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a IDMEC, Instituto Superior Técnico, Universidade de Lisboa, Portugal 
b CIMOSM, Instituto Superior de Engenharia de Lisboa, Instituto Politécnico de Lisboa, Portugal   
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A B S T R A C T   

This paper gives insight into the development and utilization of a computer software that uses raw experimental 
data from the load cells and DIC systems to obtain the instant of time at fracture tf , the loading paths in principal 
strain space ε1 = f(ε2), and their conversion into the space of effective strain vs. stress triaxiality ε = f(η). 
Special emphasis is given to the different assumptions and stress triaxiality measures that can be used to convert 
the loading paths from principal strain space into the space of effective strain vs. stress triaxiality. Results for 
double-action radial extrusion show the differences of treating the loading paths as linear or non-linear from 
beginning until the onset of failure by fracture. Results also allow concluding on the importance of accounting for 
the stress triaxiality derived from individual experimental measurements in an average sense over the entire 
loading paths, to avoid overestimation and mislocation of the fracture forming limits. The applicability of the 
software for education and training of students in formability is also discussed.   

1. Introduction 

Formability refers to the ability of a material to undergo plastic 
deformation without failure. In the case of sheet metal forming, form
ability is generally associated with the amount of strain to which a 
material can be deformed without the occurrence of plastic instability (i. 
e., necking) or fracture. Therefore, its quantification is essential to 
prevent defects and to ensure the fabrication of sound sheet metal parts. 

Pioneering investigations on the formability of sheets were con
ducted by Keeler (1965) and Goodwin (1968). The first of these re
searchers (Keeler, 1965), introduced the circle grid analysis technique 
(CGA) by imprinting a grid of circles on a sheet surface before stamping 
in order to determine the in-plane principal strains, plot their evolution 
ε1 = f(ε2) in the tension-tension quadrant of principal strain space, and 
compare their values against the critical strains for which defects were 
observed. The second of these researchers (Goodwin, 1968), utilized the 
same methodology to determine and plot the first in-plane strain evo
lution (i.e., strain loading path) in the tension-compression quadrant of 
principal strain space. 

Ever since its proposal more than five decades ago, principal strain 
space has been widely used to plot the strain loading paths resulting 
from sheet metal forming processes and the material formability limits 

due to plastic instability (the so-called forming limit curve - FLC) (Paul, 
2021) and fracture (the so-called fracture forming limits – FFL’s) (Isik 
et al., 2014). 

In the case of bulk metal forming, circle grid analysis and principal 
strain space were first utilized by Kuhn et al. (1973). Failure in bulk 
forming, in contrast to sheet forming, is mainly caused by fracture 
(Martins et al., 2014), despite necking being possible to occur in regions 
of the parts encompassing three-dimensional to plane stress material 
flow transitions, as it was recently shown by Sampaio et al. (2023a). 
Differences between the three-dimensional stress conditions of bulk 
forming and the plane stress conditions of sheet forming are often 
employed to distinguish the circumstances under which cracks initiate 
and propagate in both types of processes. In fact, as recently shown by 
Martins et al. (2014), the fracture forming limits of sheet forming are 
due to crack opening by tension (mode I of fracture mechanics) or by 
in-plane shearing (mode II), whereas the fracture forming limits of bulk 
forming are due to crack opening by tension (mode I) or by out-of-plane 
shearing (i.e., through-thickness, mode III). 

The space of effective strain vs. stress triaxiality ε = f(η) that was 
introduced by Hancock and Mackenzie (1976) is an alternative graph
ical environment for plotting the loading paths and material formability 
limits. It has two main advantages over principal strain space that justify 
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its preferential use in the analysis of failure in bulk forming. Firstly, it 
can represent various loading paths instead of being limited to plane 
stress loading conditions. Secondly, it provides a better link with the 
states of stress acting in the parts due to the use of stress triaxiality η =

σm/σ, where σm is the hydrostatic stress and σ is the effective stress. 
In the past two decades there has been an effort to add a third axis to 

the space of effective strain vs. stress triaxiality in order to include the 
dependency on the Lode’s (1926) stress parameter μ = (σ2 − σc)/ τmax, 
where σc = (σ1 + σ3) /2, τmax = (σ1 − σ3) /2 and σ1, σ2, σ3 are the major, 
intermediate and minor principal stresses. However, the scope of 
application of this extended space ε = f(η, μ) is limited because 
three-dimensional states of stress in bulk forming are generally associ
ated with high negative stress triaxiality values under which fracture 
seldom occurs. In fact, because the formability test specimens that are 
commonly used to calibrate damage or fracture criteria in bulk forming 
generally fail by cracking under plane stress conditions, due to the ne
cessity of having visible free surfaces to perform surface strain analysis, 
the associated Lode parameters can be easily expressed through a direct 
dependency on stress triaxiality (Bai and Wierzbicki, 2008). This means 
that calibration of critical damage or fracture criteria in bulk forming is 
currently done without an explicit dependency on the Lode parameter. 

