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In the context of the 2HDM, and assuming that neutrinos acquire masses via the Weinberg operator, we
perform a systematic analysis to determine the minimal quark and lepton flavor patterns, compatible with
masses, mixing and CP violation data, realizable by Abelian symmetries. We determine four minimal
models for quarks, where the number of independent parameters matches the number of observables. For
the lepton sector, three minimal predictive models are identified. Namely, we find scenarios with a
preference for the upper/lower octant of the 8,3 atmospheric mixing angle, that exhibit lower bounds on the
lightest neutrino masses currently probed by cosmology and testable at future neutrinoless double beta
decay experiments, even for a normally ordered neutrino masses. We investigate the phenomenology of
each model taking into account all relevant theoretical, electroweak precision observables, scalar sector
constraints, as well as stringent quark flavor processes such as B — Xy, B, — y~u™ and meson
oscillations, and the charged lepton flavor-violating decays e, — ey e;es and e, — ezy. We show that, in
some cases, Abelian flavor symmetries provide a natural framework to suppress flavor-changing neutral
couplings and lead to scenarios featuring heavy neutral/charged scalar masses below the TeV scale within

the reach of current experiments.
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I. INTRODUCTION

In the Standard Model (SM), quark mixing is encoded
in the unitary Cabibbo-Kobayashi-Maskawa (CKM)
matrix, appearing in weak charged-current (CC) inter-
actions [1,2]. This nontrivial flavor structure leads to the
only known source of charge-parity (CP) violation in

Nature, first observed in the neutral kaon system K° — K
in 1964 [3]. Nowadays, the CKM matrix parameters have
been determined with extreme precision providing a
fundamental test of the SM. Nonetheless, the SM does
not incorporate a guiding principle to explain the observed
fermion masses and mixing patterns—this is often
referred to as the flavor puzzle. Besides the flavor puzzle
in the quark sector, there is also an analogous one in
the lepton sector. In fact, the observation of neutrino
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oscillations [4,5] requires the existence of neutrino masses
and lepton mixing, thus providing evidence for physics
beyond the SM (BSM). The growing experimental neu-
trino program has shed light on the properties of neu-
trinos, with oscillation experiments measuring the
neutrino-mass squared differences and the mixing angles,
i.e., the parameters of the lepton mixing matrix,
also known as the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix, as well as the CP-violating Dirac
phase with increasing precision. Global fits to the data
provide current values of the neutrino observables,
some of which are known to an accuracy of less than
one percent [6—8]. However, some fundamental questions
about neutrinos remain unanswered. In particular, it
is still unknown whether neutrinos are Majorana or
Dirac particles, what their mass ordering and absolute
mass scale are and whether or not there is leptonic CP
violation. At the same time, the search for neutrinoless
double beta decay (Ovpp), which is sensitive to Majorana
CP violation, will be crucial for exploring the particle
nature of neutrinos (see [9—11] for recent contributions on
this topic). From a theoretical perspective, and inter-
preting the SM as an effective theory, it is natural to
consider that neutrinos are Majorana particles. In this
context, naturally small Majorana masses are generated
from the unique dimension-five Weinberg operator

Published by the American Physical Society
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vy oo/ A [12],' when the neutral Higgs doublet
component acquires a nonzero vacuum expectation value
(VEV) after electroweak symmetry breaking (EWSB).

A common approach to address the above mentioned
flavor puzzles is to extend the SM with additional particle
content and supplement the new framework with continu-
ous and/or discrete symmetries that impose the required
fermion mass and mixing structures to reproduce the
observed experimental data. Several frameworks have been
put forward to tackle this problem, and we wish to highlight
in this work one of the simplest approaches that relies on
implementation of texture zeros in the Yukawa coupling
and mass matrices [20-23], realized by horizontal Abelian
symmetries that can be discrete Z and/or continuous
U(1) [24-38]. However, within the SM, Abelian flavor
symmetries are not viable, as they would lead either to
massless fermions and/or vanishing mixing angles
[28,35,36] since all fermions would couple to the same
Higgs field. Consequently, one of the simplest extensions
of the SM that allows for the implementation of such
symmetries is the two-Higgs-doublet model (2HDM) [39].
In fact, Abelian symmetries have been previously
employed within the 2HDM to tackle separately the quark
flavor puzzle [40], as well as the lepton one in a variety of
neutrino mass generation schemes [28,35,36]. In these
2HDM scenarios, dangerous tree-level flavor-changing
neutral couplings (FCNCs) can appear. The latter are
naturally controlled in the so-called Branco-Grimus-
Lavoura (BGL) models [41-43], as a result of an exact
symmetry of the Lagrangian, which is then spontaneously
broken by the VEVs of the neutral Higgs doublet compo-
nents. Therefore, Abelian flavor symmetries can be a
natural framework to control the FCNCs, which are heavily
constrained experimentally by quark flavor processes such
as B — X,y, B, = u~u* and neutral meson oscillations,
among others. In the lepton sector the new heavy scalars
will mediate charged lepton flavor violation (cLFV), such
as u — ey and u — 3e processes, which are the object of an
ongoing experimental program with the aim to detect new
physics (NP) signals.

In this work, we consider minimal Abelian flavor
symmetries in the 2HDM. We take an agnostic approach
to neutrino mass generation by extending the renormaliz-
able Lagrangian by the effective Weinberg operator. The
horizontal Abelian symmetries are minimal in the sense
that the quark and lepton mass matrices are maximally
restricted containing the minimal number of independent
parameters required to reproduce the observed fermion
masses, mixing and CP violation data, while satisfying
relevant phenomenological constraints. The paper is

'"The ultraviolet completions of the SM that realise the
Weinberg operator at tree-level lead to the well-known seesaw
mechanisms [13-18], with a plethora of possibilities for the
radiative incarnations of the operator [19].

organised as follows. In Sec. II, we set up our framework
by presenting the quark and lepton Yukawa sector, as well
as the Weinberg operator for Majorana neutrino mass
generation within the 2HDM. We identify the most
restrictive flavor structures realised by Abelian flavor
symmetries in Sec. III, by performing a systematic search
of all possible quark and lepton mass matrix texture-zero
combinations compatible with data. We then analyze, in
Sec. IV, the lepton sector predictions for Dirac CP
violation, the atmospheric mixing angle, the lightest
neutrino mass and the effective Majorana neutrino mass
parameter relevant for Ovff decay. In Sec. V, we study the
phenomenological implications of the realizable cases,
taking into account theoretical, electroweak precision,
scalar sector, quark and lepton flavor constraints. Finally,
our concluding remarks are presented in Sec. VI. Details on
the scalar sector and scalar-fermion interactions in the
mass-eigenstate basis can be found in the Appendices.

II. YUKAWA SECTOR IN THE 2HDM
WITH MAJORANA NEUTRINOS

In the 2HDM, the SM is extended with a second Higgs
doublet, parametrized as

oo (%) amia

with ¢} and ¢? being the charged and neutral components
of the doublets, respectively. The Yukawa Lagrangian is

—Lyu = qr(Y{®, + Yi®D,)dg + g7 (Yi D, + Yid,)ug
+ (YD, + Y5@,)er + Hec., (2)

where ¢; are the left-handed (LH) quark doublets, dy and
up are the down- and up-type right-handed (RH) quark
singlets, respectively. The LH lepton doublets and the RH
charged-lepton singlets are #; and ep, respectively. As
usual, we define ®, = iz,®*, with 7, being the complex
Pauli matrix. As for Y{4, these are 3 x 3 general complex
Yukawa matrices for the down-type quarks, up-type quarks
and charged leptons, respectively. We consider neutrinos to
be Majorana particles with masses stemming from dimen-
sion-five Weinberg-like effective operators [12], which in
the 2HDM read

~ Lo = %(72&)’;)(&);&) +He, ab=12(3)
Summation over repeated indices is implicit, k,, are
3 x 3 symmetric dimensionless matrices in flavor space
(k12 = K1), and A is a suppression mass scale.

The EWSB is triggered when the neutral components of
the Higgs doublets acquire nonzero VEVs,
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0 v, e Here, m, , , and m,, . ; denote the physical down- and up-type
@) =" (4) SN - -
a V2 quark masses. The above unitary matrices are obtained by
diagonalizing the Hermitian matrices H,;,, = Md_uML’u and
where only the relative phase ¢ = P2 =118 physical. The H,, = MZ’,uMd,u as
down- and up-type quark mass matrices are

i ~ip V{IH,V{=V{H,Vé=D2, V{'H,Vi=ViH, V=D,
M, = EV{H 2V M=oYy (5)  f T e e R VR

V2 V2 V2 V2 (7)

which can be brought to the quark physical basis
via the unitary transformations d; z — VZ rdrr and
uL,R g VZ,RML.R’ such that

yielding the CKM quark mixing matrix V,

V= ViV, (8)

V™M, V§ = D, = diag(my, m,, m,), o . _
appearing in the weak CC interactions. We adopt the standard

ut u __ 1 N .
Vi'M, Vi =D, = diag(m,, m., m,). (6) parametrization [44]
|
q .4 q .q q ,—is
C12€13 S12€13 S13€
_ q .49 q 9 4 5 q q q 9 g 5 q .q
V= | —siyc5; — classsise C12€23 = S12523513¢€ $23C13 | )
q g q .9 a4 i q g q 9 a5 .4 .4
S12823 — C12€23513€ —Cip823 T S12623513€ €23€13
where 9?]- (i<j=1, 2, 3) are the three quark mixing angles with c?j = cos Ql-qj, s?j = sin Ql-qj, and 87 is the CKM

