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Abstract: In this study, we study the trapping of linear water waves by infinite arrays
of three-dimensional fixed periodic structures in a three-layer fluid. Each layer has an
independent uniform velocity field with respect to the fixed ground in addition to the
internal modes along the interfaces between layers. Dynamical stability between velocity
shear and gravitational pull constrains the layer velocities to a neighbourhood of the
diagonal U; = U, = Uj in velocity space. A non-linear spectral problem results from the
variational formulation. This problem can be linearized, resulting in a geometric condition
(from energy minimization) that ensures the existence of trapped modes within the limits
set by stability. These modes are solutions living the discrete spectrum that do not radiate
energy to infinity. Symmetries reduce the global problem to solutions in the first octant of
the three-dimensional velocity space. Examples are shown of configurations of obstacles
which satisfy the stability and geometric conditions, depending on the values of the layer
velocities. The robustness of the result of the vertical column from previous studies is
confirmed in the new configurations. This allows for comparison principles (Cavalieri’s
principle, etc.) to be used in determining whether trapped modes are generated.

Keywords: trapped modes; spectral problem; steady fluid flow; dispersion relation; stability
analysis

1. Introduction

In the context of linear water wave theory, edge waves or trapped modes are non-
trivial solutions in the frequency domain of the Laplace equation. These modes refer to
time-harmonic oscillations of radian frequency w and of finite energy that occur within a
fluid medium. They can be defined as free oscillations of a fluid that possesses finite energy
and which does not radiate energy to infinity. These modes are distinct from standard
propagating waves. In the absence of viscosity, they can persist indefinitely over time [1,2].
Their existence is contingent upon the presence of cylindrical structures of infinite extension
or of an endless periodic array of similar obstacles, which may include both fixed structures
and freely floating bodies. These modes become confined in the vicinity of these structures,
preventing them from dissipating their energy to infinity.

Trapped modes are particularly significant in the study of water waves as they imply
non-uniqueness in the solutions to radiation and diffraction problems associated with the
mentioned structures [3]. The modes can be categorized into two types: sloshing modes,
which occur in fixed structures and motion-trapped modes, which arise in freely floating
structures where the fluid and structure oscillate in a coupled manner [2,4]. The mathe-
matical formulation of trapped modes often involves spectral boundary-value problems,
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where these modes are identified with eigenvectors of the operator whose eigenvalues live
in the discrete spectrum situated below a positive lower bound of the continuous spectrum.
Occasionally, they may also exist above this bound, earning the designation of embedded
eigenvalues in the continuous spectrum [5].

The interaction of trapped modes with wave phenomena is not limited to static
structures. Freely floating structures can also support trapped modes through a coupled
motion of the fluid and the structure. Mclver and Mclver [2] highlighted that, in two-
dimensional scenarios, such modes can persist even when the structures are allowed to
respond dynamically to hydrodynamic forces. This dynamic interaction is crucial for
understanding the broader implications of trapped modes in practical applications, such
as marine engineering (e.g., designing marine structures) and the analysis of wave energy
converters or wave energy harvesting.

In 1846, Stokes’ solution for an edge wave along a coastline, later identified as a trapped
wave, marked an early milestone [6]. Ursell [7] significantly advanced this understanding
in 1951 by conceptualizing trapped modes as discrete spectrum modes within surface
wave theory. He established that a free surface extending infinitely in a fixed direction
would yield solutions with two distinct characteristics: modes with finite total energy
that is preserved and modes with infinite total energy that is radiated to infinity. Ursell’s
initial exploration of these modes included examining their existence conditions in two
configurations: a sloping beach with a constant angle and a submerged circular cylinder
in a channel perpendicular to the channel walls. Later studies, focusing on motion in a
semi-infinite channel with a sloping beach, revealed a mixed spectrum with both discrete
and continuous components [8].

Significant developments in the study of trapped modes include Fritz John’s establish-
ment of uniqueness conditions for surface-piercing bodies [9], as well as Simon and Ursell’s
extension of these uniqueness conditions to bodies that do not satisfy John’s geometrical
criteria [10], including multiple-body systems. Evans et al. [11] derived trapped mode
solutions in channels with constant depth containing a vertical, surface-piercing cylinder.
Mclver [12] analytically and numerically demonstrated the existence of a trapped mode
solution in the two-dimensional water wave problem, with similar numerical analyses
conducted by Evans et al. For a comprehensive review, see Kuznetsov et al. [13] and Linton
and Mclver [14].

While early research primarily concentrated on single homogeneous fluid layers, the
exploration of trapped internal modes in multi-layered fluids began with Kuznetsov’s work
on trapped modes above a submerged cylinder in a two-layer system [15]. Subsequently,
Linton and Cadby [16] computed trapped modes in configurations involving circular
cylinders submerged in either the upper or lower layer of a two-layer fluid. Their research
extended to investigating modes generated by a pair of identical circular cylinders situated
in the bottom layer. Notably, the trapped modes identified in these studies were found to
reside within the continuous spectrum, rather than the discrete spectrum.

The work of Kuznetsov et al. [17], extended Maz’ya’s identity to two-layer fluids,
proving crucial for establishing the uniqueness of specific body configurations in two
dimensions. This identity was further extended to three-dimensional configurations by
Cal et al. [18]. Building upon the work of Kamotskii and Nazarov [19], Nazarov and
Videman [20] introduced a sufficient condition for the existence of trapped modes using a
trace-interface operator, which restricts solutions to the free surface and the interface. This
method, employed in numerous studies (e.g., [21-23]), has been further generalized for
quasi-periodic artificial Dirichlet conditions to ensure a positive cut-off for the continuous
spectrum [5,24,25]. This generalization extends the analysis beyond cylindrical problems
and symmetry constraints (see [26,27]). Fluid stratification due to variations in temperature
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and/or salinity is common in oceans, leading to the formation of distinct homogeneous
layers. Internal soliton-like waves within these stratified layers can create noticeable
patterns on surface waves traveling above them. Notably, the potential-flow formulation
connects the surface modulation of waves to trapped modes (or bound states) of the
associated linear Schrodinger operator (see [28] and its references).

The investigation of sufficient conditions for the existence of modes within the discrete
spectrum has predominantly centered on static configurations of single, two, or multiple
fluid layers (see [5,19,21-25]). The pioneering work on stationary moving configurations in
fluid dynamics was first introduced by Dias [29], which laid the groundwork for under-
standing how fluid motion, particularly due to currents and tides, influences the presence
of trapped modes. This is especially pertinent in real-world applications, where the dy-
namics of fluid motion are critical for the design and establishment of marine structures
and the overall energy flow in oceanic and riverine environments [30]. For instance, when
analyzing a single layer of fluid with velocity, the methodology typically involves a trans-
formation of the reference frame, allowing for the application of established formalism [29].
In the current study, we extend this analysis to a three-layer configuration of an unbounded
fluid with two interfaces. This extension is particularly significant given its numerous
practical applications in various fields, including environmental science and engineering.
The dynamics of such layered systems can reveal intricate interactions between fluid layers,
which are crucial for understanding phenomena like wave propagation and energy transfer
in stratified fluids.

The structure of this paper is detailed as follows. In Section 2, we establish the
standard notation and present the fundamental problem within a periodicity cell, adhering
to the conventional assumptions of linear water-wave theory. In Section 3, the model
problem in the periodicity cell without obstacles is solved, wherein we ascertain the
corresponding eigenfunctions and eigenvalues, as well as the cut-off value of the continuous
spectrum. Moreover, the stability condition is derived, allowing us to delineate the velocity
domain pertinent to our analysis. In Section 4, we investigate certain limiting cases.
The problem is reformulated in a more simplified manner in Section 5, incorporating
additional assumptions regarding the steady background flow. Section 6 introduces the
variational and operator formulations, alongside the surface—interface trace operator. To
ensure a linear problem in relation to the spectral parameter, a necessary approximation is
made. In Section 7, we derive a sufficient condition and state our main results. Section 8
provides a comprehensive analysis of the various symmetries inherent in both the obstacle-
free and obstacle-inclusive problems within the velocity space. In Section 9, we present
illustrative examples of structures that generate trapped modes, initially recovering the
results pertaining to the vertical uniform column for moving layers, and subsequently
employing comparison principles, such as Cavalieri’s principle, to derive further insights.
We then present a more general example, comparing the setup with a similar analysis
in [29]. Finally, some conclusions are drawn in Section 10. All units are SI. The gravity field

strength is ¢ = 9.8 m.s~2.

