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1 Introduction

The Georgi-Machacek [1] (GM) model was proposed in 1985 in an attempt to understand if
patterns of electroweak symmetry breaking different than the one proposed in the Standard
Model (SM) were still viable. Besides the SM complex doublet, the model has one real
triplet and one complex triplet. Clearly the model leads to different phenomenology at col-
liders but it is also able to reproduce all the available experimental results. It is of particular
importance, because it is not trivial, that the SM ratio of charged to neutral currents can be
obtained at tree-level. This ratio is translated into the relation p = m%,/(m% cos? Oy) = 1
at tree-level (myy(z) is the W(Z) boson mass) and is measured with great precision allow-
ing only for small deviations from higher order corrections. So far experiments have neither
confirmed nor excluded the spontaneous breaking pattern predicted by the SM. Hence, all
possibilities which agree with the observed phenomenology should be considered.

In the same year a Higgs potential was written explicitly for the GM model by
Chanowitz and Golden [2]. The potential has only terms with mass dimension of or-
der 2 and order 4 and is invariant under a global SU(2);, x SU(2)r symmetry. For this



particular version of the model the vacuum expectation values of the neutral components
of the triplet can be arranged such that a custodial SU(2) symmetry survives after the
spontaneous breaking of the global SU(2); x SU(2)r symmetry. This way, the equality of
the vacuum expectation values of the neutral fields which leads to p = 1 at tree-level is
naturally preserved in the Higgs sector.

Several versions of GM model and its phenomenology have been discussed over the
years [3—17] and several searches were proposed and performed at colliders and in particular
at the Large Hadron Collider (LHC). The latest constraints on the GM model can be found
in [18, 19]. There is also a public code available, GMCALC [20], which allows to calculate
the particle spectrum of the model together with the couplings and decay widths. Checks
of perturbative unitarity and boundedness from below are included in the code. Starting
from a parameter point that constitutes a viable custodial-symmetric minimum of the scalar
potential, the code also checks for deeper alternative minima by performing a numerical
scan following the method proposed in ref. [12]. A full study of the possible vacua of the
model has not been performed.

In this work we discuss the vacuum structure of the 75 symmetric model as proposed
in ref. [2] which is a simple yet viable version of the GM potential. The model with this
potential and no further field additions has a Dark Matter (DM) phase when spontaneous
symmetry breaking leaves the Zo unbroken, that is, when the triplets have no vacuum
expectation values (VEVs). This DM phase has not been studied before and may be
phenomenologically viable, though a detailed phenomenological study of the DM vacuum
is not the focus of this paper.! The GM model studied in the literature is the one where
custodial SU(2) is preserved and p = 1 at tree-level. The model has however other types
of minima that do not preserve the custodial symmetry that range from electric charge
breaking minima to models with just the wrong pattern of spontaneous symmetry breaking
(SSB). Besides, these non-custodial vacua always give rise to extra Goldstone bosons. We
will compare the depths of the potential calculated at the different vacua at tree-level to
understand if either the DM or the Custodial vacuum are naturally stable and derive the
conditions for absolute stability in case they are not. The expressions found can be used
to ensure that the desired vacuum is the deepest one at tree-level.

In this first attempt to understand the vacuum structure of the model we make the
analysis more tractable by considering only the real component of the (in general complex)
VEVs. In that sense the conditions we obtain for the potential to be in an absolute
minimum are necessary conditions.

The paper is organized as follows. In section 2 we briefly present the potential and
the vacuum structure of the model and in section 3 we present the bilinear formalism.

1Our interest in the DM phase of the GM model is as an alternative vacuum that could potentially
destabilize the desired Custodial vacuum. We consider it to be not particularly well motivated as a model
for dark matter because when the triplets have zero VEV, the custodial symmetry upon which the GM
model is based is no longer necessary to ensure that p = 1. Models in which the SM is extended by a single
scalar triplet (either real or complex) that does not get a VEV and that yields a dark matter candidate
were first studied in detail in ref. [21]. Dark matter eztensions of the Custodial phase of the GM model
have been studied in refs. [22-24].



Models that retain the custodial symmetry after spontaneous symmetry breaking (SSB)
are discussed in section 4 while the ones where said symmetry is broken are discussed in 5.
In section 6 we discuss the stability of the two viable models. We summarise our findings

in section 7.

2 Scalar potential and vacuum structure

The Georgi-Machacek model [1] consists of the usual complex doublet (¢, ¢°) with hy-
percharge, Y, equal to 1, a real triplet (¢7,£9,67) with Y = 0, and a complex triplet
(xT,x",x%) with Y = 2. The fields can be written in the following matrix form

O +

o = <_¢¢+* ZO> , (2.1)
XO* 5-"— X++

E= —xt & x| (2.2)

Xt et )0
which transform under the global SU(2); xSU(2)r symmetry according to
exp(iT%0%)(® or =) exp(—iT6%). (2.3)

The most general scalar potential invariant under the global SU(2) 1, xSU(2)r symme-

try is
145 13
V(®,E) = 72Tr(<1>T<I>) + é’Tr(ETE) + M [Tr(@T®)]2 + M Tr(0T0)Tr(EE)
+ MTr(ETEETE) + M\ [Tr(ETE)]? — AsTr(T 72 0r°) Tr(ETt5t0) (2.4)

where we have further imposed a Zs symmetry, = — —=, which eliminates the cubic terms
Tr(®Tr2®70) (UZUT),, and Tr(ETt2Zt0)(UZUT) gy (for the definition of U see ref. [6]). This
is the potential originally proposed by Chanowitz and Golden [2] which not only preserves
p = 1 at tree-level but also offers a new possibility that the triplets have the dominant
contribution to the W boson mass. The potential must be bounded from below, and the
necessary and sufficient conditions that the quartic couplings A; must obey for that to
happen have been established [12, 20]:

A1 >0,
1
—*)\3 for )\3 > 0
Ay > 3 ’
4 {—/\3 for A3 < 0,
s — 24/ M (%/\3 T )\4) for A5 > 0 and A3 > 0,
A2 >0 Wy (OAs — 2/ M (Chs T A1) for As > 0 and Az < 0, (2.5)
W (A5 — 24/ A (CA3+ Ag)  for A5 <0,
with /3 12
1 2 1
w20 =50-m e F -5 (;+8)] (2.6)



and

B

g (g— ;) €l0,1; (¢ [;1] : (2.7)

Due to the hermiticity of the potential, and its field structure, all of the couplings
in eq. (2.4) are necessarily real, and therefore the CP symmetry cannot be explicitly broken.
As we will see later any attempt of spontaneous CP breaking would lead to the breaking
of the custodial symmetry.

As we are interested in the vacuum structure of the GM model we start by writing the
vacuum expectation values (VEVs) of the fields in the following generic form

1 Vg — Vg vg + 1v7 V19 + U153

vl — Uy U3+ v 1 . .
b =— ! .2 3 . 4 s = —= | —v10 + 11 \/§’U5 V10 + V11 | - (2.8)
—v3 + 104 V1 + V2 \/§ . . .
V12 — W13 —Vg + W7 Vg + L9

(1]

There are 6 symmetry transformations in SU(2)7xSU(2) that can be used to eliminate
the redundant VEVs.? We first use the three broken symmetry transformations, 6% = —0%
(these are the ones orthogonal to the custodial SU(2)), to rotate away three of the four
components of the doublet, leaving only v;. We can then use the three custodial symmetry
transformations, 6% = 6%, to rotate away three of the VEVs in the triplet. There are
several possibilities and we choose to eliminate both the real and imaginary components
of x** and the imaginary component of ¢+, which leads to the following form of the
vacuum configuration

[1]

1 0 1 vg — Z"Ug Ve 0

U1 . .

b=— , =— | —vio+w 2v5 v19 + v . 2.9

\/§<Ov1> NG 10 11 V2v5 v10 11 (2.9)
0 —Vg Vg + U9

We are therefore left with 7 non-redundant VEVs. The scalar potential in eq. (2.4) contains
4 distinct invariants under the SU(2); xSU(2)r global symmetry. These were identified in
ref. [12] and we write them as

Tr(®T®) = 2 cos® v, (2.10)

Tr(E'2) = r?sin? , (2.11)

Tr(ET22T8) = ¢ - (r?sin )2, (2.12)
Tr(®Tr2d70) Tr(EM92t0) = w - (r? cos? v) (1 sin? 7). (2.13)

The fact that the potential can be expressed in a four-dimensional subspace spanned by
these four invariants implies that there are three extra symmetries besides SU(2) 1 xSU(2) g
that have not yet been identified.

2While these symmetry transformations can change the field configuration of an extremum of the po-
tential, they cannot change the value of the potential at the extremum.



3 Bilinear formalism and mass matrices for the GM model

In this section we will outline how a bilinear formalism may be applied to the study of the
vaccum structure of the GM model. In short, such a formalism expresses the potential,
and its minimisation conditions, in terms of quadratic functions of its fields and/or VEVs,
which has been proven to be an effective strategy to compare the values of scalar potentials
at different stationary points, and ascertain their relative depths. In the context of the two-
Higgs doublet model (2HDM), a first version of the bilinear formalism was first applied
in [25-27], and then refined in [28-38|, allowing for the study of the 2HDM’s vacuum
structure and possible global symmetries. The bilinear formalism was also applied to
models with different scalar content, to wit the 3HDM [39, 40], the complex singlet-doublet
model (CXSM) [41], the 2HDM with a real or complex singlet (N2HDM) [42, 43], and the
Higgs triplet model (HTM) [44]. For most models, the bilinears are simply constructed
as the four gauge-invariant quantities allowed with the fields present; but in the case of
the HTM, the bilinears were simply the most convenient quadratic products of VEVs to
express the value of the potential at generic stationary points as a quadratic polynomial.
As we will shortly see, the same holds for the GM model — the presence of a triplet, as
in [44], yields such a structure of the potential that we have not found it possible to express
it as a product of quadratic gauge invariant field products.

First however, in order to identify whether a given stationary point is a minimum, we
will need to study the second derivatives of the potential. In order to obtain the mass
matrices for all minima simultaneously we will express the doublet ® and the triplet =
of eq. (2.2) in terms of the real components of the fields ¢;, according to

) . .
d—_— [ ¥ Z<.P2 ©3 + Z'SD4 ’ (3.1)
V2 \ =3 +ips o1 +ipo

1 o8 —ipg  pe +ipr P12 + 113
E=—| —protirnn V205 p10+ien |- (3.2)
P12 — P13 —Pe T 1P7 Y8 + 1P

With these conventions, the matrix elements of the 13 x 13 mass matrix are

%
[M?Lj = Gt (3.3)

with the potential given in eq. (2.4). In order to make the analysis tractable we will only
consider the real part of the VEVs from eq. (2.9), that is,

(p1) =v1, (p5)=wvs, (pe) =ve, (p8) =18, (p10)="v10, (3.4)

with vg and v11 set equal to zero. We leave a full analysis including these imaginary parts
of the VEVs to future work.® This leads to a potential (evaluated at a stationary point for

3The most important bottleneck in this work is determining whether each combination of nonzero VEVs
simultaneously satisfies up to 13 independent minimization conditions. Including nonzero values of vg and
v11 combinatorially increases the complexity of the analysis.