CP-violating phase.
For the lepton sector, the charged-lepton and effective neutrino mass matrices, generated upon EWSB, are given by

v vei® 1 /2 , viel2
M, = —lYf + 2 Y5, M (—lk‘n + vivre' 7Ky + 22 K22>’ (10)

N R, *Taal\2
which can be diagonalized through the rotations e; g — Uj re; g and v, — Uy, such that
U{'M, Uy, = D, = diag(m,,m,.m,), ~ UIM,U, = D, = diag(m,, m,, ms), (11)

where m, , . and m, 3 are the physical charged-lepton and effective neutrino masses, respectively. The charged-lepton
unitary rotations are obtained by diagonalizing the Hermitian matrices H, = MeMZ and H, = MZMe, while the neutrino
unitary rotation is obtained by diagonalizing H, = MjM,, as follows,

USH, U, = UYHLU, =D2, U/H,U, = D2 (12)
The above procedure results in the PMNS lepton mixing matrix U,
U=Ul'y,, (13)
appearing in the weak CC interactions. For Majorana neutrinos, it can be parametrized as [45]

3

¢t ¢t
C12C13 S12€13 513 1 0 0
_ ¢t ¢ £ L i ¢t £ £ LS ¢ L i 2L

U= | —s1y¢5; — cppsh3sise Cl2€o3 = §12523513€ $23€C13€ 0 e 0 ) (14)

¢ L ¢ 0 0 i ¢ £ A I N 4 i3t

S128523 — C12€p3513€ —C12823 T S12Cp3513¢€ €23€13¢€ 0 0 e
f _ f t’ _ . f . f . . . . . f . . .

where ¢j; = cos0; and sj; =sind;; with 0;; (i < j =1, 2, 3) being the lepton mixing angles, 6" is the leptonic Dirac

CP-violating phase and a,, 3; are Majorana phases.
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II1. MINIMAL 2HDMS FOR QUARKS AND
LEPTONS WITH U(1) ABELIAN SYMMETRIES

In general, the mass matrices M, M,, M,, M, are
completely arbitrary having more independent parameters
than the quark and lepton observables. Our aim is to reduce
this arbitrariness by making use of Abelian symmetries that
will impose restrictive flavor patterns and may lead to
predictions for fermion masses, mixing angles and/or
CP violation. To this end, we require the full Yukawa

|

Se = diag(e™, e'2),

S, = diag(e™1, e, er3),

with 0;, a;, p;, 7i» 6;, and €; being the continuous phases of a
U(1) flavor symmetry. As a consequence, the following
invariance conditions are imposed on the Yukawa matrices
Yi=S,YiS,(So)par  Yi=8,Y{Si(SE)sa
Y= SKYZSZ (Sjb)ba’ Kap = S;’Ccds;(sjp)m (SL)db,
(17)

where summation over repeated indices is implicit. The
above conditions can be written as

k= ei(ex“)fk(Y)é)jk7 (Kap) jx = e/ (Kap)jir (18)

S, = diag(e™, e'®, '),

S, = diag(e®, e, '),

Lagrangian (2) and the effective Weinberg operator (3) to
be invariant under the field transformations

D -S4, dr = Sydg,

er = S,er, (15)

qr — Squ7

Ug = S,ug, = S0,

where @ = (®,®,)” and the S, 4, diagonal unitary
matrices are given by [40]:

S, = diag(e, €2, e'F3),
S, = diag(ee1, e, ei3), (16)

[
where j, k = 1, 2, 3 are flavor indices, x = d, u, e and

(Gg)ij:ﬂj—ai‘Fem

(©2);;=€;—0i+0,,

(®Z)ij:7j_ai_6av

(©));j=0i+0;+0,+0,. (19)

Equation (18) defines U(1) phase relations which determine
the presence or absence of zero entries in the Yukawa and
mass matrices, defined in Eqgs. (2) and (5) for quarks and
Egs. (2), (3), and (10) for leptons. Namely,

(M,);; =0 (©),#0 (mod2z) A (€%),#0 (mod2x),
(M,);; #0 < (0});; =0 (mod2z) Vv (©3);; =0 (mod2x),
(M,);; =0« (0]
(M,);; #0 & (6]

Instead of working with U(1) continuous phases, we
choose a specific realization with integer charges ¢} with
X=a, p,7,6,e X=0)and j=1,2,3 (j=1, 2) for
fermion (scalar) fields. In this way, the continuous phase X ;
can be expressed as X; = gy( with {€[0,2z[. The
particular case of { =2x/N, where N = 2,3,..., corre-
sponds to a discrete Zy symmetry. The conditions (20) can
be translated into equivalent ones among the charges g% in
a straightforward way.

To determine if a given set of mass matrices
(My;,M,,M,,M,) are compatible with quark, charged-
lepton, and neutrino data within the 2HDM framework [see
Egs. (5) and (10)], we make use of a standard y?-analysis,
with the function

©7,); =0 (mod2rz) vV (8%,);; =0 (mod2rx)V (%), =0 (mod2x). (20)

[

2 = Y P —OF @)

where x denotes the input parameters, i.e., the matrix
elements of M,;, M,, M,, and M,; P;(x) is the model
prediction for a given observable with best-fit value O;, and
o; denotes its 1o experimental uncertainty. In our search for
viable sets (My,M,,M,,M,), we use the current data
reported in Table I and require that the y-function is
minimized with respect to ten observables in the quark
sector: the six quark masses m, ; , and m,, . ,, as well as the
CKM parameters—the three mixing angles 67, »; |5 and the
CP-violating phase 67; and nine observables in the lepton
sector: three charged-lepton masses m, , ., the two neutrino
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mass-squared differences Am3,, Am3,, and the PMNS
parameters—the three mixing angles 67,,;; and the
Dirac CP-violating phase &°. Note that, for the neutrino
oscillation parameters, y*(x) is computed using the one-
dimensional profiles y*(sin*6@7;) and y*(Amf;), and the
two-dimensional (2D) distribution y?(57, sin® 65;) for &
|

and 053 given in Ref. [6]. In our analysis, we consider a set
of mass matrices (M,, M,,, M,, M,)) to be compatible with
data if the observables in Table I fall within the 1o range at
the y2-function minimum.

A given matrix set (M, M,,, M,, M,) is unique up to the
following weak-basis permutations:

M, - PgMde, M, - PgMuPu, M, - PIM,P,, M, - PIM,P,, (22)
where P are the 3 x 3 permutation matrices:
1 00 010 0 0 1
I=10 1 0], Po,=1[1 0 0], P;=(0 1 0],
0 0 1 0 0 1 1 00
1 0 0 0 0 1 01 0
Py=10 0 1]/, Pys=1[1 0 0], P,y =10 0 1 (23)
01 0 01 0 1 00

TABLE I. Top: current quark data: masses, mixing angles and
Dirac CP phase [44]. Bottom: current lepton data: charged-lepton
masses [44], neutrino mass-squared differences, mixing angles
and Dirac CP phase, obtained from the global fit of neutrino
oscillation data of Ref. [6] (see also Refs. [7] and [8]).

Parameter Best fit 1o
my(xMeV) 467508
mg(xMeV) 93.47%¢
m, (xGeV) 4185003
m, (xMeV) 2.16193¢
m.(xGeV) 1.27 £0.02
m,(xGeV) 172.69 £ 0.30
01,(°) 13.04 £0.05
0%,(°) 2.38 +0.06
6‘1’3(°) 0.201 £0.011
51(°) 68.75 £ 4.5
Parameter Best fit + 1o
m,(xkeV) 510.99895000 + 0.00000015
mﬂ(xMeV) 105.6583755 £ 0.0000023
m.(xGeV) 1.77686 £ 0.00012

Am3,(x1075 eV?)
|Am3, |(x1072 eV?)[NO]
|Am2,|(x1073 eV2)[10]

7.50j§%§
+0.
2451083

0%,(°) 343+1.0
6%,(°)[NOJ 49.26 +0.79
0%, (°)[10] 49.461057
075(°)[NO] 8.531015
05(°)[10] 8.5801;
& (°)[NOJ 19473
& (°)[10] 284138

Note that these permutations do not affect the mass matrix
diagonalization procedure outlined in Sec. II for extracting
the mass, mixing and CP-violating observables. Thus, our
search for compatible matrix sets is simplified, since only
the physically equivalent sets, the so-called equivalence
classes [20,21,28,35,36], need to be considered.

We will identify the minimal quark and lepton models
featuring Abelian symmetries that impose the maximally-
restrictive flavor patterns in the set of mass matrices
(M, M,,M,,M,). By maximally restrictive we mean
that the maximal number of vanishing entries in the mass
matrices is imposed in such a way that the resulting flavor
patterns are compatible with the current quark and lepton
data given in Table I. We employ the methodology
described in Refs. [22,35,36], namely, we use the canonical
method [40,46] to identify the realizable flavor patterns for
the set (My,M,,M,,M,) and the corresponding field
transformation charges by making use of Eq. (20), followed
by the Smith normal form method [47,48] that ascertains
the minimal Abelian group under which the flavor patterns
are symmetric. In our framework, the minimal Abelian
group that establishes the patterns corresponds to a single
global U(1) (which can be discretized as commented
below). In Table II, we show the U(1) Abelian charges
that realize the minimal quark and lepton flavor patterns
presented in Table III. Next we briefly comment on the
results.

(i) Minimal flavor patterns for quarks: The maximally
restrictive textures in general quark mass matrices
were derived in Ref. [21] with a less constraining
definition of compatibility. Therefore, it suffices to
examine whether such matrices can be realised by
Abelian flavor symmetries, being simultaneously

035027-5
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TABLE II. Maximally restrictive quark matrix pairs (M;,M,,)
and lepton matrix pairs (M,,M,) for both NO and IO, compatible
with data at 16 CL (see Table I) and realizable by Abelian flavor
symmetries. The U(1) flavor charges q-g( with X = a, B, 7, 6, € and
j =1, 2, 3 for the various fermion fields are shown. In all cases
gh =0 and ¢ = 1, except for (5¢,24) where g5 = 2.