2. Formulation of the Problem

Consider an incompressible, inviscid fluid lying in three horizontally infinite, homo-
geneous, and immiscible layers stacked vertically. The top layer is semi-infinite in the
vertical direction (z — o0) and is separated by an interface from the middle layer, which is
vertically finite. The bottom layer is in turn separated from the middle layer by another,
lower interface and is semi-infinite in the negative vertical direction (z — —o0).
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For gravitational stability, we assume that the constant density in the lower layer
exceeds the one in the middle layer and that the latter exceeds the density in the top layer,
ie, p3 > p2 > p1 > 0, and suppose that the flow in each layer is irrotational (see Lamb [31]).

The interfaces are infinitely thin and there is no intermediate layer due to viscosity,
which is assumed to be non-existent. There is an infinite velocity gradient crossing from
one layer to another. Due to the density difference between layers, because of the necessary
gravitational stability, there is a domain for the mode velocity propagating along the
interfaces, called internal modes, which allows for dynamical stability, which would be
immediately lost if the densities became equal and the interfaces were simply velocity
discontinuities [32]. This is a good approximation to many multilayer configurations found
in the oceans and the atmosphere, and it allows to approximate fluids of continuously
varying densities without having to forego the potential flow approximation layerwise.

Cartesian coordinates are fixed at middle depth of the middle layer, with the
(x,y)—plane placed at the mean position of the latter and the z-axis pointing upwards.
Submerged in the fluid domain rests a periodic array of finite, fixed, and rigid obstacles
extending to infinity in the y-direction. Time-harmonic waves of radian frequency w > 0
propagate along the array in the y-direction. Each layer has a constant velocity component
in the y-direction, denoted by Uy, Uy, and U3, respectively.

The fluid domain is divided into periodicity cells, each of them extending to in-
finity in the x-direction, having finite length I > 0 in the y—direction and contain-
ing the same obstacles. The fluid layers are denoted by E! = R? x (5(x,y,t), +0o0),
E? = R? x (Z(x,y,t),1(x,y,t)) and B> = R? x (—o0,{(x,y,t)), and the model period-
icity cells in each layer, in the absence of obstacles, are denoted by

W= {(xyze:ye(Ol)}, j=123,

Moreover, we use I'; and I'; to represent the top and bottom interface between the two
layers in their instant positions, respectively, i.e.,

I ={(xyz) € R3:ye(0]),z= n(xyt)},
D={(xyz) eR:ye(0]),z={(xyt)}.

The top and bottom interface surfaces are given by the functions z = #(x,y,t) and
z = {(x,y,t), respectively, which are taken to be a small oscillation (compared to the
wavelength) around z = /1/2 and z = —h/2, their mean positions. Note that z = 0 at the
middle of the middle layer (when considering the mean positions of the surfaces); thus, the
mean height/depth of the interfaces is symmetric, with the first interface at z = /2 and
the second atz = —h/2.

Within the fluid layers, we introduce bounded open sets ®' C I1!, @ C I1?, and
@3 C IT? corresponding to the submerged part of a model obstacle and assume that the
fluid regions

@' =11'\ 01, @*=112\02, & =IP)\ 63,

are Lipschitz domains so that the normal vector is defined almost everywhere on d@?, 9>
and 9@3. We also define the surfaces (Figure 1)

o' = {(xyz) €' 1y e (0,1),z€ (y(x,y,2),+)},

v = {(xyz2) e 00?:y e (0,1),z¢€ C(xyt),n(xyz)},
o = {(x,y,2) € 0% :y € (0,1),z € (oo, (x,y, 1))},
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Figure 1. (a) Model periodic cell with general fixed obstacles and a (b) 3D scheme of the periodic
array of the obstacles.

Under the usual assumptions of the linearized water wave theory, we introduce single-
valued velocity potentials in each fluid region and look for trapped mode solutions of
the format

o (xy2,t) = Re(gf (v y,2,1) ) =Re(e o0 (xy,2) + 9 (v,2)), =123 )

These solutions are the sum of a time-harmonic oscillating solution, with time dependence

of the form e !, assumed throughout, and an additional potential representing a steady

background flow, which is a given of the problem. This flow is given in each cell in such a

way that
(Pg)(x,y,z)’DrO ~ Uy, i=1,2,3, @)
o) (vy2)| _ =fwya), =123, ®)

where r = |x| is the distance to the nearest fixed obstacle inside each cell and ry is a set
distance relative to any obstacle boundary o, dependent on the cell configuration and
the relative size of the obstacles. The function flgj ) (x,y,z) describes the steady flow in the
vicinity of the obstacles, with fl(;j ) (x,y,2) = U;y for r = ro. The oscillating modes propagate
along the periodic family of obstacles but decay away from them and the [—periodicity
suggests us to seek the velocity potentials in the form (see Wilcox [26])
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oV (x,y +1m,z) ="l (x,y,z),

(j)( (J')(

oy (x,y+1m,z) =@’ (x,y,2), meZ, j=1,2,3,

where , the wavenumber in the direction of the line of obstacles, is assumed to be real
and positive.

This is a problem of small oscillations around a steady-state motion, where we
look for a velocity potential describing such waves traveling along the periodic array

of fixed obstacles on top of an undisturbed steady state. Both potentials, ¢'/)(x,y,z) and

(pg) (x,y,2), j = 1,2,3, describe potential flow. They must each independently satisfy the

Laplace equation. This leads to the following problem in the model periodicity cell:

p.Aq)(j): in @, j=1,23, (4a)
oAl = in @, j=123, (4b)
9 afp( oG _
"3 W )
3 Jag? 1 @) 4 ,@)]?
9t E‘V((P +¢B )’ +g7’] on 7y, (4C)
an _ (g0 +el) 3" + o) oy Al + o)) oy .
J- _ o o 5 5 on v, j=12, (4d)
9 [a9@ i o) @)\ _
Pzat{ E‘V((P + ¢p )‘ +gCr =
2
V(o® + o)) +g€} on 7, (4e)
ag_a(¢(f) (q)(”ﬂ) )z e + o)) oz on 1=2,3 (4
ot ox ox ay 8y L
p,cp,(j)—o, on o, j=1,23, (4g)
p].(fB ) on ¢, j=123, (4h)
0] = el ol <J‘>| — oifl <f>| =1,2,3 (4i)
q) ]/:l (P y:()’ qoy y*l q)y y—o ] yer g
o [y = o9 | Vol o = Ve, j=123, 4)

where w is the time-harmonic radian frequency, g > 0 is the acceleration due to gravity,
B € (0, 7], py = dyp and @, = 9, ¢, with n denoting the outward normal vector (pointing
into the obstacles). The condition of no-flow on the surface of the obstacles, (4g) and (4h),
must be obeyed independently by the two motions. Observe that the quasi-periodicity
conditions in (4i) guarantee that the velocity potentials (/) satisfy the problem in the entire
domain and extend smoothly from cell to cell. The conditions for the steady flow assure
that it is defined universally. The momentum boundary conditions (4c) and (4e) stem from
equating the pressures on each side of the interfaces, using the time derivative of the lin-
earized Bernoulli equation in each layer. The kinematic conditions (4d) and (4f) are derived
from the no-mix condition at both interfaces, where we impose, say, % (z—{(x, Y, £))=0
to first-order approximation (see, e.g., [33]).

3. The Problem Without Obstacles

Due to the fact that the array of obstacles acts as a compact perturbation, the spectral
structure of the problem with obstacles is the same as the spectral structure of the problem
without them. This stems from the Weyl theorem on operator perturbation [34]. We can
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determine the threshold between the essential and discrete spectra (which live on the real
line) from the condition that the solutions be non-trivial. This is obtained from the w real
solutions with unitary multiplicity. The lowest absolute value of w in any neighbourhood
of the velocity space (with k = B so that there is no propagation in x to infinity) is this
threshold value in that neighbourhood.

Let us consider the problem in the periodicity cell in the absence of obstacles, where

gog) = Ujy in all space, j = 1,2,3. This problem is analysed in a linearised form, such that
all terms in the equations above, which are products between functions or derivatives of
functions, are discarded. For example, the quadratic terms in (4c) and (4e) will be reduced

to U; Bygo(j ). The above boundary conditions will be rendered in the following manner

‘Dlat{ or Ty, e pzat ot -+ ay 8T at z=h/2, (52)
§_ - —U]@ at z=h/2, j=12, (5b)
9 [00®? ®) 29
pzat{ St }_p38t{ ar Tt z))y 8t at z=—h/z, %)
a£ () 14

ot az -~ oy at z=-h/2, j=23, (5d)

where the evaluation is made at the mean depth of the free surface and interface.