which these VEVs hold) equal to

2
L A5 AsUsU8  AsV10V6
V=0’ 22+)\1U%+)\2v§+</\2—4> V3 + AovE + Nacty — /2 T o 1
M2
+ 02 % + (A3 +A1)vE + 20403 + (203 +2X\4)vg + (23 + 2/\4)1)%01
L (3.5)
o[ (s 2 2 2
+ug |5+ (2 + )\4) U3 + (A3 +2A0)vg + (A3 +2Aq) vy
:u2 2
+ 02 73 + (A3 4+ Ag)v2 + 20407 | +03, ?3 +(A3+ /\4)1)%0] — 2v/2)\3010050608.
Let us now define the vector A and the symmetric matrix B as
,u% 8)\1 4)\2 —)\5 —)\5 —)\5 0
u3 4hy 8(A3+A4) O 0 0 0
0 -5 0 —2X3 0 —=2X3 O
A= , B = , 3.6
0 -5 0 0 —4Xx3 0 —2X\3 (36)
0 —As5 0 —2X3 0 —4X3 O
0 0 0 0 —-2x3 O 0
and the vector X, which depends on the VEVs as
v3/2
(v + v + V3 + ) /2
V2us08
X = 3.7
22 (3.7)
V106
vip +v3

With these definitions the value of the potential at each stationary point (SP) with VEVs
v;, is given by

1
Vsp = AT Xgp + 3 Xdp B Xsp - (3-8)

Thus we see that it is possible to express the value of the potential at a given stationary
point as a quadratic polynomial on X, that is, an order 2 polynomial expressed in terms
of bilinears, quadratic combinations of VEVs.? Further, since the potential is the sum of
two homogeneous functions of order 2 and 4 (V5 and Vj, the quadratic and quartic terms
in the VEVs — linear and quadratic in X)), we have

. . V ov
At any stationary point: =0 = Z i Er =0=2V,+4V,;=0. (3.9)
1

8902 %

The value of the potential at a given stationary point, Vgp, is simply

1 1
Vap = 5 (Va)gp = — (Vi)sp = 5 AT Xsp = —X{p B Xsp . (3.10)

4Though it is not possible, due to the A3 and \s terms in the potential, to express it as a quadratic
polynomial of quadratic products of fields.



Finally, we also need the vector V', defined as

ov
V’:TXT:A—I—BX, (3.11)
and since V' is the gradient of the potential along the vector X, the condition X7V’ = 0
has to hold. Let us now consider two distinct vacua with vectors X; and Xs, respectively.
Let V{ and VJ be the gradient of the potential considered at those stationary points. We

can contract the vectors of the VEVs from one minimum with the gradient of the other

to obtain
XTv)=XTA+ XI'BX,. (3.12)
Since B is symmetric, we have
XI'Bx, = XI'BX, (3.13)
which leads to
X5V - X3 A=X]Vvy - X{ A (3.14)

The second term in each side of the equation is the quadratic part of the potential computed
at the corresponding stationary point. Therefore using eq. (3.10) we can rewrite eq. (3.14) as

1
Vo= (X3 - xT1g), (3.15)

which relates the relative height between the two minima with the VEV vectors and gra-
dients of the potential. We want to express the right hand side for each case as a function
of physical parameters from one vacuum as much as possible. In this way, the stability
of that vacuum is just a function of quantities computed at that stationary point. In the
next section we will classify the different type of stationary points and write the corre-
sponding X and V’ vectors. The minimum conditions that led to the different phases to be
presented are shown in appendix A. The vacua classified as charge breaking are the ones
where the photon becomes massive and the mass matrix for the gauge bosons is also given
in appendix A.

4 Models with custodial symmetry after SSB

4.1 The custodial vacuum

The GM model was first proposed due to the very nice property that there is a solution
of the minimization conditions with no charged VEVs where the triplet neutral VEVs
(those of the real fields @5 and ¢g) are proportional. This condition preserves the custodial
symmetry and maintains the SM structure of the gauge bosons mass matrix, that is, the
Weinberg angle is preserved at tree-level. As discussed in the introduction, the equality of
vacuum expectation values is naturally preserved in the Higgs sector because the custodial
SU(2) survives the spontaneous breaking of the global SU(2)z, x SU(2)z symmetry. In this
scenario the VEVs are chosen as

(p1)y =v1, (ps)=v5, (ps)=0, (ps8)=v205, (p10)=0, (4.1)



leading to the minimization conditions

,U,% *41}1 )\1 + 3’U5 ()\5 — 2)\2)

(4.2)

The mass spectrum is the following: there are two custodial singlet states that mix, h and
H, with masses given by

miH :4)\1@% + 41}?()\3 +3\)F
2\/4)\11)1 + 2)11)5 3()\5 — 2)\2) — 8)\1()\3 + 3)\4)] + 411?)()\3 + 3)\4)2 , (4.3)

a CllSl}Odial l}riplel, H3 5 H3 B Wilh masses gi\/en by
ma = 7)\5 (U + 8v ) (4 4)
3 2 1 5) :

and a custodial 5-plet, Hg, Hg[, Hgﬁi, with masses

3502
mé = 51
2

+ 8\3v2. (4.5)
In order that the gauge bosons have the observed mass the VEVs have to obey

v? + 82 = 0v? = ~ (246 GeV)?. (4.6)
f Gr
There are also two mixing angles usually taken as input parameters and that parametrize
the mixing between the doublet and the triplet components [3].

Since the cubic terms are absent due to the Zo symmetry, = — —Z, the mass scale
of the scalar states is set by the electroweak scale and the model does not possess a de-
coupling limit. The upper bounds on the scalar masses from perturbative unitarity were
first studied in ref. [6] which found the following constraints on the masses: ms < 400 GeV,
ms < 700 GeV. Despite the absence of a decoupling limit, the model in this phase is still
not excluded by data [45].