M, M,
(44, P1551Py3) 0, 1,2 2, 1,0 (3, 2,0
(49, P15351Pyy) ©, 1, 2) @, 1,0) 3.0, 1)
(54, P1,4%) (0,-1,1) (1,-2.0) 2. 1,0
(5, P3 44Py3) (0,-1,1) (1,-2,0) (=1,1,0)
(Me’My) C]{; qé

(59.25) (=1,-3.1) (1,-5.-1)
(5.2%) (-1,-2,0) (0,-3,-1)
(51, 21o) (0,-1,1) (1,-2,0)

compatible with data, according to the definition
provided in this paper. This procedure led to
four models, denoted in the notation of Ref. [21]
as  Go: (49, P1554Py), Gyt (44, P1354Pyy),
GZO: (5?,1’124?) and G23: (5‘{,P32]4§P23), where
to distinguish between cases we explicitly show the
permutation matrices P [see Eq. (23)]. The results
are shown in more detail in Table II for the U(1)
flavor charges and in Table III for the matrix
structures. It is worth noting that the maximally
restrictive (M,, M,) pairs contain a total of ten
independent parameters that match the number of
observables. Additionally, in all cases, the minimal
set of discrete charges corresponds to a Z, symmetry
(see Ref. [40]).

(i) Minimal flavor patterns for leptons: To identify the
realizable maximally-restrictive matrix pairs (M,,
M,), we examine the equivalence classes with the
highest number of zeros derived in Ref. [20]. We
then check whether they can be realized by Abelian
symmetries and whether they are compatible with
the current lepton data given in Table I. If none of the
equivalence classes under consideration passes this
test, we add a nonzero entry to the mass matrix pairs
and repeat the process until compatibility is
achieved. This methodology, which is similar to
that of previous works [22,35,36], led to three
different models. The U(1) flavor charges for each
model are shown in Table II, while their respective
matrix structures can be found in Table III. As it
turns out, (M,, M,) contain only ten parameters,
two less than the number of lepton observables.
These observables are those listed in Table I, to-
gether with the lightest neutrino mass mjgpeq and
two Majorana phases ;3. Consequently, these

symmetry-constrained models provide predictions
for the neutrino sector. Moreover, the minimal set of
discrete charges in all three cases corresponds to a
Z5 symmetry.
We conclude this section by remarking that the minimal
flavor models found compatible with data, four for quarks
and three for leptons, will result in a total of twelve
combined models. In what follows, we will investigate
in Sec. IV the predictions for the neutrino sector and
thoroughly study the phenomenological properties of these
models in Sec. V.

IV. LEPTON SECTOR PREDICTIONS

In the previous section, we have identified which of the
maximally-restrictive texture sets for the lepton sector can
be realised through Abelian symmetries in the 2HDM
context. For the three identified cases, namely (5¢,2%),
(5§.24), and (5%,2%,), shown in Table III, the charged-
lepton mass matrix has the same texture structure 5¢, which
can be parametrized as

0 0 a 2 2
e. 2 mezmes
55:M,=10 a3 0 [, ay = I
a
ar 0 ay
2 2 2 2
) 2 (az B mez)(me3 - a2>
as = mg,, a; = 5 ;
a;
m,, < a, <m,, (24)

where a; can always be made real by phase field redefi-
nitions, and m,, (i = 1, 2, 3) are the charged-lepton masses.
Note that the charged-lepton state ¢; is decoupled from the
remaining ones. The unitary matrices U , that diagonalize
the Hermitian matrices H, = MEMZ and H, = MZMe are
given by

ai 0 ajay cr 0 s
H, = 0 a3 O ., U= 0 10|,
ajags 0 a%—l—aﬁ —s; 0 cp
a 0 aay cg 0 sp
H, = 0 a3 O . U= 0 1 0|,
aras 0 a%—&—aﬁ —sg 0 cg

(25)

using the compact notation ¢, g =cosf, ; and s; p =
sinf; p with the angles 6; p given by
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TABLE III. Realizable decomposition into Yukawa matrices of the quark (top) and lepton (bottom) mass matrices
for the texture pairs of Table II. A matrix entry “0” denotes a texture zero, “x” and “e” denote a real positive and

@ 9

complex entry, respectively. The symmetric character of the Majorana matrix is marked by a *..

Texture decomposition Y‘f Yg
0 0 x 0 0 x 0 0 O
4~10 x x 0 x 0 0 0 x
x x 0 x 0 0 0 x 0
0 0 x 0 0 x 0 0 O
59~10 x 0 0 0 0 0 x 0
x 0 x x 0 0 0 0 x

Texture decomposition Y Y,
0 0 x 0 0 x 0 0 0
P,5{Py~ |1 0 « O 0 0 O 0 « O
x x 0 0 x O x 0 0
0 x o 0 x O 0 0 -
P1235L14P12 ~ 0 0 X 0 O X 0 0 O
x 0 0 0 0 O x 0 0
0 ¢ X 0 0 x 0 « O
Ppd5~10 0 x 0 0 O 0 0 x
x x 0 0 x O x 0 0
0 « x 0 0 x 0 « 0
P32 143’}’23 ~ X 0 X X 0 0 0 0 x
0 x 0 0 x 0 0 0 O

Texture decomposition Y Y$
0 0 x 0 0 x 0 0 O
55~10 x 0 0 0 O 0 x 0
x 0 X x 0 0 0 0 x

K K2 K2
X X e 0 0 - x 0 0 0 x 0
2%~ - 0 - -0 0 0 - -0 0
) ) 0 .0
x 0 o 0 0 0 0 0 - x 0 0
25~ - 0 x 00 0 0 - 0 x
. . . . . . 0 . 0
x ¢ 0 x 0 0 0 « 0 0 0 O
24~ X 0 - 0 0 x 0
0 -0 0 0

best-fit model, requiring compatibility with data at lo

2m, m az —m2)(m? - a? ) !
tan (260,) = — > (az — me,)(me, 2), confidence level. As it turned out, in some e;-decoupled
a%(m%z + mi) - ZmZZmi cases, the best-fit value exceeded this threshold and thus
such texture pairs were not presented. In this section,
2,/ (a3 —m2)(m2 —a3) : : :
2 er/\Tes 7 42 nevertheless, we proceed with their analysis for the sake of
tan (20z) = (26)

completeness.

Since after the diagonalization of the charged-
We consider the three distinct cases of 5{' textures with ~ lepton mass matrix the unitary matrices U] p are such that
e; = e, i, 7, labeled as 5;*". Note that while performing ~ the correct mass ordering is obtained as in Eq. (I1),
the numerical fits in Sec. III our aim was to identify the =~ We have

mg, 4+ mZ, — 2a3

035027-7
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. _ !
511 Ul g = Ul gP12.

H.xTe — Y71¢/
51 'UL,R - UL,R’

572U p = Uy Pos, (27)

with the permutation matrices P, 3 defined in Eq. (23). Regarding the neutrino mass matrix textures identified in Table III,
the 2%, ,, effective neutrino mass matrices can be parametrized as follows

by by by 0
2% M, = 0 bye® | = UIM, UG =
0
by 0 byl
29:M, =] - 0 by
b4ei§2
0 —bs3sy
= UM, U¢ = bic? — by sin(20; ) + bys3 e’

bl bzeifl 0
2 M, = | - by b | = UTMUE =
0

with all parameters real. Note also that we have performed
the rotation to the charged-lepton mass basis with the
unitary matrix U¢ given in Eq. (27), for the 5{ decoupled
case. For 5] and 57, the permutation matrices P, and
P,,P,; of Eq. (23) were applied on the left and right. In
what follows, we denote each decoupled case as 25%7,.

The independent parameters in the Ilepton sector:
ay 34,0, for charged leptons and b 5 34, &; , for neutrinos,
amount to a total number of ten, which should be compared
to twelve lepton sector observables: m, , ., m 3, 9{2’23’13
and &7, ay131 [see Egs. (11) and (14), and Table I].2 Thus,
the identified minimal Abelian flavor symmetries impose
mass matrix patterns that lead to predictive scenarios for the
lepton sector. To analyse their predictions we need to match
the above effective neutrino mass matrices to the one
defined in terms of the physical low-energy parameters
according to Eqgs. (11)—(14), namely,

M, = U*diag(m,, my, m3)U", (31)
being m; the neutrino masses and U the lepton mixing
matrix of Eq. (14). The matching between M, and 1\7[,, is
done by performing proper rephasings of the lepton fields
and imposing the texture-zero conditions stemming from

Egs. (28)—(30). This allows us to check whether those
conditions are compatible with current neutrino data and

*For simplicity, in this section we omit the superscript £ used
for the neutrino oscillation parameters.

bZCL — b4SL€i§2 bZSL + b4CL€i§2

bic? — bssin(20,)e  bycys; + by cos(20; )e (28)
b]S% + b3 Sin(ZQL)ei‘f'
b3CL
(b] - b4€i§z)CLSL + b2 COS(ZHL)EIEI (29)
bys? + b,y sin(20, e + byc? e
b3 bche’fl — b4SL€i§2 b2SLei§1 + b4CL€i§2
bic? bicr sy , (30)
b]S%

possibly select regions of the physical parameter space
preferred by the model. The conditions are

255t (M,),; =0, 2’34,7:(1\7[»)22 =0, 25,7:(1\7[”)33 =03

(32)
270:(Mu)22(Mu)33 - (1\7[,,)%3 =0,
2;1l0:(Mv)11<Mv)33 - (1\7[,,)%3 =0,
20yt (Mv)H(Mv)ZZ - (Mu)%z =0. (33)

The above conditions of M, are tested by performing a
y*-analysis based on the minimization of the y? function
defined in Eq. (21). As mentioned before, for the neutrino
oscillation parameters this function is computed using the
one-dimensional profiles y*(sin” 6;;) and *(Am;), and the
2D distribution y?(8,sin’> @;) for & and 6,3 given in
Ref. [6]. The constraints on M, are incorporated using
the Lagrange multiplier method [49]. For a fixed pair of
parameters, the 2D 1o, 20 and 30 compatibility regions
were obtained by requiring y? <2.30, 6.18 and 11.83,
respectively. We remark that the compatibility with neu-
trino oscillation data of the neutrino mass matrices for the
2557 cases, leading to the conditions of Eq. (32), has been
previously analyzed in Ref. [37]. In this work, we update
the analysis in light of the latest global fits of neutrino data
and current bounds on the absolute neutrino mass scale and
Ovpp decay.

