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Abstract

Over the last decades, conceptual frameworks formulated to address the dynamics
of economic growth have hypothesized, discussed and tested a large number of dif-
ferent assumptions concerning the role of capital accumulation, labor productivity,
learning-by-doing, formal education, innovation, and diffusion of ideas. Underlying
all these theoretical contributions is, on the demand side, a pervasive and appar-
ently unshakable structure of analysis: economic agents invariably set an optimal
intertemporal consumption plan which allows then to maximize utility over an infi-
nite horizon. Such behavior, however, suggests a planning ability that agents often
lack. In fact, household decisions are frequently designed on the basis of heuris-
tics or rules-of-thumb that, although not optimal, are reachable under the cognitive
constraints typically faced by human beings. This paper revisits some of the most
prominent models of the mainstream growth theory, taking a specific heuristic to
account for consumption-savings decisions. The heuristic, which allows for the con-
sideration of distinct profiles of saving behavior across individual agents, is a static
rule, which might suggest a return to a Solow-like growth analysis. Notwithstanding,
the adopted rule-of-thumb encloses a series of novel and relevant implications for
growth theory. Such implications are duly highlighted and discussed in this study.
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0. Gomes

1 Introduction

In a short survey on the history of contemporaneous economic growth theory,
(Akcigit 2017), p. 1736 emphasizes that

Economies are complex systems resulting from the actions of many actors. This
complexity makes it challenging, but also infinitely interesting, to understand
the determinants of economic growth. What are the roles of human capital,
fertility, ideas, basic science, and public policy for growth?

This sentence highlights two important points: first, understanding patterns of
economic growth and their underlying determinants is not a trivial task because
economies are evolving complex entities;! second, drivers of long-term growth are
essentially supply-side variables subject to specific processes of accumulation and
renewal, such as human capital or scientific knowledge. Agreeing with the first claim
raises the question of whether the second one could somehow be perceived as restric-
tive, in the sense that fully understanding growth might require, as well, taking a
careful look at the demand side and at the behavior of consumers and the cognitive
challenges they face.

Following the pioneer contributions of Solow (1956) and Swan (1956), who
approached growth dynamics under the simplifying assumption of a constant savings
rate, practically all the subsequent research has been built upon a utility maximiza-
tion framework, where consumption-savings choices are endogenously determined.
This framework allows agents (often a representative agent) to compute and fol-
low optimal intertemporal consumption trajectories. Growth models designed under
this perspective are optimal growth models, meaning that the underlying growth
rates emerge from the optimal decisions of rational agents with unlimited planning
capabilities.

The presence of the utility maximization setup in growth analyses is ubiquitous,
from neoclassical growth (Cass 1965; Koopmans 1965), to the various classes of
endogenous growth models (Romer 1987; 1990; Lucas 1988; Grossman and Help-
man 1991; Rebelo 1991; Aghion and Howitt 1992; Jones 1995), and to the most
recent wave of growth theory that explores the implications and consequences of
agent heterogeneity concerning skills, productivity and innovative capabilities (Kim
and Song 2014; Zeira and Zoabi 2015; Jaimovich and Rebelo 2017; Acemoglu et al.
2018; Akcigit and Kerr 2018; Grossman and Helpman 2018).

Such a constancy in the demand structure has been helpful in allowing growth
theorists to concentrate attention in relevant aspects of the growth process and of the
forces driving long-term growth. State-of-the-art economic growth research includes
the work of Lucas (2009, 2015), Lucas and Moll (2014), and Buera and Lucas (2018),
on the dissemination of ideas and learning through decentralized interaction; the con-

ISee Sequeira et al. (2018) for an effort to integrate and explore the role of complexity in standard dynamic
growth analysis, namely, in the context of an endogenous growth model. Studies on agent-based evolu-
tionary growth e.g., Dosi et al. (2010, 2013), Guerini et al. (2018), to which we will come back later, also
interpret the economy as a complex evolving system.
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tributions of Acemoglu and Cao (2015), Aghion et al. (2015), and Akcigit et al.
(2016), on the organization of industries and endogenous technological change; and,
among others, the studies and reflections of Aghion and Roulet (2014), Benhabib
et al. (2014), Grossman and Helpman (2015), and Stokey (2015), on the issue of
international income convergence and divergence, and on how these processes are
driven by innovation and imitation.