Finally, the vectors X and V' can be written as

vi/2 0
3v¢/2 2m?
) 2 2
Xo=| 75 |, Vi=A+BXo= o (4.7)
V5 —-m
0 —m?
0 _2)\3U5

with m? = %)\50% + 43 v%.



4.2 The dark matter vacuum

If only the doublet ® develops a VEV, the Lagrangian will still be exactly Zs symmetric
after SSB. This in turn means that all the particles from the triplet do not interact with
fermions nor do they have triple vertices with two gauge bosons. The lightest of these
particles is thus stable and is therefore a good dark matter candidate. Such a situation is
indeed a possible solution of the minimization equations of the potential, corresponding to
VEVs v1 = v and all others zero, in eq. (3.4). The only minimization condition is

2

Ha
=] —2 4.
v 5y (4.8)

In this scenario the custodial symmetry is still preserved and therefore the physical particles
fall into the same custodial representations as in the custodial vacuum. The two custodial
singlet states no longer mix; the 125 GeV Higgs boson is identified with A = 1 with mass
given by

mi = 8\ 102 (4.9)

The Z5-odd states comprise the familiar custodial singlet, triplet, and fiveplet with masses

given by

m3 = (u3 + 2X90?) — A50?,

m3 = (p3 + 2X90?) — %)\51)2,

mi = (U3 + 2X90%) + %)\51)2, (4.10)
respectively.

When A5 is positive the real custodial-singlet neutral scalar with mass mj is the lightest
of the Z5-odd states and is the dark matter candidate. When A5 is negative the custodial-
fiveplet states, comprising one neutral, one charged, and one doubly-charged scalar, are
the lightest. The question now is if we can have just one neutral state as the dark matter
candidate. As shown in [46] the mass degeneracy between charged and neutral states can
be lifted via quantum corrections, which tend to make the charged components slightly
heavier than the neutral ones. Therefore one would expect that in this phase of the GM
model quantum corrections also lift the degeneracy and that the neutral state would be the
dark matter candidate. The model has a fully dark sector that only communicates with the
visible sector via couplings to the SM Higgs and to the gauge bosons in quartic couplings.
The visible sector is indistinguishable from the SM from the point of view of the (tree-level)
Higgs couplings to fermions and gauge bosons, though the loop-induced coupling to photon
pairs will be modified due to contributions from loops of the Zs-odd states.

Because p3 remains a free parameter that can be taken arbitrarily large, this phase
of the model possesses a decoupling limit, in which all of the Zs-odd states can be taken
heavy with masses of order \//73 .



We end this section writing the X and V' vectors for this stationary point, as defined
in egs. (3.7) and (3.11),

m3/(16)1) 0
0 m? + k?
XpMm = 0 Vi = A+ BXpy = k2 4.11
DM = 0 3 DM = A+ DM = 2 ) (4.11)
0 k2
0 0
with k2 = —)i%TFL

We note that this DM vacuum is not the limit of the custodial vacuum with vs — 0,
but rather a disconnected phase of the model. Setting vs = 0 leads to one of the min-
imization conditions being trivially satisfied, which removes a constraint that otherwise
applies in the Custodial vacuum. A major phenomenological consequence of this is that,
in the DM vacuum, the masses of the Z;-odd scalars can all be made arbitrarily large
by taking p3 large, whereas in the Custodial vacuum of the Zs-symmetric potential the
masses of all the physical scalars are bounded from above by perturbative unitarity of the
quartic couplings [6].

5 Models where the custodial symmetry is broken after SSB

5.1 The real non-custodial vacuum

Let us now consider the scenario where the solution of the minimization equations has
(8) # V2(ps5) (but still no charged VEVs) which means that the custodial symmetry is
broken. The absence of the dimension 3 soft breaking terms will then lead to two massless
scalars (the result of spontaneous breaking of continuous global symmetries of the model).
Let the VEV choice be

(1) =v1, (w5) =v5, (p6) =0, {ps) =vs, (¥10) =0, (5.1)
which leads to the minimization conditions

2303 (2\/51)5 + vg) (v5v2 — 203)
v% (ﬂv% + v5vg — \/ivg)

4303
2 _ 2 2 2 3U8 5.2)
M3 = 2\ 4vg (A3 + A dvg (A3 + M) + s (
3 20 ,05( ’ 4) US( ’ 4) \/5’1)5 + 2vg

,u% = —4)\121% - 2/\2 (U?) + Ug) +

9y

4)3v508 (v% — 21}%)
A5 =

v? (\/§v§ + vsvg — \/51)%) .

~10 -



The vectors X and V' are

0
v3/2 Ag03
1/2 (v +v3) VaR
V2u508 " us+vV2u
XNC = U2/2 s Vl(IC = 2)\ 21)?_”51}5 . (53)

8 38 \ Vaultusos—va 8

0 . 2)\3115v§

0 v5+\/§1218 ’
A3 (—§)

5.2 Charge breaking vacua

We now consider the scenarios where charge breaking (CB) occurs spontaneously, and where
therefore the photon becomes massive after SSB. A priori, it would seem that there would
be a large number of possible CB vacua, but in fact — as will be explained in appendix A
— the minimization equations of the GM model curtail most of those possibilities. Indeed,
there are but five distinct vacua that lead to charge breaking,

1. v5=vg=0and v — Y
. U5 =g 10 e Sug
2. v5 = wvg =0 and v1g = —vg.

3. v5:v8:Oand V10 = Ve.
4, 1)1:1)5:118:02111(1 Ve = —V10-
5. 1)1:1)5:1)8:02111(11)6:1)10.