035027-8
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FIG. 1. Allowed regions at 1o, 20, and 3¢ level (in gray, blue and magenta, respectively) in the plane (0,3,6), for the cases 257 o

discussed in the main text and for both NO (upper plots) and IO (lower plots) neutrino masses. The black dot marks the best-fit (b.f.)
value for each case, while the dashed contours correspond to the y> contours at 1, 26, and 36, allowed by the global fit of neutrino

oscillation data (see Table I).

Our results are presented in Figs. 1-5. We show the 1o,
20, and 30 allowed regions (in gray, blue, and magenta,
respectively) in the planes (053,0), (Myjghesi»d) and
(Myghestspp) for the compatible cases 25%7y, for both
NO and IO neutrino masses. In Fig. 1, the 1o, 20, and 30
contours of the regions allowed by neutrino oscillation data
[6] (dashed curves) together with the best-fit (b.f.) point for
each case and its corresponding minimum value of y? are
shown. Note that the cases 2{, for NO and 25 ; for 10 are
not compatible and therefore are not shown in the figures.
For all the remaining cases the 2. that best fits the data is
Xin = 0 for all cases, except for 24 ; for NO and 2/ for IO
which have y2. =5.8 and y2. = 6.4, being therefore
compatible with data only at the 20 and 3o level, respec-
tively.” Below we discuss the results in detail:

(i) Dirac CP phase in terms of atmospheric mixing

angle: From the plots in Fig. 1, we conclude that the
cases 2 ;. 2y for NO (upper left plot) and 257, 2{,
for 10 (lower left plot) do not lead to any constraints

*We have not included in our x? calculation the 2.56 data
preference for NO (see Ref. [6]).

(i)

035027-9

on 0,3 and  plane. However, for NO, 23"7 and 255
(upper middle and right plots) select the first and
second octant for the atmospheric 6,3 mixing angle,
respectively. Thus, 2% ; for NO is only compatible at
the 20 level. For 10, 2, and 2, textures (lower
middle and right plots) select the first and second
octant for 63, respectively. Thus, 2/, is only com-
patible at the 3¢ level for IO. The aforementioned 6,3
octant preference of these textures will be tested by
improving the sensitivity on é and 6,3 with upcoming
experiments like DUNE [50] or T2HK [51].

Dirac CP phase versus lightest neutrino mass: For
NO and IO, two of the three neutrino masses may be
expressed in terms of the lightest neutrino mass
Miighiest (cOrresponding to m; and ms3 for NO and
10, respectively) and the measured neutrino mass-
squared differences Am3, = m3 —m? and Am3, =

2
my = \/m? + Am3,,

—mj as
(34)

2
m3

NO: my =y/m}+ Am3,,
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FIG. 2. Allowed regions in the plane (mjighest» 0) for the cases 237 ;o discussed in the main text for NO neutrino masses. The color
scheme is the same as in Fig. 1. The vertical red line corresponds to the upper limit for #7j;yp,s €xtracted from the KATRIN bound on 1.
The brown shaded vertical region shows the myjgheq upper-limit interval obtained from the Planck cosmological bounds on >k M

10: my = \/m3 + |Am3],

my = \/m§ + Am3y +|Am3 [, (35)

The constraints of our model on the lightest
neutrino mass are presented in Figs. 2 and 3, for
NO and IO neutrino masses, respectively. We have
not included the Mg bounds from cosmology or
p-decay experiments in our y* analysis; instead, we
explicitly present in the figures the upper limit on
Miighest Obtained from the KATRIN experiment,
being the current bound my; < 0.8 eV (at 90% CL)
[52] (red vertical line), and the upper-bound range on
Miighiest Calculated from Planck limits on the sum of
neutrino masses (brown shaded vertical band).
The left (right) vertical dashed brown line refers to
the less (most) conservative 95% CL bound, corre-
sponding to Y, m; < 0.12 eV (0.54 eV), where

035027-10

Planck TT, TE + lowE + lensing + BAO (Planck
TT + lowE) data was used [53]. Focusing on Fig. 2
for NO, one can see that all models predict a 36 lower
limit for myghes, While for 25 ; (upper left plot) an
upper bound is also established where myjgheq 18
constrained to the range ~[1.5,9] meV (30), well
below the current limits from cosmology and KA-
TRIN. The remaining 25 (upper middle and right
plots) cases establish a lower limit on mygpieq ~
40 meV (30) which is now being probed by cosmo-
logical observations, and lying above (below) the less
(most) conservative Planck bound. Regarding 2/, and
27, (bottom left and right plots), these cases establish
a lower limit on Mygpe ~ 1 meV and ~1.8 meV
(30), respectively, well below the current limits from
Planck and KATRIN. Turning our attention to Fig. 3
for IO, we remark that all models predict a 3¢ lower
limit for myjgpeq €Xxcept 2’3"7 (upper left plot) which
allows for a vanishing mygneq. However, for 2f,
(lower left plot), an upper bound is also established
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FIG. 3. Allowed regions in the plane (g, 6) for the cases 2371 discussed in the main text for 10 neutrino masses. The color

scheme is the same as in Figs. 1 and 2.

where Myjgpes 18 constrained at 3¢ in the interval
~[1,5] meV, which is below current limits from
Planck and KATRIN. The remaining 2y (lower
middle and right plots) cases establish a lower limit
0N Myjghiese around ~50 meV (36), which is now being
probed by cosmological observations, lying within
the brown shaded region. As for the 23, textures
(upper right plot), the lower limit mgpeq ~ S meV at
30 is established, below the Planck lower limit, in a
very small region of parameter space. Overall, from
these figures it is clear that for NO the 25 ; models are

|

(iii)

more constraining than the 2;, models while for IO
the opposite is true.

Effective Majorana mass in terms of the lightest
neutrino mass: We now analyse the constraints on
Ovpp decay rate by presenting the allowed regions
for the effective neutrino mass parameter mgg. This
parameter is of utmost importance since it can be (in
principle) extracted from Oyff experimental data,
which could elucidate on the Majorana character of
neutrinos [54]. Using the parametrization given in
Eq. (14), mgy reads, for NO and IO,

. _ |22 2 2 [ 9 2 —ia 2 [ 2 2 —ia

NO:  mgs = |c1,C13Mightest + 5726131/ Miighiest + Ay €7 4 8734/ Mijgpie + Amz e 1], (36)
) _ |2 2 2 2 2 2 2 2 2 (ian | 2 —ia

10: mys = |ciycts \/mlightest + |Am3; | + s15¢1; \/mlightest + Am3; + |Am3, leT ! s Myghieq e |- (37)

The constraints of our model on the effective Majorana mass parameter are presented in Figs. 4 and 5, for NO and IO

035027-11
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FIG. 4. Allowed regions in the (myjghes» Mpp) plane for the cases 23 7 1o discussed in the main text for NO neutrino masses. The color
scheme is the same as in Figs. 1 and 2. The dashed contours delimit the 1o, 20, and 3¢ regions allowed by neutrino oscillation data
only, without considering any extra constraint on M,. The colored vertical bars correspond to the upper-bound ranges on mg; from
EXO0-200 [55], GERDA [56], CUORE [57], and KamLAND-Zen 800 [58].

30 level without imposing any constraint on M, are shown
by the dashed contours. Besides the current limits on
Miighiest> Previously presented in Figs. 2 and 3, we also
show the upper-limit ranges on mg s imposed by the Ovff
experiments EXO-200 [55], GERDA [56], CUORE [57],
and KamLAND-Zen 800 [58]. These ranges are indicated by
colored vertical bars, which reflect the uncertainty in
theoretical calculations of the nuclear matrix elements. Note
that (M,),; =0 [see Egs. (28), (29), and (32)] for 2,
implying mgz = 0, thus we do not show this case in the
aforementioned figures. This scenario is still viable for NO
but is not compatible for IO neutrino masses. From the
results of Fig. 4 for NO, one can see that for 2’3‘; (upper plots)
the lower bounds on m; are within the sensitivity of current
Ouvpp decay experiments while being simultaneously in
tension with the cosmological constraints on Mmygpees In
fact, the current KamLAND-Zen 800 result strongly dis-
favors both of these cases and one expects them to be probed
by future projects such as KamLAND2-Zen [59], AMORE
11[60], CUPID [61], LEGEND [62],nEXO [63], PandaX-III
[64] or SNO + 1 [65]. In contrast, for 2|7 (lower plots),
a wide region of parameter space containing even the
b.f. point lies in the well known NO “cancellation region”

within the interval mgneq ~ [1, 10] meV. This region can-
not be probed experimentally due to the very suppressed
values of mygg. In Fig. 4 the results are shown for 10. We
remark that for 2/ (middle right and lower plots) the lower
bounds on my, are within the sensitivity of current Ovff
decay experiments, with the KamLAND-Zen 800 bound
strongly disfavoring these cases, which are also in tension
with Planck data (brown shaded region). These are the
most constrained models for 10. The remaining cases
exhibit regions of the parameter space not currently con-
strained by Ovpf experiments and well below the cosmo-
logical bounds on the lightest neutrino mass. However, in
contrast to NO, there is no mgs suppression region for I0.
Therefore, the Ovff experiments mentioned above could
potentially rule out an IO neutrino mass spectrum. In
summary, from these figures we conclude that for NO
(I0) the 237 (2() cases are more restrictive than the 2,
(257) cases.