The above mentioned references constitute inescapable contributions for the
advancement of growth theory. However, they invariably lack a careful look into
the consumption-savings choices of households and how these can impact long-term
growth paths. This paper offers a contribution in the mentioned direction, by aban-
doning the typical optimization setup and considering, instead, a static consumption
heuristic that allows for behavioral heterogeneity. Households hold different psycho-
logical profiles and, consequently, their behavior concerning consumption-savings
choices is also distinct from one another.? The thesis to explore is grounded on
the premise that economic agents are not ruthless optimizers and that they tend to
adopt simple idiosyncratic choice rules. The corollary of this premise is that behavior
matters to growth and helps shape transitional dynamics and long-term equilibrium
outcomes.

One might jump to the conclusion that analyzing growth through the lens of a
static consumption rule is nothing more than a return to a Solow-like exogenous sav-
ings rate setting; however, as will be revealed, the interesting point is that there is
more than meets the eye in adopting such an approach for the analysis of economic
growth. By taking a tour through a sequence of typical growth models (one-sector
neoclassical growth model, AK endogenous growth model, two-sector human cap-
ital endogenous growth model, and a growth model with labor-replacing capital),
and modifying them in order to contemplate the consumption heuristic, we identify
relevant implications concerning intertemporal preferences, transitional dynamics,
steady-state growth, and heterogeneity of outcomes.

Placing the focus on decision-making and assuming the type of rule that is
explored, it becomes possible to investigate how psychological profiles in a popula-
tion might determine long-term growth. Agents are endowed with a sentiment level
that translates the extent in which they value future consumption against current
consumption. While some appreciate saving and opt to differ consumption in time,
others are impatient and prefer to concentrate consumption the closest as possible to
the current time period. The economy is populated by the two types of households
and it is this diversity that allows to add relevant insights to growth analysis. Sen-
timent heterogeneity and changes in sentiments are certainly a relevant determinant
of the decisions of agents and, thus, also of the aggregate outcomes in the economy,
whether these sentiments are associated with consumption-savings decisions, as is

2See Gerhard et al. (2018) for an empirical characterization of the psychological drivers of savings. In
particular, these authors identify the following relevant psychological characteristics as determinants of
savings behavior: personality traits (agreableness, conscientiousness, extraversion, neuroticism, openess
to experience), self-control, optimism, attitude towards savings, and regulatory focus. These features vary
across individual agents (for genetic reasons and due to socialization), thus generating distinct savings
profiles.
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0. Gomes

the case, or with investment choices as explored in some growth-related literature,
most prominently in (Martin and Ventura 2012).

The inspiration underlying the research in this paper can be found in the conflu-
ence of two strands of literature, which are briefly reviewed in Section 2. The first
strand, the permanent income / life-cycle theory and the debate around its adequacy
to interpret and explain consumption-savings choices of actual households, serves as
the main support to dismiss optimal planning in favor of a simple choice rule. In fact,
the heuristic to adopt is inspired by (Deaton 1992) suggestion that people save a share
of their income if, and only if, income is higher than expected. As will be revealed,
the proposed heuristic differs from Deaton’s rule in a series of respects (it is a deter-
ministic rule; the element driving choices is a desired consumption threshold that
varies across households and not a rational expectation on future income). However,
it emanates from a same principle that agents save a share of their excess income (in
this case, relatively to a psychological threshold) and, otherwise, if income is below
the threshold, do not save at all.

The second strand of literature that is relevant in the present context is the agent-
based evolutionary growth theory initiated by the work by Dosi et al. (2010). This
theory merges demand-driven features of a Keynesian inspiration with the Schum-
peterian notions of innovation, entrepreneurship, and creative destruction. This
theory matters for the current analysis because it involves behavior heterogeneity
across individual agents and the use of simple rules of behavior that replace optimal
planning. Heterogeneity and simple decision rules are indelible characteristics of the
agent-based (bottom-up) approach pursued in the evolutionary growth tradition.

The remainder of the paper is organized as follows. Section 2 addresses the rel-
evance of adopting consumption heuristics to explain decision-making processes.
Section 3 discusses the rationale underlying the assumption of heterogeneity at the
psychological level. Sections 4 to 7 explore growth dynamics under the suggested
heuristic, assuming, consecutively, a neoclassical growth model, the AK endogenous
growth model, a two-sector endogenous growth model of the Uzawa (1965) - Lucas
(1988) type, and a two-sector model with robotic capital. Section 8 concludes.