To insist on this point, these are the only combinations of real VEVs originating CB
which are possible solutions of the extremum equations of the GM model. The minimum
conditions then lead to the following relations for vacuum number 1,

2 _ Az)\gv% ’U% (32)\1)\3 + )\g)

— — —2)\g,
2 = 5oz 83 2 5.4)
Motz + \g) '
2 5V1\N3 4 2 2
H3 = —W — 2)\21)1 — 4'1)6 ()\3 + )\4) .
For vacuum number 2 we have
,u% = —4)\11}% — vg(4)\2 +X5),
) 1, ) (5.5)
uz = —51]1 (4/\2 + )\5) — 41)6(/\3 + 2)\4) .
For vacuum number 3 we obtain
,u% = —4)\11}% + Ug(—4>\2 +As5),
1 (5.6)
pi = 50%(—4/\2 4+ X5) — 4v3( A3+ 2)\4) .
Finally for vacua 4 and 5 the condition is
p3 = —4vi( N3 +2\) . (5.7)

- 11 -



It should be clear to the reader that the values of the VEVs shown here is almost certainly
different from vacuum to vacuum, though we are not labeling them differently. Following

the bilinear formalism, we can then write X and V' vectors for each CB vacuum:

e Charge-breaking 1:

vt /2

1?/2
0

XcB1 = 0

12

442
V1A
64”(25 )\g '

with 12 = v +
e Charge-breaking 2:
vi/2
vg
0
0
iy
202

Xcp2 =

e Charge-breaking 3:
v3/2
vg
0

XcB3 = 0

—v%)\5/(8)\3)

2

Vg
2
2v§

e Charge-breaking 4:

0
vg
0

0

2
2vg

XcBa =

e Charge-breaking 5:

0

vg

XcBs =

5 VéBl == A + BXCB1 =

Vigs = A+ BXcp2 =

VéBB — A + BXCB3 ==

Vips = A+ BXcpy =

VéB5 - A + BXCB5 =

- 12 —

0
0
—v?\5 /4
115 B
—’U%)\5/2 — 2)\3[2
0
0

0
4’[)%)\3 — U%)\{)/Q
21)%)\3 — U%)\5/2
—41)(23/\3 — U%)\5/2
4v2hg — v3N5/2
0

0
4ugAs + vis/2
—203 )3 — v?)5/2
—4vdX3 — v?)5/2
*411%)\3 — U%)\5/2
0

13+ v3(4he + As)
402 \3
2’0(25)\3
—41}g>\3
4’[)%)\3
0

15 + v3(4h2 — Xs)
41}%)\3
—21%)\3
—41]%)\3
—41]%)\3
0

(5.9)

(5.10)

(5.11)

(5.12)



5.3 Wrong-electroweak vacuum

There is a set of unphysical solutions of the minimization equations that do not break the
electroweak symmetry correctly, leading to a massless Z boson — a curious situation, only
made possible by the possibility of having VEVs for the triplet fields with zero hypercharge.
The two possible minima is this category are

e WL (01) =0, (ps5) =0, {p6) = 24/~ (ps) =0, (o10) = 0,

o W2: (1) =0, (p5) =v5, (v6) =vs, (¢s) =0, (p10) =0,

with the further condition

13 = =40 + ) (v3 +03) - (5.13)

Notice, in fact, how the above stationary points correspond to VEVs for the fields £° and
&+ from eq. (2.2), which carry no hypercharge, allowing the Z boson to remain massless.’
Indeed, the symmetry group left invariant after SSB for these vacua is U(1) x U(1) — one
of these U(1) is the unbroken hypercharge group, the other is “extracted” from SU(2). The
X and V' vectors in this scenario are

« WI:
2 Aopid
02 M2 — 2(>\32+:‘3\4)
8(A3+As)
0 0
Xwi = 0 , Viry = A+ BXy = W (5.14)
2(A3+A4)
0 0
3
T Aa+ha) 0
« W2
0 13 + 2Xa (03 + v§)
5 (03 +03) 0
0 0
Xwz = 0 o Vi = A+ BXwa = —2X3 (v2 + ) (519)
0 0
vE 0

5.4 Tantamount vacua

There is a set of vacua that produces three massive gauge bosons and thus is tantamount to
the SM electroweak breaking vacuum. The difference lies in the different gauge bosons’ mass
structure. In the SM breaking we obtain my = gv/2 and mz = \/¢? + ¢’>v/2 while in this

5Tt may seem peculiar to have a VEV for £+ and still have a massless photon in these vacua, but in fact
the definition of electric charge is different in this situation.
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case the neutral component of the SU(2), gauge bosons remains massless (“the photon”)

and the “Z boson” is just the (massive) hypercharge gauge boson. These vacua would

therefore yield an unrealistic value for the p parameter, as well as unrealistic couplings of

the Z boson to fermions, and are thus in disagreement with current experimental data.

The vacua that produce these results are

o T1: (1) =0, (p5) =05, (ws) =0, (pg) =0, (10) = vip, with the condition

In this vacuum the gauge boson masses are my = gy/vi, + v2, mz = g'vio.

,u% = —4(A3+ \g) (U%O + U%) .

(5.16)

o T2: (1) =0, (p5) =0, (ps) =0, (ps) =0, (p10) = v1p, with the condition

u3 = —4(A3 + Aa)vi

In this vacuum the gauge boson masses are my = gvig, mz = g'v1o.

The corresponding X and V' vectors are

o TI1:

o T2:

X712 =

4()\3 +)\4)

3 le"le'i‘BXTl:

s V'JI"2:A+BXT2:

6 Stability of the viable models

6.1 Stability of dark matter minima

2 Aopj
M2 = 20X

0

0
A3p2 2
Tatan) T 2A805

0
0

2 Xopd
2 =~ 3G

0

0

Azp3
2(A3+As)

0
0

(5.17)

(5.18)

(5.19)

Let us now consider the coexistence of a dark matter minimum with any of the other

stationary points (minima or not) listed above.