A solution ¢ = (G"(T g QD(T )) plus #(x,y,t) and {(x,y, t), of the form

_ 1(ut (1) (x, ylz) + Uy = o lwt (A eiﬁyeii‘/szﬁz x kz + Beiﬁyeii’/ﬂ* 2xesz> + Uy,
_ —1wtq)(2)(x v, z) +lhy=e 1wt(ce1ﬁyeiu/kz /Szx kz _I_Delﬁyeiu/kz B2 x —kz) +Uyy,

— Ge wteiByg +i/k2— 52

)
)
(3)(x Yz, = e W )(x/ y,z) + Usy = efiwt<E ol i/ x gz 4 FeifyeFin /k247ﬁ2xesz) +Usy,
t)
t) = He Wielbye*iVK®=F = A B Cc D,E,F,G,H €C,

is given, with k > 0, 8 € (0, %], the wavenumber in the y-direction, and Uy, Uy, and U3 as
the layer velocities along y. This solves the Laplace Equations (4a) and (4b). The boundary
conditions and the asymptotic conditions imply that A = F = 0 and the wavelike solutions
to problem (4a)—(4j) without obstacles become (ignoring the fixed velocity layer terms)

g0(1) (x,y,z) = B By ptin/ R —p x ,—kz ) (6a)
¢?(x,y,2) =C elfVetivR =P xekz | ) olfy i/ —pxp—kz (6b)
0¥ (x,1,2) = EelfretiVi—Fxek (60)
n(x,y,t) = G e WteipytiVIP—px , (6d)
C(x,y,t) :He*i‘”teiﬁyeii\/@x, B,C,D,E,G,H €C. (6e)

The boundary conditions at both interfaces yield the following dispersion relation

(making pg = p1/p3 and p = p2/p3):
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@[~ (gk(p = 1) + B(U5 — Up) — 2B(Us — Up)w — (p — 1)w?)
(gk(p — po) + BA(UBo — URp0) + 2B (Uspo + Unp)w + (p — po)e? )
+ 2 (gk(p—1) + BA(U5 + U3p) — 28(Us + Uzp)w + (p +1)?)

(8k(o — po) — BA(UBp + U3p0) + 2B(Urpo + Up)w — (o + po)w?) | =0 (7)

The dispersion relation is a sixth-degree equation for w. One immediately discards a
global w? term, which means that wy = 0 is one of the roots of the sixth-degree polynomial,
with multiplicity of two. This is a solution of no mode propagation and is discarded from
our analysis. The remaining solutions for Equation (7) are w;, withi =1, ..., 4.

The Kelvin—-Helmholtz instability results from the velocity shear that is created by the
velocity difference between two layers at an interface, where an infinite velocity gradient
exists if the viscosity is null (Figure 2). This difference creates a pressure imbalance that—
according to Bernoulli’s principle—causes a disturbance which is resisted by gravity if the
lower layer density is larger than the upper layer density (0;1 > pj, j = 1,2), guaranteed
by the initial assumption of gravitational stability. Any flow differences will help increase
this disturbance. Viscosity, here absent, creates a boundary layer that creates a velocity
continuity. In our approximation, since viscosity and surface tension are assumed to be zero,
only gravity is a deterrent. Therefore, any increase in velocity difference increases instability.
After a certain gap, instability grows exponentially. That is what these conditions show:
the interval in velocity difference before disturbances grow without gravity being able to
stop them. Since the middle layer creates a link between the lower and upper layers, their
velocity differences become also relevant, since it is the middle velocity that anchors both
the upper and lower velocities. Since we want to avoid the Kelvin-Helmholtz instability
(see, e.g., [32] or [35,36]), the solutions have to be real. If the solutions are complex, the
phase will be exponentially increasing or decreasing; this means that there will an increase
in the wave. The condition for this is the combination of the following three inequalities
(see, e.g., [37]),

A>0, Py<0 and D,<0, (8)

where the discriminant A and the following functions are functions of (U; — U;)?, with
i#j,andi,j=1,2,3.

Of the three conditions above, A > 0 is the more stringent, which means that the
intersection of all three is just the first. The condition A > 0 implies that the four real
solutions are different, with a multiplicity of one. Real solutions with higher multiplicity
would imply that A = 0, which defines a line boundary in the (U, Uy, Us) velocity domain.
Those solutions at the boundary represent borderline situations that separate the domain
with only real solutions from the domain with complex solutions. Complex solutions
imply exponential instability in the velocity potential solutions, leaving the domain of
applicability of the chosen equations. We focus our attention thus on real solutions of
multiplicity of one (A > 0, Py < 0, and Dp < 0) (see Figure 3). They are ordered as
w1 < ... < wy.
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U
P1

Us N

p3

Us

Figure 2. Schematic of the Kelvin-Helmholtz instability in the three layer configuration.

Figure 3. Region of stability with parameters i = 50, pg = 0.925, 0 = 0.975,and p =k = 1.

If we add the same general speed Uy to U;, j = 1, 2,3, we find that

wi//%—>wl-/,B+U0, A — A, P, = Ppn, Dy — Dy,
when (ul,uZ,U3) — (U1+UQ,LI2+U0,U3+U0), i=1,...,4. 9)

The smallest solution (in modulus) of the four is a relative concept. The addition of any
real value Uy > 0 to all of the layer speeds simultaneously is the same as moving in
velocity space from a chosen initial point along a line parallel to the vector (1,1,1), that is,
(U, Uy, U3) — (Uy + Uy, Uz + Uy, Us + Up). This indicates one of two things: (a) changing
the referential of the observer or (b) adding global speed to the layers relative to a chosen
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referential. Later, we will see that the preferred referential is that of the fixed obstacles.
Along any line in the direction (1,1,1) contained in the stability domain each smallest
solution is the one closest to zero in different intervals along that line. In ascending order,
the smallest value (in modulus) of w; will thus be wy — w3 — wy — w; (see Figure 4).

Root Type:
w1

H w,

W w;

Wy

Figure 4. Region of stability, with parameters & = 50, pg = 0.925, p = 0.975, B = k = 1, coloured
according to which of the w; is the w+. Note that the colours code each value of j = 1,2, 3, 4.

There is an additional property of the solutions. If one makes (Uj, Uy, U3) —
(=Uy, —U,, —Us), one finds that

w1 (Uy, Uy, U3) = —wy(—Uy, —Up, —Uz) and wy(Uy, Up, U3) = —wsz(—Uy, —Uy, —Us). (10)

From the graphic depicting an example of a stability region in velocity space (see Figure 4),
the border between the regions where w; and wj3 are the closest to zero, in other words,
where each is w4, is approximately a plane passing through the origin. The above symmetry,
Equation (10), allows us to choose then effectively only one half-space to solve the entire
problem. Since we can work only in half of the entire velocity space, we choose the top-right
half encompassing the first octant (where Uj, Uy, Uz > 0). The closest solutions to zero will
then be mostly w, and wj. In each respective domain, that solution is the one whose value
|w;| is the smallest of the four. This solution evaluated as k = B is then defined, for that
domain, as w4, with wt = w;(k = B), for i = 2,1. In each of these domains, w; changes sign
(from < 0 to > 0), all along having the smallest value of |w;|, thus being w4 (see Figure 5).

By cutting a section along the axis (1,1,1), we recover a band such as the one obtained
for the stability region in the cases of two layers, both the one without an upper boundary
and the one with a free surface (see Figure 6 and [29]).
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Root Signal:
w>0

Ww<0

Figure 5. Region of stability, with parameters & = 50, pg = 0.925, p = 0.975, B = k = 1, coloured
according to the sign the respective wt. In each domain where |w;|, j = 1,2, 3,4 is smallest, and it has
a subregion where it is negative and another is positive.

Uq

Figure 6. Section of region of stability along (1,1, 1), with parameters h = 50, pg = 0.925, p = 0.975,
B = k = 1. One recovers the same band as in the two-layer cases, both semi-infinite and with a
free surface.
The spectral parameter will be A = w?/g. Therefore, defining A; = w?/g,
Aq(Uy, Up, Us) = Ag(—Uy, —Uz, —Us) and Ag(Uy, Uz, Us) = As(—Uy, —Up, —Us). (11)

Working in the half-space chosen, we have

AZ(U], uZ/ u3> = A+(u1/ UZ/ u3) and A](U], u2/ u3> = A+(u1/ UZ/ u3) 7 (12)
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in the respective domain where w; and w; are wt. The non-trivial solution corresponding
to A+ = w?/g s, up to multiplication by an arbitrary non-zero complex constant,

o (y,2) = &P @) (2), =123, (13)
where

oW (z) = Bye 7, 0P (2) = C4ef* + Dye #, @0)(z) = Eyef?

i . 14
11(y,£) = Gy i@H=BY) | 7, (y,£) = Hye i(@it=py) (14)

The coefficients are equal to

By =2 (Ui — w) (p(w uz;a)2 cosh(Bh) + (gB(p —1) + (w — Usp)*) sinh(Bh) ), (15)

Cr = —((Uap —w) (3Blo 1)+ (Usp — ) +p(Uap — w)’) ), (16)
Dy = e P (Unp— w) (—g Blo — 1) = (Usp — @) + p(Uaf — w)?), (17)
Er = 2p (w — UsB)(w — bB)?, (18)
Gr=2ipe? (p(w — Uap)* cosh(Bh) + (B(p — 1) + (w — Usp)?) sinh(ph)),  (19)
Hy=2ipe ? pew — Upp)?. (20)

Note that the terms of the form (wt — BU;) are invariant under (Uy, Uy, Us) — (U7 +
Uy, Uy + Uy, Uz + Up).