2 There is nothing optimal about them: rule-based
consumption-savings decisions

Whether economic agents are rational optimizers or, instead, cognitively constrained
decision-makers who base their decisions in simple heuristics is a long-lasting sci-
entific debate. Although the benchmark paradigm in economic analysis is one in
which the maximization of a pre-specified objective function occupies center stage,
empirical observation often contradicts the idea that optimal behavior is, in fact, a
reasonable research assumption. Consequently, economic thinking has evolved: stan-
dard dynamic programming settings have been, and continue to be, progressively
complemented or replaced by behavioral contexts in which agents act and react in
ways that are consistent with observable, real life, decision-making processes.
Conceptual and practical discussions on the merits of rules-of-thumb versus
intertemporal optimization as a pathway to characterize judgements, decisions and
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actions of agents and their respective consequences abound in the literature. They
go back to Simon (1955), Tversky and Kahneman (1974), Ellison and Fudenberg
(1993), Krusell and Smith (1996), and Lettau and Uhlig (1999), just to cite some
of the most prominent studies published on this matter along the second half of the
twentieth century. Currently, the optimization / heuristics controversy continues to be
fueled by meaningful contributions e.g., De Grauwe (2011), Gabaix (2014). These
contributions have in common the perception that economic agents, even those well
equipped to collect and process information (e.g., large firms or government institu-
tions), are unable to cope with a world that is too vast and too complex to be fully
understandable and manageable by anyone. In this scenario, the use of heuristics or
rules-of-thumb is not a symptom of irrationality; it is rather a rational response of
agents who are aware of their limited capacity to understand the world. (De Grauwe,
2011, p. 425).

Heuristics are fast and frugal rules to which decision-makers resort, given the
information, knowledge, and time constraints they invariably face. In many circum-
stances, deep, careful, and lengthy deliberation are luxuries decision-makers cannot
afford and, thus, it pays off to trade accuracy for less effort (Gigerenzer and Todd
1999; Gigerenzer and Selten 2002). A surprising discovery in this context is the less-
is-more principle (Gigerenzer 2008; Gigerenzer and Brighton 2009; Gigerenzer and
Gaissmaier 2011), according to which, in many scenarios, less processing might lead
to better inferences. If less time, information, and computation can improve accuracy,
this means that heuristics are not necessarily second-best approximations to optimal
planning. Therefore, there is no reason to consider them as an element of irrational-
ity that should be avoided in economic analysis. On the contrary, they constitute a
potentially precise and robust tool for inference and decision that often outperform
sophisticated forecasting mechanisms based in strict notions of rationality. The influ-
ence of the less-is-more principle led economists to change their perspective over
many economic issues; e.g., Dosi et al. (2017) study the macroeconomic impact of
forming expectations and taking decisions under the use of simple rules-of-thumb.

Despite the consensus that pure optimization is not truly reflexive of how agents
are capable of behaving when faced with complex and multidimensional choices,
the truth is that mainstream economic growth theory has never abandoned its proto-
typical framework, which basically consists in an optimal control problem where a
representative agent, or a pre-specified array of heterogeneous agents, establishes a
plan to maximize consumption utility from the current period all the way over some
future date (possibly an infinite horizon). What distinguishes different growth mod-
els is, in this perspective, essentially the set of constraints to which the maximization
of the objective function is subject. Putting into question the object of optimization
(consumption utility) or the fact that optimization itself is feasible, is much rarer in
growth analysis.

The inspiration for the current study comes from two distinct lines of research.
The first is associated with the often highlighted paradox emerging in permanent
income / life-cycle models of consumption and savings, concerning the feasibility of
the standard intertemporal optimization problem. Winter et al. (2012, p. 479) provide
a synthesis of the issue at hand,
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the solution of the underlying intertemporal optimization problem is rather
complicated. It requires backwards induction, and no closed-form solution for
current consumption as a function of the relevant state variables exists. Many
authors argue that individuals are unable to perform the calculations which
are required to solve the underlying intertemporal optimization problem by
backwards induction

Computational obstacles associated with the search for the optimal solution have
directed researchers in the permanent income / life-cycle tradition to wonder whether
flesh-and-bone agents use simple rules-of-thumb, instead of sophisticated intertem-
poral optimization procedures, to decide how much to consume in each time period.
Empirical evidence is mixed: the seminal work by Campbell and Mankiw (1990)
suggests that households indeed follow simple rules when deciding how much to
consume and save. However, contributions discussing this result are not unanimous,
with, e.g., Weber (2000) and Weber (2002) claiming that the use of rules-of-thumb
in consumption, at least the type of rules implying a large percentage of individuals
simply consuming their current income, does not encounter support in the data.