The starting point of this analysis is

that the minimization equations of the potential admit solutions of two different types

simultaneously. We force the dark matter solution to be a minimum while the stationary

point to be compared has no constraints on the second derivatives. The bilinear formalism

— 14 —



provides an easy method to compute and compare the values of the potential at each of
those two stationary points.

Let us start by comparing the DM vacuum with all the CB ones. We will analyse in
detail two of the cases, the arguments will be the same for all the others.

e« CB1 vs. DM:
— for \s >0
Vesr — Vou = % (U% + U%()) mé + iv%)\g) (v — v10)* > 0, (6.1)
— for \s <0
Vesr — Vou = % (vg + v%o) m? — iv%& (ve + v10)> > 0, (6.2)

where all explicit VEVs are from the CB1 stationary point, and all masses are from
the DM minimum. Given our initial hypothesis of the DM phase being a minimum,
the squared scalar mass m2 is necessarily positive; likewise, we see that all VEV
combinations figuring in the above expressions are perforce positive — and the signs
affecting the A5 coupling render all terms where it appears also positive. Thus, the
difference between the potential at the different SPs, Vogy — Vpwm is always positive
— this means that, if there is a DM minimum, any CB1 extremum will necessarily

lie above it.

e« CB2 vs. DM:

mavg
2 )

where all explicit VEVs are from CB2 and all masses are from the DM phase. This

Vepz — Voum = (6.3)

difference is clearly always positive when the DM phase is a minimum.

e CB3 vs. DM:
™ma,
Veps — Vou = —2 (6.4)

where again all explicit VEVs are from CB3 and all masses are from the DM phase.
And this difference is again always positive.

e CB4 and CB5 vs. DM:

my + 32\ pu3vd
641 ’

VeBays — Vo = (6.5)
where all explicit VEVs are from CB4 or CB5 and all masses are from the DM phase.
This difference can be either positive or negative — notice how the quadratic coupling
©3 can be negative, and therefore the sign of the potential difference between the two
stationary points is not determined. In fact, a numerical study of this case found
regions of parameter space for which Veps/s — Vpum > 0, but also other regions where

Vepays — Vom < 0.
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¢ Custodial vacuum vs. DM: )

2
3mivg
4 )

where all explicit VEVs are from the custodial vacuum and all masses are from the

Ve —Vbum =

(6.6)

DM phase. This difference is thus always positive.

e Non-custodial vacuum vs. DM:

Ve — VoM = % [m% (Ug, + \/§U8)2 + mg (\/51)5 — 08)2} , (6.7)

where all explicit VEVs are from the non-custodial vacuum and the masses are from
the DM minimum. This difference is thus always positive.

e W1, W2, T1, T2 vs. DM:

% Sy UL S (6.8)
wiwz T2 = Vou = g6 (30— R | .

The difference in values of the potential can be positive or negative, depending on
the magnitudes of both quadratic coefficients.%

Therefore, taking into account all the conditions above, in order to force the DM
vacuum to be an absolute minimum at tree-level we just need to impose the two conditions:

81413 4
< 6.9
4 4
Ha H3
—= - —=_— >0, 6.10
A1 A3+ T ( )

where, remember, in the DM minimum £ is supposed to represent the SM-like Higgs boson
and as such my, = 125 GeV. Using eq. (4.8) and eq. (4.9), we can cast these two equations
in a different form, as they become lower bounds on combinations of A3 and Ay4:

4
_H3
2.2 "
2vemy,

(6.11)

1
min (2/\3 + A4, A3+ )\4) >

Notice that the bounded from below conditions of eq. (2.5) force these two combinations
of A3 and A4 to be positive, this constraint is therefore more restrictive.”

6.2 Stability of the custodial vacuum

As in the previous section for the DM phase, our starting point now will be to assume the
existence of a custodial minimum, coexisting with other types of stationary points. Let us
go through the several possibilities:

5Notice that, due to the bounded from below conditions of eq. (2.5), the combinations of A coefficients
in eq. (6.8) are necessarily positive.

"Though this constraint presupposes the existence of some Wrong-electroweak or Tantamount stationary
point coexisting with the DM minimum.
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e DM vs. Custodial:
302 (4M1 3 — 2Xop3 + Asp3)?

Vom — Ve =
bM © 4)\1m%m%{

, (6.12)

where please notice that the masses figuring in this expression are now those obtained
in the custodial vacuum (see eq. (4.3), eq. (4.4) and eq. (4.5)). This difference in values
of the potential at the two stationary points is clearly positive, which indicates that,
whenever there is a custodial minimum, any existing DM stationary point will necessarily
lie above it. Notice, though, that we had already concluded, in eq. (6.6), that a DM
minimum implied that any custodial stationary point needed to lie above it. The two
conclusions are not contradictory, rather they imply that if a DM (custodial) minimum
exists, any coexisting custodial (DM) stationary point lies above it, and is necessarily a
saddle point. In fact, comparing eq. (6.6) and eq. (6.12), we see that when the minimum
corresponds to the DM phase, then Vpy — Vo < 0 which, from the equation above,
implies that one of the squared scalar masses of the custodial stationary point, m% or
qu, must perforce be negative, while the other is positive — thus we conclude that not
only the custodial stationary point lies above the DM minimum, it is also necessarily a
saddle point. Analogously, if we have a custodial minimum then Vpy — Ve > 0 and from
eq. (6.6) we see that one must necessarily have one of the squared masses computed at
the DM stationary point, m3, be negative — it is easy to then show that in that case
the DM stationary point is also a saddle point, lying above the custodial minimum.