Remark 1. If one tries to study the equivalent system for an upper layer topped by a rigid lid and a
flat finite bottom below the third layer, one will still be able to use the approximation of infinite top
and bottom layers before seeing any relevant differences in both stability and sufficient condition.
In fact, if we choose as layer thickness both for the top and lower layers 0.25 of the middle layer,
there is no significant change in the essential results: stability has the same region, with slight
modifications, and the sufficient condition is barely affected. Therefore, we will stick to the infinite
layer approximation throughout.

4. Limiting Cases
4.1. po = O0and Uy — 0

We intend to take the density of the top layer to naught. The resulting system is a
two-layer fluid with a free surface over one finite layer with an interface over a semi-infinite

layer. Ignoring the global w? factor, which was discarded above, the resulting dispersion
relation is then

(8k— (0= BU2)?) (gk(p = 1) + (o + 1) ? + 2 (p U3 + U3) —~2Bw (o U + Us) )
e_th(ngr (w fﬁUz)2) <gk (p—1)— (o —1) w? +ﬁ2(ll§ *Pu%) —2Bw(Us *PUZ)) =0, (21)

with the respective discriminant A(, ) being a rather cumbersome expression of the
parameters. The stability condition (demanding that the solutions be both real and distinct)
is A(yy0) > 0. This is shown in Figure 7. It is the projection of the general region in
Figure 3 onto the U, — Uz plane in velocity space, where U; = 0.
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Us 0

h . .
-5 0 5
Uz

Figure 7. Stability condition from the limit py — 0 and U; — 0.
This limiting dispersion relation is, however, different that of the two-layer system

with a free-surface calculated directly in the same way as above. The latter is given by the
following expression (again ignoring the global w? factor):

sinh (ki1 ) (g2k2 (0 —1) + gk (w — BU3)* — p(w — ﬁUQ)4) — cosh(kh1) (w — BU,)? ((w — BU;)? — gk) —0. ()

Although qualitatively similar, the dispersion relations are not equal: the discriminant is
different and therefore the stability condition is also different. This shows that one cannot
directly, from this limiting procedure on the dispersion relation, obtain a two-layer setup
with a free-surface. Although one would physically expect that the limit above would
result in a two-layer fluid of one finite layer on top of a semi-infinite layer, mathematically
the dispersion relation that comes out of the limiting procedure is not the one obtained
directly from the analysis of an identical configuration. This shows that great care should
be taken when calculating a limit in the mathematical description of physical systems.

42.h—0,p — poand Uy — Uy

In this case, the limit reduces the middle layer to the top layer, making the system a
two-layer system with semi-infinite layers, as in [29]. The dispersion relation is

(w = U B)* (U B2+ gk (po — 1) + U 200 — 2L — 2Us oo + w? + pow? ) = 0. (23)

There is an immediate solution in (w — Uj /3)2 = 0 with a multiplicity of two; this discrim-
inant is then null. We have to keep all the terms to be consistent and with it conclude
that the limit is unstable. If we discard the first factor and just leave the remainder of the
left-hand side of the equation (only the second parenthesis with a quadratic expression)
equal to zero, we find the respective discriminant to be

A= —4((Uh - )20+ gk (pF — 1)) - (24)

This results in a condition for the existence of real and distinct solutions given by A > 0.
From this discriminant, the region of stability has width

[gk(1—pd)
2 7’%2 o .
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A graphical depiction is given in Figure 8. It is again a projection, this time of the general
region in Figure 3 onto the U; = U, plane in velocity space.

sF

. .
-5 0 5
Uy

Figure 8. Stability condition from the limit # — 0, p — pg and U, — Uj.

This result is, however, as above in the previous limit, not the one obtained from the
previous analysis in [29]. This again shows that one cannot directly, from this limiting
procedure on the dispersion relation, obtain the two-layer system studied in [29]. Physically,
if one takes the limit above, one should realistically recover the setup of two semi-infinite
layers one on top of the other. However, since we are starting from a configuration of three
layers, it is perhaps natural to assume that the making of both densities equal may add
instability to the system, since the density difference is now null. But once we make the
densities and the layer velocities equal, for purposes of mechanical behaviour, the two layers
become one and one does not describe a given layer of a homogeneous fluid as intrinsically
unstable. This poses the question of the physical meaning of such a limiting procedure.

43.h—=0,p=>1and Uy — U3

This case is like the previous one, but instead of approximating the middle layer to
the top layer, we approximate it to the bottom layer. The dispersion relation is

—(w — Wsp)* (U B+ gk (po — 1) + UZ B0 — 2Usew — 2U o + ? + poew? ) = 0. (25)

Again, there exists a term which has a possible real solution with a multiplicity of two,
(w— U3,3)2 = 0. This implies instability because we have A = 0. Ignoring the first
factor, the remainder of the dispersion relation has as the respective discriminant the same
expression as in the previous subsection, with the resulting condition being identical to the
previous one.

44. h — 0and U, — 0

Here, the limiting procedure results in
@? (U3 B2+ gk (po — 1) -+ UF Bpo — 2Uspaw — 2L Bpow + @ + pow?) = 0. (26)

In this case, we also find a solution with multiplicity of two. However, since the solutions of
zero frequency w = 0 are discarded, as was performed in [29], we could drop the question
and concentrate our analysis in the remainder of the expression. This part is equal to the
last two cases above. We have the same discriminant and the same region of stability as
in Figure 8. However, and here with more relevance, the resulting dispersion relation
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is different from the one in [29]. The limiting procedure yet again does not recover the
dispersion relation of the expected limiting setup.

4500

It is not reasonable at first sight to consider this limit, but for purposes of understand-
ing, we show it here. It is in fact the one with the greater simplicity. The resulting dispersion
relation is simply

(gk+ (w = pLi)?) (gk = (w — ps)?) = 0. 7)

We have two complex conjugate solutions plus two real solutions of multiplicity of
one since the discriminant

A = —16 % K* (4¢°K* 4 (U5 — Uyp)*)?

is clearly negative. This expression for the dispersion relation does not, despite the stability
condition and its simplicity, coincide with the one obtained if one starts from scratch
assuming the limit (as was performed in [29]).

The general conclusion is that simply making the limit from the dispersion relation
does not recover the simplified system intended with the limiting procedure.

5. The Equations in the Limit of rp — 0
We are now going to assume that the layer speed in each layer is such that we can
reduce r¢ to a small quantity, reducing to a negligible volume the layer around the obstacles

where the velocity potential is given by flgj ) (x,,z). In the following, we therefore assume
ro — 07. More generally, forj = 1,2,3,

()

0

gf ~ (0, (no vertical flow) (28)
9 q,(j)

3 f < Uj, (negligible lateral flow) (29)
9 (P(j)
T}f ~Uj, r>ry— 0" . (overall flow in y-direction) (30)

We will discard terms such as dx¢p 9+ but not terms such as U; d,¢. Assuming the general
format of the solutions in Equations (6a)—(6e) and rewriting the equations of motion with
the above approximations, we obtain the first term of the Taylor expansion for the linearised
Bernoulli equation at the first interface (about z = h/2) and at the second interface (about
z = —h/2) (see [33])

2
_w L @B ) MY _ (90 L @B @ 9
Pl( P g§0 u1+8t> Pz( gfp g§9 U +at lz=h/2, (31)
w a) 0 w? aC
P2 <—g(i’ ﬁ AU, + af) = p3 (—gq’(g) gﬁ§0(3)u + >z——h/2 (32)

The linear interface kinematic conditions for the potentials stem from the material
derivative (to first order in Taylor about z = h/2, —h/2). Thus, for the first interface

D 0
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Using
_ (9% 99 99
(, 0, w) = (ax dy’ oz
we obtain the kinematic conditions (about z = h/2) as
990 o w2, =12 (34)
oz ot gy TS
Using the ansitze in Equations (6a)—(6e), we see that, for the first interface,
n= = 7 , j=12, (35)
w—pU; 0z w (1 - ) 0z
where ¢ = w/p. From (35), we obtain the following boundary condition
1) )
1 o _ 1 0 ' (36)
CORINCOE
C C
If we make the following renaming
U; ()
1 A i —
=1-=, ¢ 5 1,2,3, (37)
where J; are Doppler factors, we arrive at
91 _ 995
i %)

Neglecting the interface function 7 = #5(y, t), the equations for the interface can be then
reduced to the following two

a !
Pl( 51l + q01> =P2( 5395 + $2 >|z ey (39)
o9 _ 095
ETzl = az2|z:h/2- (40)

In the same vein, on the second interface we find

d 99",
PZ< 55+ (Pz) :PB( AS @y + =2 75 )lz-—h/Z/ (41)
d d
aiZZ 4)3 |zf—h/2 , (42)

where we can ignore the function { = {(y, t). The remainder equations can be straightfor-
wardly applied to the primed potentials.