V. FLAVOR PHENOMENOLOGY

Within the framework of the 2HDM, the presence of new
charged and neutral scalars that interact with SM fermions

035027-12
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introduces NP contributions in flavor processes. In
Appendix B we present the scalar-fermion interactions in
the mass-eigenstate basis where it is clear that in our
models there will be tree-level FCNCs which are controlled
by the following matrices,

v
Ny = VIINOVY,  NO = ﬁ(sﬂY — cyYie®),
N, = VV/NOVE. N0 = %(sﬁY — ¢y Ylie ),
N, = USNOUS,  NO = (5,Y¢ — ¢ Y5e®),  (38)
L \/i p pr2

10

VIO
Li I T e
=18
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—
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mlightsst (meV)
é ! ‘ 3
=) a4
~ O 8
o2
N
(o)
Z 11
—
E L]
v F -1
: : : —10
10" 1 10 100 10
llghtest (meV)
4m
_ |!
2 m e ®
1%°° s
m N
a
Z
<
—
-] E
- " N
10> 10’
(meV)

Allowed regions in the (myjghiest> 7155) plane for the cases 23 7 o discussed in the main text for IO neutrino masses. The color

with the rotation angles f and a defined in Egs. (AS5)
and (A9), respectively. The unitary matrices Vi  are defined
in Egs. (6) and (7), leading to the CKM quark mixing matrix V
of Eq. (8), while U7  and U” are defined in Egs. (11) and (12),
leading to the PMNS lepton mixing matrix U of Eq. (13).
However, the Abelian flavor symmetries considered here
provide, in some cases, a natural mechanism to control such
dangerous FCNC:s effects. In fact, note that the mass matrices
labeled ““5” in Table III exhibit an isolated nonvanishing entry
in a given row and column, which coincides with the mass of a
specific fermion [see, e.g., Eq. (27)]. This leads to zero entries
in the N, (with x = d, u, e¢) matrices of Eq. (38), which
control the strength of FCNCs,
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TABLE IV. Current experimental bounds on lepton universality observables and BRs of cLFV processes. When
one of the lepton states indicated in the last column is decoupled, there are no NP contributions to the corresponding
process in the first column (see text for details).

Observable Constraint References Decoupled state
19,/ 9.1 =1 0.0019 £ 0.0014 HFLAV [66]
‘gﬁR#J <0.035 TWIST [67]
| Tk e <0.70 PDG [44]
‘9}313,1,4| <0.72 PDG [44]
BR(z™ = e7eTe) <2.7x1078 Belle [68] e, T
BR(z™ - putu”) <2.1x1078 Belle [68] U, T
BR(z™ = e pute) <1.5x1078 Belle [68] e i, T
BR(7™ = e7eu) <1.8x 1078 Belle [68] U, 7
BR(z™ — pep) <1.7x 1078 Belle [68] e, U, T
BR(z™ = pute) <27 %1078 Belle [68] e, T
BR(u~ — e"ete) <1.0 x 10712 SINDRUM [69] e, i
BR(u — ey) <42 x 1078 MEG [70] e, p
BR(7 — ey) <33x1078 BABAR [71] e,
BR(7 — uy) <42 %1078 Belle [72] U, T
x 00 x 0 x x x 0
5% Nyye~ | 0% x [ 5%#:Ng .~ 0 x 0], 5N, .~[xx 0], (39)
0 x X x 0 X 00 x

where the decoupled state is identified by a superscript. On the other hand, the mass matrices labeled “4” lead to N, matrices
without zero entries. In cases where the Abelian flavor symmetry leads to a decoupled state, there will be processes without NP
contributions, depending of the flavor transition involved. In Tables IV-VII, we list the flavor constraints considered in our
numerical analysis in order to test the compatibility of the U(1) models given in Table II. In the last column of those tables we
indicate the states that, when decoupled, automatically satisfy the bounds, since there is no NP contribution for the corresponding
process.

The flavor constraints under consideration include:

(i) Lepton universality and cLFV: Table IV shows the current bounds for several cLFV processes. For the 2HDM, the
NP contributions can be computed as discussed in Refs. [35,73]. The constraints on lepton universality are encoded
in the parameters |g,/g.| — |- For 3-body cLFV decays e; — eje; ¢;, mediated by
neutral scalars H and I at tree-level, the branching ratio (BR) is

1 mgGF
(1 + 5,55) 3 x 212 3F

0 ) B.yd [’ B S,y fx C 5 _ad,yfx
gk P + 195K+ 1P + 19k = Re(gfi 05" + g Pawd™)]. (40)

BR(@; N ege;_e(;) _ % [|g(z/3 y5|2 + |g(15y/3|2 + |ga/3 y§|2 + |ga5 y/3‘2

TABLE V. Present experimental constraints on BR of B — X,y, CP violation in the neutral kaon system via the i
parameter and mass differences of K9, BY By, D° meson-antimeson systems. When one of the quark states indicated in

the last column is decoupled, there are no NP contributions to the corresponding observable in the first column (see
text for details).

Observable Constraint References Decoupled state
BR(B - X,y) (3.49 +£0.19) x 1074 PDG [44] o

lex| (2.228 +£0.011) x 1073 PDG [44] u, d, s
Ami¥® <3.484 x 1075 GeV PDG [44] d, s
Ampg, (3.334 £ 0.013) x 10713 GeV PDG [44] d, b
Amg (1.1693 £ 0.0004) x 107! GeV PDG [44] s, b
AmP <656 x 1015 GeV PDG [44] u, c

035027-14
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TABLE VI. Current experimental bounds on the BR of rare leptonic neutral meson decays. In the last column the

decoupled state prediction automatically satisfies the constraint (see text for details).

Observable Constraint References Decoupled state
Br(B; — eTe) <2.5%x107° LHCb [76] d, b
Br(B; = ptu™) <2.0x 10710 PDG [44] d, b
Br(B; —» tt17) <2.1x 1073 LHCb [77] d, b
Br(B, — tte¥) <1.6 x 1073 Belle [78] e,7,d, b
Br(B,; — t*uT) <14 x1073 LHCb [79] u, 7, d, b
Br(B, — ete™) <94 x107° LHCb [76] s, b
Br(B, — utu~) (3.01 £0.35) x 10~ PDG [44] s, b
Br(B, — u*eT) <54 x107° LHCb [80] e, ju, s, b
Br(D — ete™) <79x 1078 Belle [81] u, ¢
Br(D — ptu™) <62 x 107° LHCb [82] u, ¢
Br(D — u*eT) <13x 1078 LHCb [83] e, U, u, ¢
TABLE VII. Current experimental bounds on the BRs of semileptonic processes.
Observable Constraint References
Br(BT — etv) <9.8 x 1077 Belle [84]
Br(B™ — utv) <8.6 x 1077 Belle [85]
Br(BT - tTv) (1.09 +0.24) x 10~ PDG [44]
Br(Dy — e'v) <83 x 1075 Belle [86]
Br(Df — ptv) (5.43 £0.15) x 1073 PDG [44]
Br(D} — tt0) (532 +0.11) x 1072 PDG [44]
Br(D* — etv) <8.8x 107 CLEO [87]
Br(D* — utv) (3.74 £0.17) x 107 PDG [44]
Br(D* - 7tv) (1.20 +£0.27) x 1073 BESIII [88]
W (1.230 +0.004) x 10~ PDG [44]
r(zt—utv
Brég—*f v) (2.488 +0.009) x 107> PDG [44]
—>;4 u
grgf -7 m) (10.82 +0.05) x 102 PDG [44]
r(zt—ptv
Br(c ~K"v) (1.095 4+ 0.016) x 1072 PDG [44]

Br(K*—u'v)

where I, is the total decay width of e,, namely I', = 3.0 x 1071 GeV and I', = 2.3 x 1072 GeV [44], and

. 11 . 11
g1 — (N1 (ND),, (—2——2), G — (N} (N, (—2+—2>,
my my

mj my
G5 = (NDpuNs (ot )e g = (NN, [ = ). (41)
VAT AT AT

Finally, we also consider the radiative cLFV decay e, — ezy. Neglecting the contributions proportional to neutrino
masses and the subleading terms suppressed by m2/ m%{ ;» the BR at one loop is

5032
aem(lGF

mﬂftﬂz + |Ag[?). (42)

BR(e, — epy) =

where a, = ¢?/(4x). The amplitudes A; » are given by
1/1 1 1 (N (ND) 3 m? 1 [3 m?
A:NZNE———— - ! In |2 = ’
= 0Nz (5 2= ) ~ g B ()| - ()

1 1 1 (Ne)ﬁi<Ne)ia 1 3 mzz ] 3 ’nl2
Ar <NN>ﬂm< +m—;)‘4zma/m,- {m—z{z““(mz)]‘m—;[fl“(m—;)]}’ 43)
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where a sum over i = e, u, 7 is implicit and chirality-suppressed terms o mg/m, have been neglected.