¢« Non-custodial vs. custodial:
ANC/C

e — Vo = (6.13)

BNC/C
with
ANC/C = )\, (2@52, —vg) { ( 320802 — 420203 + 5003 v — 11v20303 — 260208
+4v2vfvg + 8v + 14/ 2v50] — 40}
x {v2 D3 - a+ )| - 208 [N - 20 +20) |}
+4 o A3vivs0vd (21}% —vg)
X (—121)55,1)8 8\fv5128 +17v3vg +3\f1}51)8 +4\fv5v8 —1—4215 — 100508 +2\[1}8)
+ 2 30203 (2v§ - vg) [241)5 (A3 4+ A1) — 160802 (53 +6M4) — 1220303 (A3 4+ \4)
+ 60305 (173 4+2504) — V20303 (173 +33)\4)
— 60208 (TA3 +13M\y) +12v 207 vg (A3 + \g)

+6v2050] (33 + TAs) — 40§ (s +324) | } , (6.14)
2
BNC/C —9\/2 (U5 + ﬁvs) (\/5@52) + VU508 — \@vg)
X {v% (—3v§v§ +2v/2v3vg +2v8 — 220503 + 211§) [3)\3 — 4N (A3 + 3)\4)}

+ 12X\ \3vfv508 (21)5 —v8) (\fvg) +vsv8 — \fvg) + 12030202 (’US 21}5)2 }
(6.15)
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The VEVs are from the NC vacuum. The difference can be positive or negative.

¢ (CBI1 vs. Custodial:
ACB1/C

Ve — Vo = BCBI/C

(6.16)
with
ACBUC = g [10240303 + 12801 A As (A5 — 3X2) + 303 (A5 — 2))?]
+ 81313 {3201 A3 [3A5( A3+ Ag) — 42 A3] +3X5(202 — A5) [4da A3 — As (A3 + )]}
16723 [16A3AF — 2400 Ao X5 (A + Aa) + A2 (g + Aa) (TAs +30a)] (6.17)
BOBYC =16 [3(Xs — 229)% — 16M1 (A3 +3A0) | [803A3 — (As + M) (320 X5+ 22) | (6.18)

Numerically, we found that a coexisting CB1 vacuum can have an energy above or below
the Custodial vacuum.

CB2 vs. Custodial:

2 2 2 2 2
9m3 (UC,1UCB,6 + 2“013,1”0,5) 5 o
3 3 3 + m5UCB,6 s (619)
VG T35 5

Vepe — Ve =

1
8

where VEVs are marked as either being charge-breaking or custodial and all masses are
from the custodial vacuum. The difference is thus always positive.

CB3 vs. Custodial:

Veps — Vo = 5

8

2(,2 .2 2 2
1| m3 (UC,IUCB,G + 6”08,1”0,5)
P P
Vet SUC75

+m] BENCES

where VEVs are marked as either being charge-breaking or custodial and all masses are
from the custodial vacuum. The difference is always positive.

CB4/5 vs. Custodial:

i (=2X23 + 2233 + 4Nap3 + Aspif) + 2Xsp503
8()\3 + 2)\4) ’

Vopays — Ve = — (6.21)

where VEVs are from the custodial vacuum. The difference can be positive or negative.

W1, W2, T1 and T2 vs. Custodial. For all these scenarios the difference in height in
the potential is given by the expression

y () 4 ed (4 8A02)) o (st + 20e2)
W1,w2,T1,1T2 c= 12m2v? — 4v? (m2 + 8\4v?) ’

(6.22)
where VEVs and masses are from the Custodial vacuum. The difference can be positive

or negative.
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Therefore, we can finally state the conditions to have the custodial extremum as the
absolute minimum. Besides having all masses positive to guarantee that we are indeed in
a minimum, we need to force the parameters of the potential to comply with the follow-
ing conditions

Ve — Ve >0, (6.23)
Vepr — Ve 20, (6.24)
2/ 2 2 2 2 2,2
_01(=2Xap3 + 2A345 + ANap3 + Aspg) + 2A3u505 >0
8()\3 + 2)\4) -
v? (2303 (m3 — 2MgvF) + p5vf (m3 + 8Agvd)) — mj (3udvi + 2u3vivs
12m3v? — 4v? (m2 + 8\402)

(6.25)

) >0.  (6.26)

The first equation, eq. (6.23), is written using eq. (6.13), eq. (6.14) and eq. (6.15). They
are written as a function of the non-custodial VEVs that obey egs. (5.2). The remaining
three equations eq. (6.24), eq. (6.25), eq. (6.26) are written as a function of the parameters
of the potential, the masses in the custodial phase and the custodial VEVs. In particular,
eq. (6.24) needs eq. (6.16), eq. (6.17) and eq. (6.18).

7 Conclusions

We have analysed the vacuum structure of a simple version of the GM model where the
scalar potential is not only invariant under SU(2)z, x SU(2) g but is also invariant under the
75 symmetry of the triplet fields, = — —=. We have then used the invariance freedom to
reduce the number of possible VEVs to 7. In this first attempt to understand the vacuum
structure of the model we have further reduced the number to 5 by considering only the
real component of the VEVs. In that sense the conditions obtained for the potential to be
in an absolute minimum are necessary conditions.