Remark 2. If 6; = 0, one of the layer speeds is equal to the mode speed. This is a degenerate case,
which is in effect tantamount to making w — B U; = 0. The equations at any one of the interfaces
become, when w — B U; = 0, that is, when the upper layer has the same speed as the mode,
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and

L \2 o -
A(l _PUin u’“) PU+D — ("f“ pf) dU+D _ 0. (44)

w Pj+1 0z

Equation (44) is analogous to that of the free-surface (when there is one), with A —
A1-B Ui/ w)z. If we make p; — 0, we have the same equation which is obtained for the
free-surface by assuming that the air density is zero, pg = 0. If instead we make w — pU; 11 =0,
i.e., the lower layer has the same speed as the mode, then

aq,(j) o aq,(fﬂ)
o = —i(w—-BU;)¢, 5 , (45)
BUN o) (Piri=pi) 99l
A(l—w) e 0. (46)

This is not in the form of a free-surface momentum equation and the analogy breaks, unless pj 1 — 0,
but in this case, the stability condition pj 1 > p; is not respected. From this, we assume throughout
that 6; # 0, for j = 1,2,3. However, at the end, the variational formulation can be extended by
continuity to the case of 5; = 0, j = 1,2,3 (see also the discussion in the previous section).

6. Variational and Operator Formulation

Let us multiply the Equations in (4a) and (4b) by test functions ¢() € C®(@/), where
Ce°(@/) denotes the space of infinitely differentiable functions with compact support in
@, j =1,2,3, satisfying the Dirichlet quasi-periodicity condition, that is, the first equation
in (4i); we then integrate in the fluid domain the sum of both equations (in each layer) and
sum the contributions of the two layers together.

Remark 3. Test functions of compact support pU) € C® (E), j =1,2,3, satisfy by construction
the Sommerfeld radiation condition. That is why the terms at infinity are of no consequence in the
following integrations [38].

The domain enveloping the obstacles and contained within the ry distance around
each obstacle is denoted by @y,,; C @; and is limited by the boundaries Tiy Orgjs and
Yro(j-1) C 7j—1 (where appropriate), 0y, is an artificial boundary at r = 7y, and the
functions cross smoothly from one domain to the next. The above sum is therefore

i{Pi/w Ao+ 1) 9l av e |

]:1 ro/J /\(D

A(g" +u,-y)¢<f>dv} =0. @)

ro/J

After integrating by parts, using the boundary conditions in (4g) and (4h), plus the
natural continuity across the artificial boundary o7, which cancels the contributions on this
boundary, and invoking the limit ry — 07, this sum becomes

3 . T
Zp]./w V(oW + Ujy) - V) dV =
j=1 j

2 . -
Z{p / o)+ Ujy) it pi) dSer,-H/7 V(U + Uiy y) - i plith dS}- (48)
2

j=1

Ignoring quadratic terms, the normal defined on the first interface is downward
pointing looking from the first layer and upward pointing looking from the second; the
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ZPJ/

3
Zp]./ V(p;~VlP(f) dv =
j=1 7@

) ) V90 av =y |

normal defined on the interface is pointing downward from the perspective of the second
layer and the opposite to that of the third, that is,

i~ (0, 0y/0y, -1), A~ (0, —an/dy, 1),
il ~ (0,97/3y, —1), A2 ~ (0, —37/dy, 1). (49)

For the first interface, using Equation (34), we obtain

_ 09

V(oW +tny) -t ~ _%, (50)
_ 995

V(qo(z) + U y) ~n£1) o~ —522 . (51)

From the boundary conditions (39) and (40), we draw

I _ A
2z  p1—p2

<P15%§0/1 ~ 020 (P§> |2=n/2- (52)
The same happens for the second interface,

995 _
9z p2—p3

(PZ‘S%GDQ - P35§<P/3) lz=—ns2- (53)

In the end, we obtain, for the whole configuration, the following variational formulation:

2
A : ,
L) on=p (Pj+15]‘2+1(l’;‘+1 - pj5f<p}) (0190 — leP(f)) ds.  (54)
= ]

We note that (to first order) the directional derivatives of the primed potentials are the
same as the derivatives of the complete wave plus background potential above (see (50)
and (51)), to the effect that

Ve ity ~ (aa";l aa";l a";}) (o, aZ 1) - aa‘gl gz aa";l ~ —%, (55)
Vo, it o @(’;1, aa";ll ‘P> (o, gz 1> = aa(ill gz 884;1 ~ %, (56)
Vb iy (E’;’f %(’;2, ag?) : (o, x 1> - —aa";gi azé =9 )

This means that we can rewrite the variational formulation in (54) as the primed potential
variational formulation

2
A - -
Y [ oirimp eradtagi = pttel) (v —py0)as. (69
]:

The term coming from the background flow potential is a given of the problem, it
is not a variable. This means that the background kinetic energy is not relevant to the
variational formulation since it is always the same. The trapped-mode problem is about
the energy of the oscillating mode, which is superimposed onto the steady background
flow. The variation in energy, and not its full content, is what is relevant, in much the same
way as the gravitational potential energy is always determined up to a constant, implying
that the difference in potential energy and not its absolute value is what is relevant (within
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3
‘ L ST U —
]E:lp] /@jV(p] FVrdV =

3
] Vo) . vyl) qVv =
Jgp]/wj oV - Vy

3 . .
Loy (Vo) 9y, =
]:

the bounds of the linear approximation). It is therefore natural to expect that, in this
approximation, the two approaches (54) and (59) are equivalent.

The expression in (59) is not symmetrical under (/) — ¢U). Introducing the
primed potential

()
IIJ/:L/ j:1/2/3/

into (59), and also changing the test function from l[J(j ) to 5]2V1,b]’<, we obtain

2

A 2 2
L /7 ey (0182101 — 0,070} ) (05107, 1]y — p079]) dS. (60)
j=177j

The right hand side is now symmetric under /) — ¢(). By eliminating the redundant
primed terms

2

A . . , .
Z/7 PR (Pj+1‘5j+l§0(]+1) - Pj5j§0(’)) (Pj+15j+1¢(’“) - Pj5j¢(’)) ds, (61
=

we arrive at the variational formulation of our problem.
Let Hg(@/), j = 1,2,3, be a subspace of H'(@/) satisfying the Dirichlet quasi-
periodicity condition, i.e.,

Hp(@) = {p e H (@) p|,_ =y| ), =123,

and let (-,+),; and (-,+),,, denote the scalar products in the Lebesgue spaces L?(/)
and L?(71,), respectively. Morever, let Hp be the function space of elements ¢ =
(¢, 9, 9®) € Hg(@') x Hg(@?) x Hp(®3), equipped with the scalar product

3 . .
(o9 = Yo (Vo Vo) oy, gy € Hy.
j=1
Note that the quasi-periodicity condition ensures that non-zero constants cannot belong
to Hg ((Df ), j = 1,2,3 . The variational formulation of (4a)—(4j) consists in (see [39]) finding a
non-trivial ¢ = (¢, 92, @) € Hp and A € C such that forall = (M, @, ) € Hp

2
———(pj+10j+1 oIt — 0,69, pj 185191 — Pj5j¢(j))7. . (62)

j=1 Pj+1 — Pj ]

It is clear that we cannot define a linear spectral problem when the parameter is
A = w?/g, if at the same time there is w in the definition of d;. An approximation is
warranted if the formalism is to be of use. The general method followed (see, e.g., [20])
is to perturb the solution ¢ on the threshold of k = 8 and from the compact perturbation
obtain a relation that is sufficient to guarantee that the discrete spectrum of the problem
derived from the initial equations is non-empty. This means that the relevant functions in
the appropriate space are all close to ¢, meaning that their associated mode speed is close
to ct. This suggests the approximation 6; — d+ j, with ¢ — c4. Therefore, in the following,
the J are all 3 and the speed in the Doppler factors is c+. All function spaces below will
then be assumed to be subsets of the designated spaces of functions, with mode speeds in
the neighbourhood of the mode speed of ¢x.