Still, the implicit presence of the Lode parameter in damage or 
fracture criteria must be emphasized due to its connection with shearing 
effects within the plastically deformed materials (Sampaio et al., 2022). 

A major disadvantage on the utilization of the stress triaxiality space 
ε = f(η) results from the difficulty of transforming complex loading 
paths from principal strain space into a graphical environment built 
upon effective strain and stress triaxiality values. In fact, while most 
strain loading paths of sheet formability test specimens can be assumed 
as linear proportional, the same does not apply for the bulk formability 
test specimens, even though the assumption is often used by some re
searchers. This is because stress triaxiality η is pointwise dependent on 
the inverse slope of the strain loading path β = dε2/dε1, as follows 
(Martins et al., 2014), 

η= σm

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + 2r

√
(1 + β)

3
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 2r
1+r β + β2

√ (1) 

The above equation applies to plane stress conditions along the free 
surfaces of the test specimens and r is the normal anisotropy according 
to Hill’s (1948) yield criterion. 

Fig. 1 illustrates the differences obtained when transforming a gen
eral strain loading path from principal strain space into the effective 
strain vs. stress triaxiality space under the assumption of linear (Fig. 1b 
and c) or non-linear (Fig. 1d and e) evolutions. 

Determination of the in-plane strain evolutions (Fig. 1a) by circle 
grid analysis (CGA) implicates multiple measurements of the imprinted 
surface circles at pre-defined amounts of deformation. This is time- 
consuming and error prone and is nowadays replaced by digital image 
correlation (DIC), which is an optical photogrammetry technique that 
tracks the changes of an applied surface pattern by analyzing the images 
of the specimens during deformation (Peters and Ranson, 1982). 

DIC is now established as the preferred technique to determine the 
formability limits by necking and fracture in sheet forming but its use in 
bulk forming is more recent and dates from only five years ago 
(Magrinho et al., 2018). In the case of bulk metal forming, and taking 
into consideration that the force-time evolution F(t) in Fig. 1a is ob
tained from the load cell and the in-plane strain-time evolutions ε1(t),
ε2(t) are obtained from DIC, the strain loading paths ε1 = f(ε2) of 
Fig. 1b,d are constructed by combining the in-plane strain vs. time 
evolutions and removing the time dependency. The instant of fracture 
corresponds to the time tf at which a sudden drop in force is observed. 

So, in the case of assuming a linear evolution between the initial and 
final in-plane strain values (i.e., β = dε2/dε1 ≈ ε2f/ε1f ), the trans
formation of the experimental strain loading path from principal strain 
space into effective strain vs. stress triaxiality space is that shown in 
Fig. 1b and c. But, in the case of considering the non-linear evolution, 
transformation must account for the instantaneous slopes θ = f(β) along 
the strain loading paths, 

β=
dε2

dε1
=

1
tan θ

(2) 

This is illustrated in Fig. 1d and e and is a much more accurate way to 
obtain the experimental evolution of stress triaxiality in the case of non- 
linear strain loading paths. The procedure was recently employed by the 
authors (Silva et al., 2023) to determine the stress triaxiality values at 
fracture. 

Under these circumstances, this paper has a twofold objective. 
Firstly, to introduce new measures of stress triaxiality that account for 
the differences in the accumulation of damage between different stress 
states. Secondly, to present a software for processing raw experimental 
data from the load cell and DIC system to determine the instant of time at 
fracture tf , the loading paths in principal strain space ε1 = f(ε2), and 
their conversion into the space of effective strain vs. stress triaxiality ε =

f(η) for arbitrary, non-linear, loading paths. 
Results confirm the applicability of the software for handling and 

treating experimental data for scientific research purposes, and for 
educating and training students and technicians in different topics of 
material formability. 

