)
/ g%(s)ds = Z ds,
Tk Lj(zy)
Ly (zk41) N1 oL ey (ry1)
/ g%(s)ds = Z / g% (s)ds.
Ley (1) =1 Ly ey (1)

For the integral of tiny sub-subintervals, general for-
mulation is provided in the following lemma.

Lemma 7. If g% is an a-fractal function with vari-
able parameters. Then, Vn € N,

Lejgoeene, g (T1)
/ g% (s)ds

L€1§2...§n (1‘1)

:H@%%mmmﬂ%%%m<a

T
n j—1
- Z H Qg g, (L§2---§n+1 (xl))afj
=1 k=1

Le. 1 oepiq(xp)
(e
L§j+1"'€n (acl)
x/ ga(u)du}ds
L§j+14.4§n(331)

L€j+1"'5n+1 (acl)
—/ {g
L€j+1"'§n (1‘1)

%@w%ww%&
9)

Proof. By mathematical induction, the proof fol-
lows. For n =1,

Lgygy(21)
/ g% (s)ds
L

&1 (Il)

Lﬁl (m€2)
= / g% (s)ds

Lél (1‘1)

$€2
—ag [ (Le(s))ds

1

Le,y (21)
4%%5 {9(Le, (5)) — e, (5)b(s) }ds.

1

Assume that Eq. (@) is valid for some n € N. Let

L€1€2...§n+2 (acl)
I= / g%(s)ds
L€1§2...§n+1 (acl)

L§2...§n+2($1) N
:%/ §°(Le, (5))ds
L§2...§n+1 (acl)

L§2...§n+2($1) N
— g0 (Leypna(o1) [ 0" (s)ds
L§2...€n+1($1)
L§2...§n+2
~ag [ %w>
L§2...§n+1($1)
x/ go‘(u)du}ds
L€2...€n+1(1‘1)
L§2...§n+2($1)
+ag [ {o(Les(4)) — v, (5)0(s) s,
L§2...§n+1($1)
n+1 Tenio .
I = H agkagk(L§2...§n+2(x1))/ g (S)dS
k=1 L1
n+17—1
- Z H Qg gy, (L£2"'£n+2 (xl))a£j
J=1 k=1

L§j+1“'§n+2(11) ,
X o (s)
L T

§j+1"‘§n+1( 1)

2440008-8
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></ ga(u)du}ds
L§j+1'“§n+1 (331)

Lejybnyn(®1)
_/ {9(Le;(s)) — Oégj(s)b(s)}}ds,

L§j+1"'€n+1 (1‘1)

which concludes the proof. |

4. EXPLICIT SOLUTION OF
a-FRACTAL FUNCTION

Consider the non-empty sets X and Y and an inte-
ger ¢ > 2. Consider the following system of func-
tional equations:

(gr(z)) = Fr(z, d(x)),

for k =0,1,...,q — 1, whereAXk c X, gk - X —
W, Cc X, Fy, : X, xY — Y, C Y are the pro-
vided functions and ¢ : UZ;%] X =X — Y is the
unknown continuous function. Suppose each map
Fy, is independent of x, then the system of equa-
tions ([0 takes the form

d(gr(z)) = Fi(d(x)),
where k=10,1,...,q — 1.

z e Xy, (10)

z e Xy, (11)

Proposition 8. Suppose ¢ : X - Y is a_solution
of Eq. (), then it obeys YV € X;, Vy € X,

9; (%) = gr(y),
Fj(z,¢(x)) = Fr(y, o(y)),
forj,k=0,1,...

(12)

>4 — L.
Proof. Assume that g;(z) = gi(y), Vo € Xj,
Vy € Xi. From Eq. @,
¢(g5(x)) = Fj(z, ¢(x)),
d(gk(2)) = Fis(z, d(z)),

which implies F(z, ¢(x)) = Fj(y, #(y)) as stated.
O

(13)

The conditions ([I2)) are called the compatibil-
ity conditions (see Refs. [30] and B1]) to the system
(I0) as they make sure that ¢ is well defined. Let
C={reX:3yeX,3j,k=0,1,...,q—1,j #
k,g;j(z) = gr(y)}. The elements of C are called the
contact points for the system (I0). The compatibil-
ity conditions are the necessary conditions for the
existence of solutions as discussed in the following

example if the images of ¢ for the contact points
are estimated to the system (I0).

Example 9. Let X = [0,1]. Consider the following
system of fixed point equations,

¢(go(z)) = Fo(z, ¢(x)),
¢(91(z)) = Fi(z, ¢(2)),

Let go(z) = 5, g1(x) = xTH Take Xo = X, = 0, 1].
Note that

x € [0,1],

x € [0,1]. (14)

N N 1
90(Xo) Ng1(X1) = 3
and

90(1) =5 =0(0),

with the compatibility condition Fy(1,¢(1)) =
F1(0,¢(0)). Additionally, suppose

Fi(z,y) = ai(z)y + g o Li(x) — ai(x)b(x),
then the corresponding compatibility condition is
ao(1)p(1) + g o Lo(1) — ao(1)b(1)
= a1(0)8(0) + g o L1(0) — a1(0)b(0).