Let us introduce a trace-interface operator T : Hg — Hg by the formula
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2

1 , . . ,

(Tp.9) = 1 oy (0iadea 9™ = pidi9 pradiuat U™ =09 o gy € Hy. (63)
]:

The operator T is continuous thanks to the trace inequality (see [40])

19911 2001y < €19y, J=1,2,3.

With the help of operator T, the spectral problem (4a)—(4j) can be written as

To=pne,

where 4 = A~! is a new spectral parameter. The continuous spectrum of T, o.(T), is
determined by the continuous spectrum of the problem (4a)—(4j) without obstacles. The
latter lies on [Ay,00) and thus 0. (T) = { : u € (0, ut]}, with uy = (A4)~L. Given that
u = 0is an eigenvalue of infinite multiplicity with the associated eigenspace

HY = {gp€ Hp : 016101 = 0209 on 1, 2029 = p3639'> on Y2},

the essential spectrum of Tis 0, (T) = {u : u € [0, u|}.

Now, the operator T is positive, continuous, and symmetric; therefore, it is self-adjoint
(note that §; # 0 are assumed). Its spectrum o (T) = 0,(T) Udy(T) lies on the interval
[0, T] of the real axis in the complex plane with T denoting the operator norm of T and
04(T) its discrete spectrum. For the discrete spectrum, there are two possibilities: either
the norm of the operator T coincides with 4, i.e., T = yy4, so that the discrete spectrum is
empty, or T > 4 and the discrete spectrum is non-empty, since T € o(T) (see Birman and
Solomjak [41]).

7. A Sufficient Condition for the Existence of a Trapped Mode (8 > 0)

Recall the definition of an operator norm

Z =1 9.1=p; HP]H +1§0(j+1)—Pj5j§0(j)||22 )
S (To.9) _ sup p,+1 P L2(7))

‘PGHﬁ\{O} <(P/(P> (pGHﬁ\{O} ] 10j ||V¢ HLZ(@])

(64)

and consider a function ¢ = (gogl), gogz), gog?’)) defined by (pgj ) (x,y,2z) = e €l 4)1(] ) (y,2),

where ¢y = ((i)J(rl), ([)J(rz), (/)&3)) is the solution associated with the cut-off value Aj

(see (13) and (14)) and € < 1 is a small positive parameter. It is easy to see that pe € Hg,

so that we can estimate the right-hand side in (64) from below using @ as a trial function.
Using 0 » to represent the part of the surface I'y , pierced by the obstacles, i.e.,

6, = {(x,y,z) cOlUe?:z= h/2} and 6, = {(x,y,z) €U :z= —h/2},

we obtain



Computation 2025, 13,176 21 of 33

2 1 .
(Toerpe) = 3 p—npm 510 — 0050 Iy
]:
¢ (+1) 5 )2 S 50Ut _ s )2
= ;p ||P]+1 i1Pe | — 0 Pe HLz(rj)—];mHPjH j+1Pe T — PjO] Pe HLZ(ej)
I I
pz(P353‘D J(=h/2) = p26, @2 (=h/2))?

" (02020 (1/2) = p161 @) (n/2))* +

— 01 (51<D(1)(h/2))2meas(61) -

1p (026:9?) (1/2) — p16; @1 (11/2))*meas (61 )

(p353<I> ) (—1/2) — p26, @@ (=1/2))*meas(6;) + O(e),

03 —

where we have used the approximation e~2¢/*l = 1 4 O(e) in the compact sets 61 , .

Similarly, we obtain

2
(9e, 9e) = Zp] 1V90 2oy + 021 VP 122 0
=

w

=Y 05 IVed 1By, — 01 1190 12200, + 02 VO 2212y = 21V 0 2262
] 1

- (p11q>1>(h/2) (h/z)) (p21<1> (h/2)®P) (11/2) — pa 10@) (—11/2) D! (h/z))

e 1 (310 (—h/2)0f) (<h/2)) - Zp] L (190 @) + p2l0 () ) dxdy dz + Ofe),

where we have used integration by parts and observed that ¢4 is a solution to prob-
lem (4a)—(4j) without obstacles, and thus

ApY) = &Py (d—z o0 (z) — 2ol (z)) =0, j=1,23 (65)

+ - de — Y ] — L4090

On the other hand, by making use of the boundary conditions (4c)—-(4h) for ® = (@M, ®2),
50 (1/2) = 5,0 (1/2), &P (~1h/2) = 6,07 (~1/2), (66)
I (q>’<1>(h/z) — 84830V (1/2)) = po (@12 (h/2) — A4530/ D (1/2)), 67)

02 (P17 (=h/2) = A3 D (=1/2)) = ps (@1 (=/2) = AsGDC)(=R/2)),  (69)

we write

oM (h/2) =0 Ap <p252q> (h/2) — p16, 01 (h/z)) (69)

P (—h/2) = 5, Dt (p353q> (=h/2) — prby 2 (h/z)) (70)
3 — P2

This allows us to conclude that

I I
<<pe,<pe>—e1A+<p2 o (026,9@) (1/2) — p16, @V (1/2)) + o (036303 (—h/2) — py0, D2 (h/Z)))

—]é oj /@ (1o (2)]* + p2|@) (2)|*) dx dy dz + O(e).

To simplify the presentation, we define
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A= —L (026,0@ (1/2) — proy &0 (1/2)) + (03030 (=h/2) — a6 @) (—1/2))?,  (71)
P2 —P1 03 — P2

M= (026,9®) (1/2) — 16, V) (1/2))*meas(6;), (72)

P, = o ipz (036303 (—h/2) — 26, P (—h/2))*meas(6,), (73)
Vj:m/@j(]cbg)(z)f+,52|<I>(j)(z)|2)dxdydz, (74)

andletP =P+ Pand V = Z}?’:l V;. It follows that
(T@e, pe) = eilA—P—Q—O(e), (@e, Pe) = e ! AtA -V +O(e). (75)

Next, let us analyse under which condition, if any, the norm 7 is greater than the
threshold value y+. Since g € Hg \ {0}, we obtain in view of Equation (75)

14 _ B
T = Sup <T(PI (P> 2 <T(P€/ §De> 2 61 A P C]G
persi0) (9 9) T (pege) T e TAA-V e

1—€eA 1P — cpe? 1
> = 2> (1+ea T (A7TV - P) —ase?),
1—eA7 A7V + e — Ay

where ¢, denote some positive constants. Hence, if
V—AtP >0 (76)
there exists €9 > 0 such that the norm 7 is greater than p+ = Ay Yforalle € (0, ).

Theorem 1. Assume that inequality (76) holds. Then the discrete spectrum of operator T defined
in (63) contains at least one eigenvalue u > Ay L. Equivalently, problem (62) admits a trapped
mode solution ¢ € Hg corresponding to an eigenvalue A < Ay.

Corollary 1. Any array of obstacles with non-zero volume, not piercing any of the interfaces (in
this instance always submerged in each layer separately), generates a trapped mode.

Proof. We have P = 0 and V' > 0in (76). The condition is immediately met. [J

Remark 4. We do not consider the case p = 0 because it brings no further profit for the purpose of
the present work. In any case, it is straightforward to generalise to this case proceeding as above in
the corresponding section in [24].

Remark 5. From the formula for P above (Equations (72) and (73)), one sees that the §; are Doppler
terms, in that they modify the A+P term of the sufficient condition due to the velocity of the layers.
In fact, if a wave source (wave speed C > 0) is moving with respect to a receiver with speed Uy > 0,
the change of frequency arriving at the receiver is going to be

w' =w(1+Uy/C) = w},

with w being the frequency at the source. The minus sign applies to when the source is moving away
from the receiver and the plus sign to when the source is moving towards the receiver (see, e.g., [42]).

In general, 51 # 63 # b3 and one can make §; — 0, j = 1,2,3 independently without any
illicit result showing. However, if 61 = 0y = 63 — 0, then P — 0, which renders the sufficient
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condition void. This is tantamount to having a mode velocity equal to a common layer velocity. In
this situation, there is no mode relative to the layers.