We have classified the phases of the model in viable phases, the Custodial and DM
phases, and the non-viable. The non-viable are the non-custodial vacuum where 5 Gold-
stone bosons are generated, the charge-breaking vacua (CB1,2 with 6 Goldstone bosons
and CB3,4,5 with 5 Goldstone bosons), and the wrong-electroweak and tantamount vacua
with 4 Goldstone bosons. We have then derived a set of analytical formulae that allows
to compare the difference in the depths of two stationary points from two distinct phases.
If we want to be certain that we have an absolute minimum in the DM phase, we just
need that all masses be positive in that phase and to impose the conditions given in equa-
tion (6.11). These are the two conditions for which we have checked numerically that the
difference in depths could be either positive or negative. Hence, we need to force the DM
minimum to be below the other phases’ stationary point. If in turn we want the custodial
vacuum to be a minimum we impose positivity of the masses in that phase together with
the conditions expressed by equations (6.23), (6.24), (6.25) and (6.26). Note that there are
many cases where the minimum is always below the stationary point of the other phase
at tree-level. This is for instance the case where the DM minimum is compared with the
Custodial stationary point or when the Custodial minimum is compared with the DM
stationary point.
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The Georgi-Machacek model has therefore an elaborate vacuum structure — vacua
with Dark Matter candidates; vacua which preserve or not custodial symmetry; and pat-
terns of electroweak breaking with remaining symmetry group U(1) x U(1), with massless
photon and Z, or a wrong value predicted for the Weinberg angle. Crucially, though, this
foray into the many possible vacua of the model revealed that neither of the vacua of inter-
est — the Dark Matter minimum or the minimum which preserves custodial symmetry —
are automatically stable, as occurs for instance in the 2HDM [26, 27, 30, 34], a model for
which it was proven that minima which break different symmetries cannot coexist. For the
GM model, though, we have shown that, though the Dark Matter minimum cannot coexist
with deeper Charge Breaking, Custodial or Non-Custodial vacua, it can nonetheless have
deeper stationary points with incorrect electroweak symmetry breaking (yielding massless
Z’s or the wrong value of Ay ). Further, the Custodial minimum is not safe from eventual
tunnelling to a deeper charge breaking vacuum of the type CB1, or indeed to a non-custodial
vacuum (this last conclusion is known, see [12, 20]). The situation will of course become
even more complex when one starts analysing the GM model with soft breaking terms of
the Z5 considered in this paper — the more common form of the GM model, studied for
instance in [12]. Such terms will obviously change the possible vacua and, being cubic in
the fields, will necessarily complicate the algebra. Many of the stranger vacua discussed
here — the Wrong-Electroweak and Tantamount ones — may well no longer be possible
when soft breaking terms appear in the potential. On the other hand, taking the 2HDM as
an example, new types minima may become possible with those soft breaking terms (such
as for instance spontaneous CP breaking vacua), and coexistence of minima impossible
with exact symmetries may be possible when they are softly broken [31, 34].

A Vacua

We have presented the simplest and most general vacuum structure in eq. (2.9). We will
now show the possible types of vacua in the Z symmetric model. The most general vacuum
configuration is written as

1 0 (o O
U1
= — , X=—| — 2 , Al
\/§<0v1> \/5 Ulo\[UE)Ulo ( )
0 —Ve Vg

and leads to the following minimum conditions:

oV 2
78(,0 =1 u% + 4)\11)% + 2)\2(v§ + Ug + Ug + U%O) — X5 (1)101)6 + \/57)5)7)8 + 7)58 , (A.Q)
1
0
oV A5
X A3
905 0 ﬁmvs(vﬁ + v10), (A.3)
oV _ 2 2 2 2 2 VeU8V10
% = Vs H3 + 4>\4U8 + 4(7}5 + UG + 'Ulo)()\g —+ )\4) — 2\/5)\3/1)7
5 5
0

+o? (2)\2 - \A/%Z )] : (A.4)

—90 —



ov
= v [u§ + Aol + 402 + 02 (Ns + Aa) + 202(\g + 20g) — 2v/2Ag 2210

AU
2 5V10
2\9 — A5
i ( 27 v ﬂ ’ (A.5)
ov _ 2 2 2 2 2 Us5V6V10

—| =g us+ 4 vs + 2(vg + vg + vip) (A3 + 2A4) — 2V/2\3 ———2

Oes . vg

A
+0? [mz - (1 + fz“) 5] } : (A.6)
vg) 2
ov
AL R {#g AR+ 402 + 02 (A3 4 M) + 202 (N3 + 20g) — 2V/2\5 20008 4
dp10 o V10
A5
2 5U6
2My — A
Y1 ( Az 2v10 ﬂ (A7)

oV
P) = 2)\3 (\/§U52)6U10 — ’1)81)%0 - Ugvg) s (AS)

P11 0

and the conditions for the remaining fields are identically zero.

The minimum conditions for @3 can be used as a starting point of three main subgroups
with either v1 = 0, vg = 0 or vg = —v19. We then found step by step all configurations that
led to stationary points of the potential. All charge breaking minima have in common the
following conditions

vy = vg = 0, vg #0, and vig # 0, (A.9)

that is, the neutral VEVs from the triplet have to vanish while the charged ones have to
be non-zero. There are also Charge-Breaking minima that obey all the above conditions
plus v;1 = 0. In principle there could be other vacuum configurations that would break
electric charge but we found that they are never stationary points. By taking vs = vg =0
only three stationarity equations survive, the ones related to (1, wg and ¢19. This imposes
conditions on three (arbitrary) Lagrangian parameters, and we choose

830202
M%:_4)\1v%_73 210 6 _ 92X, (v%o—l—vg),
U1
2= 9 (Mv? + 2003 + A\g) (V) + vl A.10
M3 = 207 +2(A3 + Ag) V19 T Vg ) (A. )
s = _8)\31)2101/6 .
G

The condition vs = vg = 0 together with vg # 0 and vig # 0 leads to the following
mass matrix for the gauge bosons in the W', W2, W3, B basis.

197 (v + 4v;) 0 0 0
0 39% (vf +4 (v +vhy)) 0 0 ALl
0 0 122 (12 1 492 1,2 ( : )
19° (vf + 405) 1vigg
0 0 —Lvgg 197 (v + dvd)
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Clearly there is no zero eigenstate and thus the photon becomes massive. There is another
Charge-Breaking stationary point with the conditions v1 = vs = vg = 0 together with
vg # 0 and v1g # 0. Again for this case we see that no zero mass eigenstate emerges.
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