Fig. 1. Methodology for plotting the experimental results obtained from (a) force vs. time and in-plane strain vs. time evolutions in (b, d) principal strain space and 
(c, e) in the effective strain vs. stress triaxiality space assuming (b, c) linear and (d, e) non-linear loading paths. 
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2. Strategies for the evaluation of stress triaxiality 

The problem of evaluating the forming limits of complex, non-linear, 
loading paths has been around for almost as long as there have been 
studies on the formability of sheet materials for automotive stamped 
parts (Ishigaki, 1978). In fact, although finite element digital twins can 
nowadays be used to calibrate damage and fracture criteria, the problem 
persists when experimental procedures are solely used to determine the 
material formability limits. 

In general terms, one may claim that the conjugate pairs (ηf , εf ) of 
stress triaxiality and effective strain at fracture are sufficient to calibrate 
the fracture forming limits when loading paths are linear up to fracture. 
This is shown in Fig. 2a where arbitrary linear paths up to fracture are 
utilized to obtain the fracture forming limit with a critical damage Dcrit 
(refer to the dark green curve). 

Additional conjugate pairs (ηi, εi) are needed in the case of non-linear 
loading paths because damage accumulates at different rates for 
different stress states. This is illustrated in Fig. 2b, in which a compar
ison between the use of instantaneous ηi and weighted average η stress 
triaxiality measures is provided. The latter is based on the numerical 
work of Suntaxi et al. (2021) in single point incremental forming of 
tubes, and is now defined for the piecewise treatment of experimental 
non-linear loading paths, as follows, 

η=

∑N

i=0
(ηiΔεi)

ε (3) 

In the above equation, N is the total number of measurements per
formed by the DIC system, Δεi is the increment of effective strain be
tween measurements and ε is the total effective strain calculated from 
the in-plane strain values (ε1, ε2) obtained from the DIC system. For this 
reason, the effective strain at fracture εf is independent from the 
instantaneous ηf and weighted average ηf stress triaxiality values at 
fracture. 

The use of η is preferred to ηi because it accounts for the more sig

nificant stress states during plastic deformation. In mathematical terms, 
equation (3) can be seen as a weak form of equation (1) in which the 
instantaneous values of stress triaxiality ηi resulting from every experi
mental measurement i are accounted only in an average sense over the 
entire loading path. For this reason, η is likely to provide a closer link 
with the physics of damage accumulation and, therefore, a better 
compatibility between the effective strain at fracture εf and the fracture 
forming limit, depicted as the dark green curve corresponding to a 
critical value of damage Dcrit (Fig. 2b). 

Under these circumstances the dark green dashed curve in Fig. 2b 
may be seen as an ill-calibrated fracture forming limit due to the use of 
instantaneous values of stress triaxiality ηi. 

Fig. 2c refers to the weighted average stress triaxiality at which 
damage accumulates 〈η〉. This alternative stress triaxiality measure is 
determined by neglecting data in which instantaneous stress triaxiality 
values ηi are below a threshold ηasym, corresponding to the vertical 
asymptote of the ductile fracture criteria for which damage is not 
accumulated, 

〈η〉=

∑N

i=0

(
ηiΔεi

〈ηi − ηasym〉
ηi − ηasym

)

ε (4) 

In the above expression, 〈 〉 are Macaulay brackets and 〈η〉 is the 
weighted average stress triaxiality at which damage accumulates (i.e., 
whenever ηi > ηasym). 

The utilization of equation (4) requires the definition of a new type of 
conjugate pair (〈η〉, 〈ε〉) to plot the loading path up to the fracture limit 
(refer to the orange curve in Fig. 2c), in which 〈ε〉 refers to the amount of 
effective strain where damage accumulates, 

〈ε〉=
∑N

i=0

(

Δεi
〈ηi − ηasym〉
ηi − ηasym

)

= ε − εneg (5) 

In the above equation, the symbol εneg corresponds to the amount of 
effective strain resulting from plastic deformation at high negative 
triaxiality stress states, in which there is no accumulation of damage. 
This is illustrated by the differences in the effective strain values of the 
blue and purple curves of Fig. 2c. 

Under these circumstances, the vertical axis in Fig. 2c contains both 
the total effective strain ε values (i.e., the values used to plot the blue 
curve) and the effective strain values at which damage accumulates 〈ε〉 
(refer to the orange curve). The dark green dashed curve in Fig. 2c is 
once again a graphical representation of an ill-calibrated fracture limit 
resulting from the use of wrong conjugate pairs of stress triaxiality and 
effective strain at fracture. 