Theorem 2. The sufficient condition (76) is invariant under U; — U; + Uy, forall j = 1,2,3.
Proof. The dependence on the velocity is given by terms of the form (Uj - %) = —% dj.
In the case of the volume integrations in V, these show up in the function coeffi-
cients (15)—(20). In the case of cross-section integrations in A+P, they show up in addition
in the products (w4 (5j)2. All these are invariant under U; — U; + Uy, j = 1,2,3. The
conclusion is direct. [

Corollary 2. Any triplet of velocities Uy, Uy, and Us can be taken into the first octant in the
velocity space by a general translation of an added global velocity Uy. From Theorem 2, we can
consider only the case of U; > 0, j = 1,2,3, without loss of generality. The first octant is therefore
all that it takes to determine the full results for the entire velocity space.

8. Symmetries

It is important to understand the symmetries of the system before moving on to
the examples.

8.1. Problem Without Obstacles
The general problem without obstacles has two symmetries in the velocity space:

e Under U]- — U]- + Uy, j = 1,2,3, the solutions of the dispersion relation change as
wi/k = w;i/k+ Uy, i= 1,...,4,wherew+/,[3 — er/ﬁ—i—UO;

e Under an inversion of the layer velocities (Uj, Uy, Uz) — (—U;, —Uy, —Uz), we find
that the solutions of the dispersion relation become the symmetric of the ones before
the inversion. Of course, A = w?/ g (therefore also A4) is invariant under this inver-
sion. This means that one can divide the velocity space into two, since if one solves the
problem for a pair (U, Uy, U3), one also solves for the symmetric (—Uy, —Up, —U3).
This is simply a left-right invariance in the general direction of the flows.

8.2. Problem with Obstacles

The problem with obstacles inherits properties of the free problem. These are reflected
in the sufficient condition, which is invariant under
U Uj%llj+llo,j:1,2,3,and
o (U Uy Us) — (=Uy, —Uz, —Us).

The sulfficient condition is an energy condition, and therefore dependent on the square
of the speeds, which means that it is left-right symmetric from its inception.

8.3. Distinctions

When there are no obstacles, adding Uy means two things that result in the same:
(a) adding a common speed to the fluid with respect to the observer or (b) the motion of the
observer is such that in his reference frame the fluid layers have an increase in their speeds
of Up. Either way, the dispersion relation solutions are changed by the same amount, such
that w;/k — w;/k + Up. This, however, means that the lowest |w;| may change with U,
implying that to obtain A+ one must not simply add Uy to w+/ B, but ascertain which one
of the new solutions, after Uy has been added, is now the smallest in absolute value. For
example, if before |w1| < |wz|, now it may happen that |wq + Up| > |wa + Up|.

If, however, we add obstacles to the problem in order to obtain a sufficient condition
for the existence of trapped modes, (a) and (b) are not the same. Option (b) does not change
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the problem; it only adds Uy to the relevant quantities and, more importantly, does not
change A4, except through wt/B — w4/ B + Uy for the observer. This is because of the
change in speed of the obstacles, which now move with respect to the observer. The motion
of the layers with respect to the obstacles has not changed and the smallest |w;| with respect
to the obstacles is the same, implying that A+ is the same. This is reflected in the invariance
of the sufficient condition. Option (a), on the other hand, changes the sufficient condition.
If a common speed is added to the layers with respect to the obstacles, then the smallest
|w;| may change, because now the mode speeds have changed with respect to the obstacles.
Although the sufficient condition seems to be invariant under the addition of Uy, now one
must make sure that the correct At (or w4) is used in the sufficient condition expression.

It is now evident that in each domain of the velocity space where w4 does not change
(except through w+/B — wi/B + Up), the properties in Section 8.2 above are still valid.
However, if a speed addition Uy changes the solution of the smallest absolute value, then
the sufficient condition is no longer invariant under global velocity changes.

In the examples below, the allowed domain (velocity space) will be the intersection
of the domain delimited by the stability condition and the domain given by the sufficient
condition, with different pockets for different w4, determined by the smallest of the |w;|,
i=1,...,4

9. Examples
9.1. Column of Uniform Cross-Section

In this example (see Figure 9), we apply the sufficient condition to the paradigmatic
setting of a vertical column that crosses all domains and all boundary surfaces between
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Figure 9. Column with uniform cross-section.

Applying Formula (76) directly, we find that
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3
VAP = /
+ ];P] )~

(199 )* + 2|00 (2)|*) dx dly dz

S (02622 (0) — 16 @V (0))*meas (6;) — A (0383@) (=h1) — 205 @3 (—)) *meeas(62) . (77)

02 —pP1

03 — P2

The integrand funtions do not depend on x or y, so the term meas(6;) = meas(6,) = S is
common to all. It can be discarded from (77), and the latter becomes

3 00 . .
V — A+P « Z‘{p]-/Oo(]cbgﬁ(z)f+/32|<p(1)(z)’2)dz
=

— A+ (pz(szq)(z) (0) — Pl‘sl qD(l) (0))2 — A+ (p3§3<D(3) (—hl) — pz(Sz q>(2) (—]/ll))Z . (78)

— o1 (0)py

A (026,02 (0) — 10y 9D (0))2 — 2 (03630 (~hy) — oty @D (1)) =
P

P2 — 1 03— P2
Integrating by parts in z and rearranging terms such that the boundary conditions (65)-(70)
can be directly applied, we find that the previous expression can be rendered as

9o (0 902 (0 902 (—h 9dB) (—h
T() 9™(0) — @@ (—1y) py (=h) +q>(3)(fh1)p3¥

0z 0z 0z
2 —

+@@(0) p

- P2 —pP1 0P3 — P2
B odM) (0 ) 9@ (—p
(22202 - pn2©)) 2220 (000 (i) - a0 () ) 22

At
- 5,22 (0) — p16; @M (0))” —
pzfm(p“ (0) — p16, @1 (0)) PR

0z 0z

2

(036503 (—hy) — pady @@ (—1y))> = 0 (79)

It is thus proven that V — A+P = 0 for a vertical column. We will from now on designate the
terms related to the vertical column as V]* and P*, thus V* — A4+P* = 0. By a straightforward
generalization of the proof found in [19,20,43] (see also in [24]), we can show that the vertical
column generates trapped modes.

9.2. Obstacles That (Almost) Always Satisfy the Sufficient Condition

In Figure 10, the configuration on the left results in
V —A+P* >0, (80)

because V > V*. For the one in the centre, we have a simple application of Corollary 1 due
to the fact that P]- = 0, for j = 1,2. Both results are immediate. For the obstacle on the right,
we have two positive parameters €, and €3, which will determine whether the condition is
met. If we fix a small enough e > 0, there is a threshold €3 such that

V- A+Pf =0. (81)

In that case, if 0 < €3 < €3, the sufficient condition is met and if €3 > €3 the sufficient
condition is not met. However, if V;(€>) is such that even in the limit V3 — V5, still
excluding P5, we find V" + V5 (e2) + V5 — A4+Pf < 0. Then, in that case €3 — 0; thus, the
sufficient condition can never be met. The same applies with the roles of €, and €3 reversed.
In both examples, there is a finite distance between the obstacle and the interface, such that
in that interval the sufficient condition is met. Therefore, this configuration allows, given
an appropriate distance of the obstacle from the interface, the attainment of the sufficient
condition. The situation would be the same if the gap had been designed astride the first
interface instead of the second.
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, in (b) the
’s principle,

that states that two objects situated between two parallel planes have equal volumes if, for
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Figure 11. Obstacles that never satisfy the sufficient condition by comparison with the vertical

V4 makes V — A+P < 0

m
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In the configuration shown in Figure 12, we find that the integration of (78) is the same,

every respective cross-section situated between these two given planes, the areas of the

despite the change of domain ©, j = 1,2. This is the application of Caval

same happens now with V3, and in (c) the same with V5.

column of constant cross-section. In (a) the m

9.4. Cavalieri’s Princ
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former are equal. Simply stated, any horizontal translation of sections of the obstacle that
keep the cross-sectional areas changes nothing. Thus, this example repeats the result of the
vertical column.
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Figure 12. Obstacle that satisfies the sufficient condition by comparison with the vertical column of
constant cross-section using Cavalieri’s Principle.

However, for the configurations in Figure 13, the expression in (77) does not reduce
to (78), hence Cavalieri’s principle is no longer valid. In general, a conclusion is not possible.
However, in these two instances of Figure 13, we can obtain a result due to the monotonicity
of the respective functions ®(z).