From Egs. (40)-(43), we can easily deduce that most 3-body and radiative cLFV processes are forbidden at the
one-loop level for the 5¢ structures (see Table IV). For example, the decay u — ey is forbidden if M, ~ 5¢(5%), since
the electron (muon) is decoupled and, consequently, (N,),, = (N,),, = 0, i.e. 4 — e transitions are not possible. For
the 3-body decays e, — e/jey+ ey, at least two of these processes are disallowed for every 5{ case.

(i) B — X,y and neutral meson—antimeson observables: Table V shows the constraints for the quark sector. These
include the radiative B — X,y decay, CP violation in the neutral Kaon system via the ex parameter and the mass
differences of the meson-antimeson systems K°, BY, BY and D°. In particular, for Amy and Amp only NP
contributions are considered, as highlighted in Ref. [74]. To understand the impact of flavor symmetries, consider the
NP contribution to the matrix element contributing to the K, — K|, transition [74]:

10m2 (1 G s[%_a)

2 5 )
MNP — e {[(N*)ds + (Na)5d)

2L 9602 d (mg+mg)> \m?  mi;  my
6m> 1 ¢y Sh
AN, (N [T+ ——K | (42 2 b 44

If one of the constituent quarks in KO, either d or s, is
decoupled, then (N,),, = (Ny) 4 = 0. This implies MYP =
0 and AmiP = 2|MYP| = 0. Furthermore, the e parameter
is given by [74]:

Im(Msz) _SM

Im(M3F4)
\/ZAWLKMLJ2 :

, (45
\/ZAW‘KM’LJ2 ( )

Ex =

where we use the experimental value for Amyg in the
denominator and A, = V3§, Vy,. Thus, the condition M3 =
0 also implies ex = €M, which is in agreement with the
current experimental bound. Hence, the first two conditions
in Table V are satisfied automatically. A similar argument
applies to Amyg, and Am}F, i.e. these observables have no
NP contributions if one of the meson constituent quarks is
decoupled. On the contrary, the B — Xy constraint cannot
be automatically fulfilled by a decoupled state, as its BR
depends not only on the N, matrices but also on terms
involving VIN, and N/, V.

If u is decoupled, e is automatically within the allowed
range. To understand this we note that, in our models, M,
can be made real by appropriate rephasing of the fields as
shown in Table III. Hence, in this case, H; = MdMZ and

2 ;

clrdi _ cfiap + AR .
N GFM%V( LR LL )

s _ _ V2m (cliah 4 (Jiap)
S GFM%V RR RL />

[

H, = MZMd are also real. Since their eigenvalues are also
real, as indicated in Eq. (7), their eigenvectors V¢ and V¢
are also real. Thus, from Eq. (38), we conclude that N is
real and so is the matrix MYF [see Eq. (44)].

For the cases P,5{P,; and P,35{P},, we obtain

1 0 . .
Vi=10 - -, Vi=]0 - -[. (406)
0 1

respectively. By using these matrices and taking into
account that V¢ is real, it follows that the first row of
the CKM matrix is real [see Eq. (8)]. Consequently, 4, is
real, along with MDY, implying ex = 3 [see Eq. (45)].
(iii) Leptonic neutral meson decays and semileptonic
processes: Tables VI and VII show constraints
involving both the quark and lepton sectors, namely,
leptonic neutral meson decays and semileptonic
processes, respectively. In the notation of Ref. [75],
the NP Wilson coefficients relating to the leptonic
decays are given by

cit = - Y2 (efi — cfi) (47)
GpM3,
i 272 ; ;
/q¢q; fiap fiaf
cCl = — (i = cki™), (48)
P GpMy, - Rk RL

035027-16



MINIMAL U(1) TWO-HIGGS-DOUBLET MODELS FOR QUARK ...

PHYS. REV. D 110, 035027 (2024)

where for a down-type (up-type) meson,

(Njiu)fl (Nz)aﬁ

Cfi,a/} _ (NZu)fl(NZ)aﬁ +
LL m2 m2 ’
H 1
+
c{iéa/)’ _ _ (Nji,u)fi<N€)a/} T (Nd,u)fi(Ne)a/)'

2 2
my my

Consider, for instance, the process B, (sb) — u*e¥. In this
example, if s, b, p, or e are decoupled, then all NP Wilson
coefficients are zero [see Eqgs. (39), (48), and (49)], i.e.
there are no NP contributions. A similar analysis applies to
the other leptonic neutral meson decays. However, this
feature cannot be extended to semileptonic processes, as
their NP Wilson coefficients do not depend directly on the
N, matrices, being given by

C;fdi,favn  (VNy)y; (NU),,
Csm m%—[i ViiUan 7

Curtifen (NIV),(NIU),, (50)
Csm m?ii ViiUan |

Using the Wilson coefficients of Egs. (49) and (50), we
calculate the BRs for leptonic neutral meson decays and
semileptonic processes by employing the methodology
outlined in Refs. [73,75].
|

(Nd,u )fi (N;)aﬁ

fiap _
CRL =~ ", 2 )
i (Nd,u> i(Ne)a (Ndu) i(Né’)a/i
iyt - - DdeVdy (e <49>

my my

A. Numerical procedure and constraints

As already discussed, the Abelian flavor symmetries
impose specific flavor structures that, in some cases, lead to
controlled FCNCs. To investigate their phenomenology and
explore the parameter space, we perform a numerical
analysis considering all relevant constraints, which we
now describe. Since the NP contributions to flavor proc-
esses stem from the additional scalar degrees of freedom of
the 2HDM, we will consider as input parameters the angles
a, p and the masses m,, ; ; y+ defined in Appendix A. We
will restrict our analysis to the so-called alignment limit,
which corresponds to f — a = 7/2 [39]. In such a case, the
new CP-even scalar H aligns with the SM Higgs boson h
for which mj, = 125.25 GeV [44]. The remaining param-
eters vary within the intervals 1072 < tanf = v,/v; < 10°
and 10% GeV < my ;= < 10° TeV, where the 100 GeV
lower mass limit is motivated by the H* mass constraint
found in Ref. [89].

The parameters of the scalar potential defined in
Eq. (A2) can be reconstructed in terms of the input
variables:

2 2 2\ tan2 2 2 2\ nf2
. mj, + (my — my)tan*f mj, + (my — my)cot*f
U3, = —m?sin B cos f3, A= o~ , A = - ,
2my A my —my —mj  2(mj —m3,.)

As for the Yukawa couplings, which determine the scalar
couplings to fermions, we extract them using the best-fit
results on the mass matrices from Secs. III and IV. In all
cases, the scalar potential parameters, as well as the Yukawa
couplings, must obey the following theoretical constraints:
(1) Vacuum stability: For the potential to be bounded
from below the quartic parameters must satisfied [39]

A >0, A >0, A+ VAl >0,
A+ A4+ VAid >0, (52)
as well as the condition [90,91]
2”%2 A /
) > A3 +ﬂ4 - /11/12. (53)

v C/jSﬂ

(ii) Perturbative unitarity: The quartic scalar parameters
are constrained by demanding perturbative unitarity
in scalar-scalar scattering at tree level [92,93],
resulting in the following conditions [39]:

A1l A2l A3, A3 + A4l |43 = A4l, |43 + 244] < 8,
3 9 5 )

5(11 + ) Z(il — )2+ (225 — 14)?| < 87,
! 1 2 2

5(/11 +/12):|:§ (A = A)* +44;| < 8x.

(54)

(i) Quartic scalar couplings and Yukawa coupling
perturbativity: Quartic scalar and Yukawa couplings

035027-17



ROCHA, CAMARA, FELIPE, and JOAQUIM

PHYS. REV. D 110, 035027 (2024)

must fulfil perturbativity bounds, considered here
to be

A1

)“2 s |)“3|? |j'4|’
a=1,2,

’

(YZ)ij| < Vér,

x=-e,d,u.

(55)

Regarding the experimental constraints, we consider the
following:
(1) Electroweak precision observables (EWPO): The
presently allowed ranges for the oblique S, 7', and U
parameters at 95% confidence level (CL) [44] are

S =-0.02+0.10, T =0.03£0.12,

U =0.01=+0.11, (56)
with correlation coefficients of +0.92 (—0.80)
[-0.93] between S and T (S and U) [T and U].
To compute them in our 2HDM framework, we
follow Refs. [94,95] where the analytical expres-
sions for the S, T, and U were derived for a generic
extension of the SM featuring arbitrary number of
Higgs doublets and singlets. As for the measurement
of the decay Z — bb, we follow Ref. [74], where the
Lagrangian for the Zbb vertex is written as

e, - B
£ by* (g5 Pr, + GEPR)D,
SWCW

ﬁzw} = (57)

and it is required that the H* contribution added to
the SM one does not deviate from the SM prediction
|

by more than 20, viz.
0.36782 + 0.00143.

(i) SM Higgs boson: As mentioned above, we work in
the alignment limit, so that H° aligns with the SM
Higgs boson h. Thus, the & couplings to the gauge
bosons and fermions are SM-like, i.e. within their
experimental values. However, the charged scalar
H* contributes at one-loop level to the radiative
h — yy and h — Zy decays. We computed analyti-
cally their decay widths following Refs. [96-99]. To
check if the set of generated points is compatible
with the experimentally measured properties of the
SM-like Higgs boson we use HiggsSignals [100,101],
which is part of HiggsTools [102]. For a given
model, this tool computes global > values taking
into account Higgs measurements performed
at the LHC. We define Ay?,s = y* — y2\, where
X2 = 151.6, is the y? value of the SM provided by
HiggsSignals, for 159 degrees of freedom. This repre-
sents an agreement within a 37% CL. In our work we
require an agreement at the 95% CL, that is,
Axys <37 [991.