3. Methods and procedures 

3.1. Experimental and numerical analysis 

The methodologies for transforming the strain loading paths from 
principal strain space into the effective strain vs. stress triaxiality space 
based on the concepts of weighted average stress triaxiality η and 

Fig. 2. Calibration of the fracture forming limit by means of (a) linear loading paths and (b) non-linear loading paths built upon instantaneous (blue curve) or 
weighted average (orange curve) stress triaxiality measures. The influence of high negative stress triaxiality values (blue curve) is shown in (c). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 3. Flow curve of the AA6082-T6 aluminum alloy.  
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weighted average stress triaxiality at which damage accumulates 〈η〉 
were validated by means of experimental data on double-action radial 
extrusion retrieved from a previous publication of the authors (Sampaio 
et al., 2023a). 

The experiments were performed on a medium-strength aluminum- 
magnesium-silicon alloy AA6082 in the solution heat-treated (T6) state 
and the flow curve of the material at ambient temperature was deter
mined by means of compressions tests carried out on cylindrical test 
specimens with a 20 mm diameter and a 20 mm height (Fig. 3). 

Fig. 4 provides a schematic illustration of the experimental setup 
utilized in the double-action radial extrusion experiments. The evolution 
of the extrusion force with time F(t) was taken from a load cell installed 
in the hydraulic testing machine (Instron SATEC 1200 kN) where the 
experiments were performed, and the evolution of the in-plane principal 
strains with time (ε1, ε2) = f(t) on the outer surface of the test specimens 
was obtained from a DIC system (model Q-400 3D from Dantec 
Dynamics). 

The DIC system was equipped with two 6-megapixels resolution 
cameras with 50.2 focal lenses and f/8 aperture at an angle of 40–60◦

and the measuring regions of the specimens were painted in white and 
subsequently sprayed with a black speckle pattern. An acquisition fre
quency (shutter frequency) of 10Hz was used. 

After getting the experimental force-time evolutions F(t) from the 
load cell and the in-plane strain-time evolutions (ε1, ε2) = f(t) from the 
DIC system, the instant of fracture tf , the strain loading paths in principal 
strain space ε1 = f(ε2), and their transformation into effective strain vs. 
stress triaxiality space ε = f(η), were determined by using a software 
built upon the previously described stress triaxiality measures. The next 
section provides details of the software from a developer and user’s 
perspective. 

3.2. Software development, user flow, and interface 

The software was developed using the.NET MAUI (Microsoft, 2023) 
cross-platform framework with the programming languages C# for the 
functional elements and XAML for the user interface (UI). 

Fig. 5 presents a simplified version of the user flow where the 
numbers inside brackets refer to the equations included in the paper. 
The utilization of weighted average stress triaxiality measures η and 
weighted average stress triaxiality measures at which damage accu
mulates 〈η〉 to convert the loading paths from principal strain space to 
effective strain vs. stress triaxiality space involves numerical imple
mentation of equations (1)–(5). 

The software user flow of Fig. 5 requires implementation of the 
pseudo code shown below, in which appropriate reference to the 
equations previously introduced are included in brackets. 

Fig. 6 provides screenshots of the two software user interfaces: (i) the 
‘Analyzer’ and (ii) the ‘Calibrator’ for an example consisting of a rod 

tension test. The ‘Analyzer’ interface (Fig. 6a) allows uploading the files 
containing raw experimental data from the load cell containing the 
force–time evolutions and from the DIC system containing the 
strain–time evolutions to determine the instants of necking and fracture 
(if, existent) and the corresponding loading paths in principal strain 
space and in the effective strain vs. stress triaxiality space. As seen, the 
strain loading path in principal strain space is close to the theoretical 
estimate in pure tension (β = − 1/2) and the transformation into the 
strain vs. stress triaxiality space replicates the theoretical value of η =

1/3 more closely in the case of using weighted average stress triaxiality 
measures η instead of instantaneous ones. 

Conversion of the experimental in-plane strain-time evolutions 
(ε1, ε2) = f(t) obtained from DIC into principal strain space is carried out 
in two different stages. Firstly, the raw experimental data is filtered to 
eliminate noise by means of a symmetric moving average filter (Smith, 
2003), 

yi =
1

2M + 1

(
∑M

j=1
xi− j + xi +

∑M

j=1
xi+j

)

(6)  

where 2M + 1 is the number of data points used in the average (i.e., the 
window size), x is the input raw data and y is the output filtered data. 