In fact, the volume of the depicted obstacles is the same as that of the vertical column.
On the left of Figure 13, the example is that of a volume closer to the interfaces in both the
first and third layers, whereas on the right the volume of the column has been translated a
little further away, again both in the first and third layers. Both cases are outside the scope
of Cavalieri’s Principle. Let us assume, for the moment, that both configurations (left and
right) have V, = V. In the top (or first) layer we have ®(z) o e™* and in the bottom (or
third) ®(z) « €7, such that the integrand of (77) is monotonically decreasing away from the
interface. Therefore, the integration of (77) on the left is larger than V* and the one on the
right is smaller than V*. Since P = P*, we have that on the left V — A+P* > 0 and on the
right V — A4P* < 0. We can infer that the left configuration of Figure 13 produces trapped
modes, whereas we cannot conclude anything about the configuration on the right.

Let us now assume that V, # V. If V, < V', then we have to verify case by case
whether the change on the left satisfies the sufficient condition, since both V; and V; are
larger than their starred counterparts. The configuration on the right, which already did not
satisfy the sufficient condition when V, = V7, is now further from satisfying the condition.
If, on the other hand, V, > V7, then the configuration on the left, which already did satisfy
the condition when V, = V7, satisfies it now more robustly. Whether the configuration on
the right satisfies the sufficient condition has to be determined case by case, since V; < V'
and V3 < V3.
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Figure 13. Obstacles that cannot be directly compared with the vertical column using Cavalieri’s
principle. On the left (a) one can prove that trapped modes are generated, whereas on the right (b) no
such proof is forthcoming.

9.5. Hammer

In this example, we have a composite object. It is an incomplete column with an
additional volume on the sides, like a dumbbell (Figure 14). The sufficient condition
region plot superimposed on the respective stability region is given in the next plot in
Figure 15. The chosen parameters were h = 50, p; = 0.95, p = 0.995, and p3 = 1. In
addition, the diameters used were s; = 20 and s, = 40 and the neck and head lengths were
d] = d3 =d4 :dé =25andd2 = d5 =125.

In the case of two semi-infinite layers (see [29]) there was an independence from
the values of the layer velocities if the layout was symmetric. Such is not the case here
even with U, = 0. Despite the irregularities intrinsic to the numerical procedure, it is still
observable the necessary left-right symmetry since the image is symmetric with respect to
the origin.

Around the origin, the sufficient condition cannot be satisfied (Figure 15). This region
is still within the boundaries of stability, so there is no way to satisfy the condition if the
layers are still. This agrees with the static situation (see [25]). In the latter, if the sizes
of the heads are not large enough, we are between an incomplete column and complete
vertical column. Depending on the sizes of the heads, we may or may not compensate for
the missing vertical column, which is the borderline case (V — A+P = 0). However, one
can still show that there are trapped modes generated in the case of the vertical column
(see [20]). If the heads are not large enough to compensate for the incomplete column,
necessarily V — A+P < 0, which is the case depicted above. However, from this example
we can conclude that adding velocities to the layers may change the situation from not
satisfying the sufficient condition to its satisfaction, which guarantees the generation of
trapped modes. The addition of layer velocities was therefore decisive.
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Figure 14. A vertically symmetric fixed obstacle. Its cross-section for the cylindrical neck has a
diameter sy and the top and bottom circular cross-sections have a diameter s;.

Figure 15. The intersection of the stability and the sufficient condition regions in velocity space. Not
all values of the velocities satisfy the sufficient condition inside the stability region. The symmetry of
the layout does not result in the independence of the condition from the velocities.

10. Conclusions

The purpose of the present paper was to investigate the influence of background
uniform flow on the sufficient condition for the existence of trapped modes in a three-layer,
irrotational and inviscid fluid within the framework of the linear water waves theory. This
was an improvement on previous studies [5,19,21-25], which were made exclusively for
layers at rest. Using the mode velocity ¢4 = w+/f as a preferential scale, the original
problem could be linearized. The sufficient condition, obtained from a perturbation around
the norm of operator T evaluated on ¢4, already carried this velocity scale. It was only
natural to set this scale to linearise the original problem. The sufficient condition is in fact
the sum of two conditions: the proper sufficient condition (76) and the dynamical stability
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condition (8). They are functions of (U; — Uj), i # j, which makes them invariant under
global velocity additions. This implies that the results in the first octant of the velocity
space are enough to solve for the entire domain.

In the configuration of two semi-infinite layers [29], symmetry played a role regarding
the influence of U; and Up. The sufficient condition was independent of U; and U
when symmetry of the obstacle about the middle interface was present. Here, despite
the symmetry of the obstacle with respect to z = 0, with interfaces at z = £h/2, the
sufficient condition (76) is dependent on U;, j = 1,2, 3 (see Figure 15). In addition, left-right
symmetry in [29] allowed w; to be independent of the background velocity flow, which is
no longer the case. Comparison principles for arrays of obstacles submerged in uniformly
moving layers can be used whatever the number of layers, the size and format of the
obstacles themselves, as is confirmed by the validity of Cavalieri’s principle and other in
this configuration.

For a configuration with more than three layers or three layers with a free surface,
this analysis is no longer possible due to the limitations imposed by the Abel-Ruffini
theorem [37] on the dynamical stability condition. If we add another interface or a free
surface to the present configuration, the dynamical stability condition becomes a ninth-
degree polynomial equation. Excluding the null solutions, the resulting polynomial is of
the sixth degree, making it impossible to derive a general condition for real solutions of
multiplicity of one. For configurations of three or more interfaces (including a free surface),
only a direct numerical approach is able to provide with results.
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Abbreviations/Nomenclature

B Wavenumber in the y-direction, g € (0, 7].

A Discriminant of the dispersion relation.

(5j Doppler factor, (5j =1- %,] =1,2,3.

n(x,y,t) Top interface elevation (layers 1 and 2), atz = h/2.
Z(x,y,t) Bottom interface elevation (layers 2 and 3), atz = —h/2.
T Unpierced top interface.

72 Unpierced bottom interface.

I Top interface surface.

I Bottom interface surface.

1 Pierced top interface.

0> Pierced bottom interface.

A Spectral parameter, A = “’?2

At Threshold spectral parameter, Ay = %%

U Inverse spectral parameter, y = AL

Ut Threshold inverse spectral parameter, yi+ = Ay L
pj Fluid density in layer j, j = 1,2, 3.

0 Density ratio, p = £

&
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00 Density ratio, pg = Z—;
ol Obstacle surface in layer j, j = 1,2, 3.
oc(T) Continuous spectrum of operator T, 0. (T) = (0, p+].
o4(T) Discrete spectrum of operator T.
o.(T) Essential spectrum of operator T, 0.(T) = [0, pit].
T Operator norm of T.
V) Velocity potential in layer j, j = 1,2, 3.
(pfj ) Threshold potential, j = 1,2, 3.
) Time-harmonic potential in layer j, j = 1,2, 3.
q)g> Background flow potential, ~ U;y for r > 1o, j = 1,2,3.
(pg ) Trial function, j = 1,2, 3.
(p} Primed potential, j = 1,2, 3.
ol (z) z-dependent threshold potential component, j = 1,2, 3.
) Test function in layer j, j = 1,2, 3.
1,0]’» Primed test function, j = 1,2, 3.
[ Fluid region, j = 1,2, 3.
@r,y,j Subregion of @/ within distance r( from obstacle.
w Radian frequency, w > 0.
ws Smallest in modulo non-trivial dispersion relation frequency.
wj Dispersion relation roots, i = 1,2, 3, 4.
A Interface term in variational formulation.
B+,C4+,D+,E+, Gy, Hy  Threshold solution coefficients.
c Mode speed, ¢ = %
ct Threshold mode speed, ¢t = %
fl(gj ) Background flow function, ~ lljy atr =rp,j=1,23.
g Gravitational acceleration.
h Middle layer thickness.
k Total wavenumber in x- and y-directions.
l Periodicity cell length in y-direction.
n Outward normal vector from the fluid into the obstacles.
P; Surface integral on pierced interface i, i = 1, 2.
Pp, Dp Discriminant components.
r Distance to nearest obstacle, r = |x|.
70 Distance from obstacle boundaries.
T Trace-interface operator, T = pg.
Uj y-direction velocity in layer j, j = 1,2, 3.
Uy Uniform velocity shift for all layers.
1% Volume integral in layer j, j = 1,2, 3.
Hg Function space for quasi-periodic potentials.
'H/g((i)f ) Subspace of H' (/) with quasi-periodicity, j = 1,2, 3.
&/ Fluid domains in layer j, j = 1,2, 3.
IV Periodicity cell per layer, j = 1,2,3.
o/ Obstacle in layer j, j = 1,2,3.
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