(ili) New scalar searches: The parameter space of our
models is further constrained by searches for new
scalars conducted at LEP and LHC. This analysis is
assisted by HiggsBounds [103—107], which is also
integrated into HiggsTools. To use HiggsBounds, we
input the couplings of new scalars with gauge
bosons and fermions of the same flavor. However,
neutral scalar flavor-violating decays into two fer-
mions need to be provided. Namely,

2(g5)* +2(g5)* =

T(Fy = ful5) = ey 11 = (mo = my ) [m3 = (g, + my)?)

| aP + 1B

mi = mg —mp) — 4mamﬂRe(azﬁbZﬁ*)

2 2 2

with n, being the color factor and H = (H,I). The

couplings @’ and b are written in terms of the N,
matrices of Eq. (38) that control FCNCs, which in the
alignment limit are given by

aff (Nx)aﬁ aff (Nj;)aﬁ
ay = ———", by =— ;
v
i(N, i(N3),
g Ny Ny
v v
where x = d,u,eandn, = +1ifx =d,eandny = —11if

x = u. We also computed analytically the decay widths of a
scalar into another scalar and a gauge boson following

, 58
167m; (58)

|
Ref. [108], and the decay widths of H and [ into yy and Zy
according to Refs. [96-99].

(iv) Flavor observables: All flavor constraints discussed
at the beginning of this section (see Tables [IV-VII),
were imposed at the 20 level. For the meson-
antimeson observables, however, we allow our
results to deviate by at most 10% from the exper-
imental values (see e.g. Refs. [74,109]). Overall, our
methodology is similar to that of previous works—
see, e.g., Refs. [73-75].

B. Results and discussion

The main results of our analysis are presented in Figs. 6
and 7 for the six up-decoupled and six down-decoupled
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FIG. 6. Allowed parameter space region satisfying all constraints of Section VA (black-hatched region) in the (tanf,
my = m; = my:) plane for cases (49, P,54Py3) [(4¢,P12354P,)] presented by the left [right] plots. The top (middle) [bottom]
plots show cases featuring u(c)[t]-decoupled state. The lepton sector is (5¢,2%)yo. The color-shaded regions are excluded by the
indicated flavor observable shaping the allowed black-hatched region. The exclusion regions for the other processes are below the

respective solid-colored contours (see text for details).

models, respectively. The allowed parameter space for each
model is highlighted by the black-hatched region, that
satisfies all theoretical and experimental constraints dis-
cussed in Sec. VA. The colored regions correspond to the
parameter space that is excluded by the most restrictive
constraints, i.e., the ones that shape the allowed region. The
remaining flavor constraints are depicted using solid colored
contours, below which the region is excluded. To obtain

these exclusion regions, we consider, besides theoretical,
oblique parameters and experimental scalar constraints (see
Sec. VA), a single flavor constraint, namely, either Z — bb
(gray), B — X,y (bordeau), ¢ (orange), Amy (blue), Amg,
(cyan), Amp_(green), Amp (magenta) or B — ot
(yellow). The results deserve several comments:
(i) Scalar mass degeneracy: Since we have three
different BSM scalars, we should obtain allowed
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(i)

(iii)

regions within the (tan 8, {my, m;, my+}) parameter
space. However, when my = m; = my+, certain
constraints are automatically fulfilled, namely per-
turbative unitarity and quartic coupling perturbativ-
ity [see Egs. (51), (54), and (55)]. Moreover, in
general, for almost degenerate BSM scalar masses
the oblique parameters are in agreement with ex-
perimental data (see, e.g., Ref. [73]). The exper-
imental constraints on the quark and lepton flavor
observables, if not automatically satisfied in fermion
decoupling scenarios, are relaxed when the scalar
masses are quasidegenerate. This is evident by
looking at the theoretical expressions for the NP
contributions to these processes in Eqgs. (41), (43),
(44), and (49), where certain contributions are
suppressed when my ~m; ~my: [28,35,36,73].
Our analysis is presented for the case where
all three scalar masses are degenerate. We have
numerically checked that this assumption is indeed a
valid approximation and that the allowed para-
meter space regions for each model, in the case
my = m; = mpy=, contains the scenarios where all
three masses vary randomly (apart from extreme
fine-tuning of masses [73]).

Yukawa perturbativity bounds: In all cases, tan f is
bounded from above and below. This is due to the
fact that, as a consequence of the flavor symmetries,
each nonzero element of a mass matrix comes
exclusively from one Yukawa matrix [see Eqgs. (5)
and (20)]. Thus, taking into account the Yukawa-
coupling perturbativity criterium of Eq. (55), we
obtain

202

tan’f < ——————
(M),

2rv?
1, tan’f>1/ (— 1>,
[(M3),;?

(60)

where, without loss of generality, we consider tan 8
within the first quadrant. If a given mass matrix
element originates from the first (second) Yukawa
matrix, then a = 1 (a = 2) for x = e, d, u. Thus,
tan S finds its upper and lower bounds determined by
the maximum value of |(M{)| and |(M3)], respec-
tively, which are identified in the figures by the left
and right vertical gray-hatched regions.

Lepton sector constraints: In Figs. 6 and 7, except
for (5¢,P5344Py,) (top right plot in Fig. 7), we
select the lepton model (5¢,2%)yo, as the conclu-
sions are not affected by a different choice. This was
numerically checked by noting that changing the
lepton model for a specific quark model leads to
negligible changes in the final results. The only
exception is the (59, P ,344P},) case, where differ-
ent choices for the lepton model have a significant

impact. Thus, a more thorough analysis needs to be
done and will be discussed in what follows."

(iv) Most restrictive constraints: The plots in Figs. 6 and
7 show that not all constraints shape the allowed
region (black-hatched). For the up-sector decoupled
models (see Fig. 6), the most important constraints
are the &g parameter (orange) and the mass
differences of the meson-antimeson systems By,
(cyan) and B, (green). These are generally not
automatically fulfilled for up-sector decoupled mod-
els (see Table V). One would also expect Am (blue)
to be a crucial constraint for these scenarios. How-
ever, for this observable we consider that experi-
ments only constrain the NP contribution and not the
combined SM and NP, as in the case of other meson-
antimeson observables. A similar conclusion can be
drawn with respect to Amp (magenta), which has the
additional property of being automatically satisfied
for u and ¢ decoupled models (see Table V). On the
other hand, the allowed region for P,5{P,; (middle
left plot) is not shaped by meson-antimeson observ-
ables, but by the very restrictive constraint of
B, —» putu~. Note that, in addition, the parameter
space of the two quark models P,;5/P,, (top right
plot) and P{,5/Py; (bottom left plot), is mildly
constrained by Z — bb (gray) for tan > 1.1 and
tan f 2 1.6, respectively.

For the down-sector decoupled models (see
Fig. 7), Amp (magenta) is, in most cases, the
defining constraint. This differs significantly from
what we have found in up-sector decoupled models.
Indeed, the Ampg , and Amy constraints are now
automatically fulfilled according to the decoupled
states shown in Table V. An interesting model is
(59, P3,,44P53) (top right plot), for which the
allowed region is determined by the B, — u~u™
and Z — bb constraints. In this case, the lepton
model can change the allowed parameter space. If
we were to consider (5, 24),o instead of (5¢, 2%)xo»
the parameter space would enlarge since B, — u~pu™
would be relaxed. It is important to mention that, in
this scenario, the lower mass bound for the remain-
ing lepton models would lie between the black-solid
[(5¢,2%)no] and black-dashed [(5Y. 24)0] lines. Note
also that for (5%, P,4%) (bottom left plot), the
allowed parameter-space region is defined by the

*We also verified numerically that the BRs for the cLFV
observables of Table IV, in the allowed parameter space regions
(black-hatched) are, in general, orders of magnitude below the
sensitivities of future experiments as MEG II [110], Belle II
[111], and Mu3e [112]. Overall, the flavor constraints in the
lepton sector play a negligible role in restricting the parameter
space, contrary to what happens in the quark sector.
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FIG.7. Allowed parameter space region in the (tan 8, my = m; = my-) plane for cases (5¢, P1,44%) [(5¢, P3,,44P23)] presented by the
left [right] plots. The top (middle) [bottom] plots show cases featuring d(s)[b]-decoupled state. The lepton sector is (5¢,24)yo, €Xcept
for the case (59, P35;44P53) (top right plot) where via a black-dashed contour we indicate the allowed parameter space region for
(54.24)10 (see text for details). The presented color scheme is the same as in Fig. 6.

)

€ constraint which is not automatically satisfied in
b-decoupled models (see Table V).

BSM scalar mass scale: One of the most interesting
features to consider is the allowed ranges for the
BSM scalar masses. Before examining any specific
model, it is noteworthy that the flavor constraints
coming from the up-quark sector are less restrictive
than those of the down sector. Consequently,
down-decoupled models, where some down sector
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constraints are automatically satisfied, generally
allow for lower BSM scalar masses and larger para-
meter spaces compared to the up-decoupled scenar-
10s. With this in mind, the most restricted case is
found for the up-decoupled model (P,35(P,)
(bottom right plot in Fig. 6), for which the lowest
scalar mass is around 70 TeV. This outcome is
somehow expected since, in this model, ¢ is de-
coupled and none of the most restrictive constraints
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are automatically satisfied (see Tables V and VI).
On the other hand, the lowest scalar mass for an
up-decoupled model is approximately 2 TeV for
P,,35{P, (top right plot in Fig. 6). In this case, the
ex and Am}? constraints are automatically fulfilled.
In fact, u-decoupled models feature the largest
number of most restrictive constraints that can be
automatically satisfied.