Secondly, the step interval nslope selected by the user is employed to 
calculate the inverse slope β = dε2/dε1 of the strain loading path (Fig. 7) 
that will be used in the conversion into the space of effective strain vs. 
stress triaxiality by means of equation (1), 

β=
1

tan θ
=

dε2

dε1
≈

Δε2

Δε1
=
(ε2)i − (ε2)i− nslope

(ε1)i − (ε1)i− nslope

(7) 

So, in the case of nslope = N the strain loading paths are treated as 
linear, whereas in the case of nslope < N the changes in β are accounted to 
match the non-linear characteristics of the loading paths. 

Other features provided by the ‘Analyzer’ comprise the possibility of 
tuning the inverse slope of the strain loading path β = dε2/dε1 at the 
instant of fracture, and of allowing the first nslope points being propor
tional or non-proportional, in which case the slope is calculated with 
reference to the origin at every step up to nslope. 

The ‘Calibrator’ interface (Fig. 6b) makes use of the effective strain 
vs. stress triaxiality space and of the loading paths calculated by the 
‘Analyzer’ to calibrate multiple ductile fracture criteria such as: 
normalized Cockcroft-Latham (after Cockcroft and Latham, 1968; due to 
Oh et al., 1979), McClintock (after McClintock, 1968, due to Ayada 
et al., 1987), maximum shear (Martins et al., 2014), Rice and Tracey 
(1969), Oyane (1972), Tai and Yang (1987), Lou et al. (2012), Isik 
(2018), and Sampaio et al. (2023b). 

Once a criterion is selected, its main parameters such as, for example, 
the critical damage Dcrit at crack opening, can be supplied to adjust the 

Fig. 4. Schematic representation of the experimental setup utilized in the double-action radial extrusion test with a detail of the DIC measuring conditions.  
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fracture forming limit to the loading paths up to fracture provided by the 
‘Analyzer’. For this purpose, the forming limits of the different fracture 
criteria are written as a function of the three following functions related 
to the accumulation of ductile damage by tension (7), in-plane shear (8), 
and out-of-plane shear (9). 

ε=Dcrit

η (7)  

Pseudo code of the software.  
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ε= Dcrit

τ12/σ (8)  

ε= Dcrit

τti/σ,with i = 1, 2 (9) 

In the above equations τ12 is the in-plane shear stress and τti is the 
maximum out-of-plane (or through-thickness) shear stress. 

The normalized Cockcroft-Latham ductile fracture criterion, for 
example, can be written in terms of the through-thickness shear stress 

(Martins et al., 2014), as follows, 

DNCL
crit =

∫εf

0

σ1

σ dε =

∫εf

0

2
τti

σ dε (10) 

Now, considering equations (9) and (10), the forming limit curve 
corresponding to this criterion can be written as a function of the stress 
triaxiality η, inverse slope of the strain loading path β, and anisotropy 
factor r (refer to Appendix A). The pseudo code for implementation of 

Fig. 5. The software user flow with the equation numbers in brackets.  
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the normalized Cockcroft-Latham ductile fracture criterion is given 
below, in which appropriate reference to the previous equations are 
included in brackets:  

Fig. 6. Screenshots of the (a) analyzer and (b) calibrator user interfaces for a rod tension test.  
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Pseudo code for implementation of the normalized Cockcroft-Latham ductile 
fracture criterion. 

The ‘Calibrator’ interface allows determining the fracture forming 
limit curves corresponding to different ductile fracture criteria directly 

from the raw experimental data of the non-linear strain loading paths. 
This minimizes the risk of getting wrong results due to variations in the 
accumulation of damage for different stress states and can be seen as an 
alternative to the use of inverse calibration procedures based on finite 
element digital twins (Sun et al., 2022). 

4. Results and discussion 

4.1. Loading paths 

Fig. 8a shows the experimental force-time evolution F(t) obtained 
from the load cell and the in-plane strain-time evolutions (ε1, ε2) = f(t)
obtained from the DIC system for the double-action radial extrusion 
tests, as supplied to the ‘Analyzer’ interface by the authors. The time at 
the instant of fracture tf was automatically determined by the software 
by searching for a sudden drop in the force-time evolution F(t). 