When the two equations in ({I4]) are solved for z = 0
and x = 1, respectively, then the images of the con-
tact points are obtained as

#(90(0)) = Fo(0, #(0))

_ 9(0) — ap(0)b(0)
1-— 040(0)

and

$(g1(1)) = F1(1,9(1))

_ g(1) — en (1b()
1 —041(1) '

The compatibility condition on the functions Fy and
F1 is

g9(1) — o (1)b(1)

eo(nHE=2 D — ay(1)p0)
= (0220 0, (00(0)

Theorem 10. Let g € {2,3,4,...}. Let the contin-
uous function g : [0,1] — R be defined by qr =
g o Li(x) — agb(x), where g and b are real-valued
continuous functions on [0, 1] satisfying b(0) = g(0)
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and b(1) = g(1) with b # g, || < 1, for 0 < k <
q — 1. Suppose

Tt (90 Lya(1) = ag1b(1)) + g0 Lia (1)
—agp-1b(1) = — o (90 Lo(0) — agb(0))

(15)

+9 0 Li(0) — axb(0). (16)

Then there is a unique bounded ¢ : [0,1] — R obey-
ing the system

¢ <$ qu k) = a;¢(r) + g o Li(x)
zel0,1, (17

for0 <k < q—1. The function ¢ is continuous and
18 expressed in terms of the base q expansion of x

by

o(58) S (e o (55)
)} as)

= §k+n
(X%
k=1

Proof. This is given by Theorem 3 in Ref. 29,
where s = ay, and ri(z) = go Li(z) — agb(z). O

—apb(),

The following theorem provides the generaliza-
tion of Theorem by taking the constants «y as
the continuous functions on the interval [0, 1].

Theorem 11. Let g € {2,3,4,...}. Let q;, and o
be real-valued continuous functions on [0, 1] satisfy-
ing lag(x)| <1, Vo € [0,1], where g = go Li(x) —
ag(x)b(x), satisfying b(0) = g(0) and b(1) = g(1)
with b # g. Assume that the condition

%(9 © Lg-1(1) = ag-1(1)b(1)) + g o Ly(1)
g (Dp(1) = 21O T 0) — a0 (0)6(0))

N 1-— 040(0)
+ 90 Li41(0) — ar41(0)b(0)

is satisfied, for any k € {0,1,...,q—2}. Then there
is a unique bounded ¢ : [0,1] — R satisfying the
system

r+k
6 (F5E) = ant)ote) + 90 Lula) - analb(o)
(19)

for x € [0,1,0 < k < q— 1. The function ¢ is
continuous and is expressed in terms of the base q

expansion of T by

(55) - (I (55)

k=1

- gk n
X{goLgn <Z qu; — g,

k=1
(&) EE)
k=1

&
k+n
)%
k=1
Proof. The proof is provided by Theorem 2 of Ref.
B30, where the continuous functions si(z) and r(x)

are, respectively, taken as ay(x) and g o Li(x) —
ag(x)b(x). O

This result is applied to determine the a-fractal
function by considering the following problem:

O(Lr(x)) = o (x)p(x) + g o Li(x) — ap(x)b(x),
for k=0,1,...,¢—1, and

T+ k
Li(z) = et

k=1{0,1,...,q—1}, x€0,1].

Since Ly(1) = Lk4+1(0) and from the compatibility
conditions

Fi.(1,6(1)) = Fi11(0, $(0))
&
a(1)d(1) + g o Li(1) — ax(1)b(1)
= a1+1(0)9(0) + g © Ly41(0) — a41(0)b(0),
for k=0,1,...,q — 2, we have

9(0) — a0 (0)b(0)

#»(0) = T a0(0) and
9(1) = ag-1(1)b(1)
¢(1) - 1 _ aq—l(l)

which imply

P (1’ g(1) — aq—l(l)b(l)>

1—aga(1)
o (5, 20000y

1 —ap(0)

The endpoint conditions of Fj, ensures that the com-
patibility conditions are satisfied. Further,

9(0) — ap(0)b(0)

1—ao(0) 7"
9(1) — g1 (1)b(1) _
T—a(1) 7
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a-Fractal Function with Variable Parameters: An Explicit Representation

For the problem of general Ly(x), the construc-
tive formula is given by Theorem 4 in Ref. as
given in the following.

Theorem 12. If ¢ is the a-fractal function solution
of ¢(Li(x)) = Fi(z, (X)), Vk = 1,2,...,N with
Li(z) = agz + 1,1 < k < N and Fy(z,y) =
ag(x)y + g o Li(x) — ax(x)b(x) then ¢ is expressed
in terms of Q-expansion

n=1 \k=1
by
oo [t—1 00 -1
o e (5 )
t=1 Ln=1 =1 \k=1
00 -1
+g o Lit <Z <H ainM) xin+l_1>
=1 \k=1

[e'¢) -1

— Oy Hain+k Lipy—1
=1 \k=1
%) -1

X b Z Qipg | Tipyy—1 | -
=1 \k=1

Proof. The proof follows from Theorem 4 of Ref.
with the application of Lemma 3.1 in Ref. 19,
where qiy (.’L’) =go L (‘7;) - Qyy (x)b(x) O

This section has provided the explicit solution for
the a-fractal functions with variable parameters in
terms of base ¢ representation of numbers.
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