As for down-decoupled models, there are two
specially interesting cases shown in Fig. 7, namely
(5“},P124g) (mlddle left plOt) and (5‘11,1)32145{1)23)
(top-right plot) that allow masses down to ~700 GeV
and ~300 GeV, respectively. The latter is within the
range of direct searches at the LHC. The lower mass
bound for all remaining models lie between 3 to
10 TeV. In all cases, these limits are attained for
tan # ~ 1, due to the fact that, for such tan $ values,
the contributions of the Yukawa matrices Y7 , (x = d,
u, e) to FCNCs are on equal footing.

VI. CONCLUDING REMARKS

In this work we have tackled the flavor puzzle for the
quark and lepton sectors, within the 2HDM supplemented
with horizontal Abelian symmetries and neutrino mass
generation via effective Weinberg operators. We performed
a systematic analysis to identify the minimal 2HDMs, in
which the symmetries impose the most restrictive quark
and lepton flavor patterns, while being compatible with the
observed fermion masses, mixing angles and CP-violating
phases. We found four minimal models for quarks, with ten
independent parameters matching the six quark masses, and
four CKM parameters. For the lepton sector, we identified
three minimal and predictive flavor models that feature a
total of ten parameters compared to twelve observables,
namely six lepton masses, and six parameters of the PMNS
matrix, including two Majorana phases. A detailed study of
the lepton sector revealed that cases 2’3”7 (NO) [25; (NO)]
and 2/, (I0) [2, (NO)] have a preference for the lower
[upper] octant of the 6,3 atmospheric mixing angle, as
shown in Fig. 1. As far as the lightest neutrino mass
predictions are concerned, a few models are in tension with
cosmological Planck data, establishing lower bounds on the
Miigheese Scale, namely 257 for NO (Fig. 2) and 2{j for 10
(Fig. 3). It is well known that IO neutrino masses can be
fully tested by experiments that search for Ovpp decay
process (see Fig. 5). Remarkably, we identified four NO
scenarios, namely 2’;; that can be testable in such experi-
ments as shown in Fig. 4.

We thoroughly investigated the phenomenology of each
model with special emphasis on their flavor predictions. Our
results are gathered in Figs. 6 and 7. In our analysis we took
into account all relevant theoretical, EWPO, and scalar
sector constraints, and also stringent quark flavor observ-
ables such as B — Xy, B, —» y~u" and neutral meson

oscillations. cLFV processes like e, — e/;ey+ e; and e, —
egy were also considered. We showed that constraints in the
quark sector are the most relevant and, indeed, shape the
allowed parameter space for each model. In some cases,
the Abelian flavor symmetries provide a natural frame-
work to automatically suppress tree-level FCNCs. These
symmetries lead to decoupled fermion states in the mass
matrices, which impose restricted patterns in the N, (x = d,
u, e) matrices. In particular, zero off-diagonal N, entries,
that otherwise contribute to the aforementioned flavor
processes (see Tables IV—VI), are heavily constrained by
experiment. Thus, NP contributions are controlled or even
vanishing. This feature leads to models with extended
parameter spaces in the (tanf, {my,m;, my:}) planes,
specifically for down-type quark decoupled cases, where
BSM scalar masses can be as low as a few hundreds GeV.
This is the case for the models [(5¢,24)nos (59, P32144P53)],
[(5, 2%)10, (51, P3py45Po3)] and [(55. 2%)no. (53, P1244)] as
can be seen in Fig. 7.

To conclude, Abelian flavor symmetries in the 2HDM
stand out as one of the simplest approaches to effectively
address the flavor puzzle, allowing to construct minimal
quark and lepton models that are predictive with respect to
low-energy masses, mixing and CP-violation parameters.
Tree-level FCNCs that arise in our 2HDMs can be naturally
controlled by the imposed Abelian symmetries, thus making
them a simple framework for theoretical scenarios compat-
ible with highly-constraining experimental observations. In
some cases, new scalars with masses below the TeV scale are
allowed, being within the reach of current experiments such
as the LHC and testable at future facilities.
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APPENDIX A: SCALAR SECTOR OF UQ1)
SYMMETRIC 2HDM

The maximally restrictive textures for quarks and leptons
compatible with masses, mixing and CP violation data,
realizable by Abelian symmetries, are presented in Sec. II1.
The minimal scalar content required to implement these
textures are two Higgs doublets,

¢5er> 1 ( \/§¢3— )
B =5 12, (Al
(I)“ <¢(a) \/j yaei(/)n +pa + i’//a » a s &y (A )

where v, are the VEVs of the ®, neutral component
and only the phase difference ¢ = ¢, — ¢, is relevant.
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The above fields transform under the Abelian symmetries
shown in Table II, leading to the scalar potential [39]:

V(@ ®y) = i, D[ D) + 13,DID; + i, (D] D, + D] D))

A A
+ 51 (®]@))* + 52 (@)d,)°

+ /13(‘13;@1 )(q);cpz) + /14((131‘132)(@;‘1)1 )-
(A2)

Note that, in order to avoid a massless Goldstone boson
(GB), which arises once the Abelian flavor symmetries are
spontaneously broken by the Higgs VEVs, we add a soft-
breaking parameter u3,, which can be taken real.

The minimization of the scalar potential leads to two
conditions,

1 v
=1 [m% T s+ 1) £ 2 —]

1
,u%zz—z[/121)%4-(/13—1-/14)1)%:&2”%2 ] (A3)

U1
Uy ’
where the upper (lower) sign corresponds to ¢ = 0(x),
hence the vacuum is CP-conserving. In what follows, we
set without loss of generality ¢ = 0.

Let us now study the physical scalar mass spectrum. The
mass matrix for the charged scalars, in the (¢7, ¢5) basis,
is given by

M2l (w1
Mi _ _UlUQ 42+ ﬂlz <_11 B >’ (A4)

vy

which is diagonalized by the rotation matrix

c s H 0]
== (25, 2) (a)==(a)
—S/,’ C[)’ H2 (1)2

v : v
c/;Ecosﬂ:j, s,;ssmﬂ:f, (A5)

where v = /0% + v3 ~ 246 GeV. Besides the G GB, we
obtain a physical charged Higgs state H* with mass

m2 :_02/14_ .2M%2 _
sin (2§8)

H* 2
The above transformation brings the weak doublets @, ,
into the Higgs basis with H,, given by [39]

(A6)

G* H*
! (H? = ”*H\jg’G°>’ 2 (Hg:%) (A7)

where (HY) = v/v/2 and (H}) =0. Note that, the p,
and 7, (a =1, 2) components of the doublets do not

mix. Thus, the CP-even neutral scalar mass matrix in the
(p1,p2) basis is
e
CP-even —
M, M3,
B vidy —Z—flﬁz 0102 (A3 +44) + i,
o3+ A)Hut, v —ituh,

(A8)

being diagonalized through the rotation

()-C o 6)-C o)
h B —Sq Cq P2 B S[)’—a c/)’—a R ’
_ 0 (A3 +Ay)sin(28) + 247,

v* (A1 ¢ =2a85) +2u7,c0t (26)

tan (2a) (A9)

This procedure results in the physical CP-even scalars
masses

1
i =5 (M3 + Mg, £ /(M3 = ME,) + 4(M3,)?).
(A10)

Note that the setting f —a = z/2 is known as the align-
ment limit [39], where H° coincides with h—the SM Higgs
boson with mass m;, = 125.25 GeV [44]. For the CP-odd
scalars the mass matrix is

2 -]
MZp.oaa = —H1 ( _11 v ) (Al1)

U2

being diagonalized by the rotation matrix R of Eq. (AS).
Besides the G° GB, the above diagonalization leads to a
physical CP-odd scalar I with mass

/14 2//!2
m% = méi + = T2

2 sin (28)° (A12)

proportional to the soft-breaking parameter y3,.

APPENDIX B: SCALAR-FERMION
INTERACTIONS

In this appendix we present the scalar-fermion inter-
actions in the mass-eigenstate basis of fermions and scalars,
within the 2HDM framework with the Yukawa Lagrangian
given in Eq. (2). Namely, the interactions between fermions
and charged Higgs H*, as well as, neutral scalars h, H and
I, are given by
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V2H*

v

~Lye =

[@(N[VP, — VN Pg)d — 0U'N,Pge| + H.c., (B1)

h _
_'Ch = ; {ft [(Sﬂ—aDu - Cﬂ—aNu)PR + (Sﬂ—aDu - cﬂ—aNZ)PL] u-+ d[<sﬂ—aDd - Cﬂ—aNd)PR + (sﬂ—aDd - Cﬁ—aNji)PL]d

+e [(sﬁ—aDe - C[i—aNe)PR + (s/i—aDe - c[i—aNZ)PL]e}ﬁ

(B2)

H -
—EH = ; {ﬁ [(C/j—aDu + sﬁ—aNu)PR + (cﬁ—aDu + sﬁ—aNZ)PL] u—+ d[(cﬁ—aDd + sﬁ—aNd)PR + (cﬂ—aDd + S/}—aNj[)PL]d

+e [(cﬂ—aDe + Sﬂ—aNe)PR =+ (Cﬂ—aDe + Sﬁ—aNZ)PL]e}v (B3)

1

—L; =

SHES

[ﬁ(NuPR — NP, )u— d(N;Pg — NZPL)d —e(N,Pg — NZPL)E], (B4)

with the N, , matrices defined in Eq. (38), while the angles $ and « are defined in Eqs. (A5) and (A9), respectively.
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