Combination of the in-plane strain-time evolutions (ε1, ε2) = f(t) to 
obtain the strain loading paths in principal strain space ε1 = f(ε2) was 

Fig. 7. Selecting a step interval nslope (a) equal to and (b) smaller than the total 
number of experimental points N for calculating the inverse slope of the strain 
loading path β = dε2/dε1. 

Fig. 8. Utilization of the software to (a) analyze raw experimental data from the load cell and DIC and determine the instant of fracture, (b) obtain the strain loading 
path in principal strain space and transform results into (c) the effective strain vs. stress triaxiality space under different assumptions and stress triaxiality measures. 

Fig. 9. Photograph of a test specimen at fracture with SEM image of the cracked surfaces.  
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also automatically performed by the software. The result is shown in 
Fig. 8b and allows concluding about the non-linear characteristics of the 
strain loading path due to the existence of two different forming stages: 
(i) upsetting and (ii) radial extrusion. 

In the earliest stage, material is upset to fill out the containers and to 
be progressively deformed into the free gap heigh between the con
tainers. This leads to a sharp increase in the required force (Fig. 8a) and 
to an initial shear strain loading path at the outer surface of the speci
mens (Fig. 8b). In the radial extrusion stage, the strain loading path is 
progressively bent into pure tension (Fig. 8b), as the flange starts to 
emerge through the free gap height. The required force continues to 
grow but at a lower rate, as shown in Fig. 8a. 

The last calculation of the ‘Analyzer’ interface consists of the trans
formation of the strain loading path into the effective strain vs. stress 
triaxiality space ε = f(η) through the utilization of different assumptions 

and stress triaxiality measures. The result is shown in Fig. 8c, where the 
material fracture forming limit corresponding to the critical damage Dcrit 
is given by the dark green curve that had been previously determined by 
the authors (Sampaio et al., 2023a). 

As seen, the assumption of a linear strain loading path (refer to the 
orange line) from beginning to the onset of cracking (ε1f , ε2f ) provide a 
conjugate pair (ηf , εf ) of stress triaxiality and effective strain at fracture 
in close agreement with the fracture forming limit. Full characterization 
of the non-linear strain loading path requires accountability of the 
multiple in-plane strains (ε1i, ε2i) up to fracture and conversion into the 
effective strain vs. stress triaxiality space ε = f(η) by means of an 
adequate stress triaxiality measure. In fact, while the utilization of 
instantaneous ηi stress triaxiality leads to a conjugate pair at fracture 
that is positioned significantly away from the fracture forming limit, the 
utilization of weighted average stress triaxiality η and weighted average 

Fig. 10. Variation of the fracture forming limits by changing the values of the main parameters of three different ductile fracture criteria: (a) Lou et al. (2012), (b) 
Isik (2018) and (c) Sampaio et al. (2023b). 
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stress triaxiality at which damage accumulates 〈η〉, provides conjugate 
pairs at fracture that are on top of the fracture forming limit (Fig. 8c). 

The reason why 〈η〉 ≅ η is because the fracture strains associated 
with the two aforementioned stress triaxiality measures are similar 〈ε〉 
≅ ε due to the inexistence of negative stress states at the outer flange 
surface during double-action radial extrusion. 

The differences between the experimental loading paths obtained 
from the utilization of instantaneous ηi and weighted average η stress 
triaxiality measures are compatible with those obtained by Suntaxi et al. 
(2021) for the finite element modelling of tube expansion by single point 
incremental forming. The inexistence of negative stress states at the 
outer flange surface during double-action radial extrusion explain the 
reason why η = 〈η〉. 

The loading path corresponding to pure tension is included in Fig. 8c 
(refer to the light green line), and the difference to the other paths is 
attributed to the fact that the outer flange does not experience plastic 
deformation under pure tension. 

The conjugate pair (ηf , εf ) at fracture, calculated from weighted 
average stress triaxiality η values, is located slightly to the left of pure 
tension η = 1/3. This result is consistent with the fact that cracks do not 
run radially, as expected in a pure tension state of stress (Fig. 9). In fact, 
the morphology of the cracked surfaces obtained from scanning electron 
microscopy (SEM) discloses a mixed opening mode characterized by 
some patches of globular dimple structures (typical of mode I) among 
smooth parabolic dimple-based structures (typical of mode III). 

4.2. Calibration, education, and training 

The previous section analyzed how different assumptions and stress 
triaxiality measures influence the transformation of the strain loading 
paths up to fracture into the effective strain vs. stress triaxiality space 
ε = f(η). Once these loading paths are available for a wide range of stress 
states, they can all be uploaded in the ‘Calibrator’ interface (Fig. 5) to 
calibrate the different ductile fracture criteria available in the software. 
This is done by changing the different parameters of the ductile fracture 
criteria so that the fracture forming limits match the conjugate pairs 
(ηf , εf ) of the different stress triaxiality and effective strain values at 
fracture. 

Fig. 10 illustrates how the fracture forming limit corresponding to 
three different ductile fracture criteria can be handled and analyzed in 
the effective strain vs. stress triaxiality space ε = f(η) by changing the 
values of its main parameters. 

The examples included in Fig. 10 illustrate the application of the 
software for educational purposes due to the easiness of plotting specific 
fracture criteria and analyzing the sensitivity to their main parameters in 
the effective strain vs. stress triaxiality space ε = f(η). The modular 
construction of the ‘Calibrator’ interface also allows to include other 

criteria than those originally available in the software. 
The interface also helps understand how each parameter relates to 

the shearing and tension effects that govern void growth mechanisms, 
and how they affect the overall profile of the fracture forming limits. For 
all these reasons, it can be considered an effective tool for both research 
and education in material formability. 

5. Conclusions 

Accountability of stress triaxiality by means of new measures that 
consider the differences in the accumulation of damage between 
different stress states proved to be more effective and compatible with 
the fracture forming limits and the morphology of fracture surfaces than 
instantaneous stress triaxiality. 

Utilization of the different stress triaxiality measures for processing 
and combining raw experimental data from load cells and DIC systems 
led to the development of a software that automatically converts arbi
trary non-linear loading paths from principal strain space into the 
effective strain vs. stress triaxiality space. 

Results for double-action radial extrusion tests confirm the applica
bility of the software for handling and treating experimental data for 
both scientific and educational purposes. The calibration features of the 
software allow its broader use for helping students to diminish the gap 
between ductile fracture criteria, the experimental calibration of the 
fracture forming limits and their use in practical metal forming 
applications. 
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Appendix A 

To plot fracture criteria in the space of stress triaxiality vs. effective strain one needs to write the weighting functions as functions of stress 
triaxiality. However, it was demonstrated by Sampaio et al. (2022) that the slope of the loading path β can also be written as a function of stress 
triaxiality. If a similar approach is taken into consideration, but now accounting for anisotropy, the resulting expression is the following, 

β=
− 2
(

9η2r
(1+r) − (1 + 2r)

)
− 6η

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(

9η2

(1+r)2 −
2

(1+r)

)
(1 + 2r)

√

2(9η2 − (1 + 2r))
(A.1)  

where r is the anisotropy factor according to Hill’s (1948) yield criterion. 
This means that one can write the weighting functions for the various fracture criteria as functions of both η and β (and, of course r, if anisotropy is 
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considered). 
From Martins et al. (2014) one can write the following expression for the normalized major principal stress component σ1/σ based on stress 

triaxiality η and slope of the loading path β, 

σ1

σ =
3[(1 + r) + rβ]
(1 + 2r)(1 + β)

η (A.2)  

From Sampaio et al. (2023b), the normalized maximum shear stress may be written as follows, 

τmax

σ =

⎧
⎪⎪⎨

⎪⎪⎩

τ12

σ , −
1
3
≤ η <

1
3

τti

σ , η < −
1
3
∨ η ≥

1
3

(A.3)  

where τ12/σ is the normalized in-plane shear stress and τti/σ is the normalized through-thickness (or out-of-plane) shear stress. 
From Martins et al. (2014), one can write both as, 

τti

σ =
1
2

σ1

σ =
3
2

[(1 + r) + rβ]
(1 + 2r)(1 + β)

η (A.4)  

τ12

σ =
1 − α

2
σ1

σ (A.5)  

where α is the ratio between the intermediate and major principal stress components, 

α=
σ2

σ1
=
(1 + r)β + r
(1 + r) + rβ

(A.6)  

Equations (A.2) and (A.6) can finally be combined to write the normalized in-plane shear stress as a function of the stress triaxiality η, the slope of the 
strain loading path β and the anisotropy factor r, as follows, 

τ12

σ =
3
2

(1 − β)
(1 + 2r)(1 + β)

η (A.7)  
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