In the context of the life-cycle theory, Deaton (1992) suggests an intuitive con-
sumption rule, involving low computational costs and capable of performing nearly
as well as the solution for the optimal problem. In the choice of his consumption rule,
Deaton (1992, p. 257) elucidates that

My choice of rule of thumb is not arbitrary, but was guided to some extent
by knowledge of the optimal function. (...) My concern is more that the rule
should be simple, simple enough to have plausibly evolved from trial and error.

Following the notation in Winter et al. (2012), Deaton’s heuristic assumes the form

X(1) if Y(t) < E[Y ()] and X (t) < E[Y(1)]
ct)=1 ElY®] if Y(t) < E[Y(")] and X (1) > E[Y ()] (1)
E[YO]+¢{Y(@®) — E[Y®]} ifY(@) > E[Y(®)]

In equation (1), C(¢) stands for consumption, and variable X () represents cash-on-
hand, i.e., the sum of income, Y (¢), with the assets held by the agent(s), which, in
a general equilibrium growth perspective have correspondence to the value of the
available amount of productive capital, K (¢). Consumption rule (1) states that agents
only save whenever the expected income, E[Y (¢)], exceeds effective income, and
they save a fraction 1 — ¢ € (0, 1) of the excess income. Otherwise, agents will
consume an amount that is identical to the expected level of income or to cash-on-
hand, depending on the values of each of these two variables.

Deaton’s consumption rule is a simple straightforward rule; it is not forward-
looking, it overlooks intertemporal preferences, and it appears to be formulated in an
ad-hoc way. Nevertheless, when attributing a value to parameter ¢ near 30%, the rule
allows, as highlighted by its creator, for a good replication of observed patterns of
households’ consumption and savings. It is this rule that will serve as benchmark for
the formulation of a consumption heuristic in the next section, which will be a fun-
damental piece for the growth analysis that will then follow. Substantial adaptations
will be made to the meaning of (1), although the structure of the rule will be similar.
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A second strand of literature on which the analysis in this paper relies is the
agent-based evolutionary growth class of models, developed by, among others, Dosi
et al. (2010, 2013, 2015, 2019), Dawid et al. (2014), Dawid et al. (2018), Ciarli
et al. (2019), and Lamperti et al. (2018). This class of growth models combines
demand-side Keynesian features with endogenous technological change of a creative-
destruction (Schumpeterian) nature. This approach to growth dynamics requires
taking a bottom—up methodological perspective, i.e., an agent-based setup in which
heterogeneous agents adopt simple behavioral rules and interact in a complex world.
In the words of Dosi et al. (2013, p. 1599),

Our approach considers the economy as a complex evolving system, i.e. as an
ecology of heterogenous agents whose far from-equilibrium interactions con-
tinuously change the structure of the system itself (...). In this framework, the
statistical relationships exhibited by macroeconomic variables should be con-
sidered as emergent properties stemming from microeconomic disequilibrium
interactions.

A fundamental feature of the agent-based approach to growth is the relevance
attributed to the use of simple heuristics. In Dawid et al. (2019) and Dosi and Roven-
tini (2019), cognitive constraints of economic agents are highlighted: households,
firms and institutions behave according to heuristics that are formulated taking into
account the limited knowledge they have about the surrounding environment and
about their own history. Agent-based approaches to macroeconomics and growth
attribute particular attention to consumption heuristics, as we do in the current anal-
ysis. Although we will focus on a modified version of the Deaton’s rule as discussed
above, there is a large variety of different rules that may apply more or less effectively
to distinct scenarios. Table 2 in Haldane and Turrell (2019) presents a thorough list
of heuristics proposed in the literature to characterize consumption-savings choices.

3 Are we all alike? A world of ants and grasshoppers

In typical growth analyses, economies are populated by identical agents or, what
is the same, by a representative agent. This is a straightforward corollary of the
assumption of strict rationality and optimal behavior. Allowing for the use of deci-
sion heuristics opens the door for heterogeneity: while there is only one possible way
of acting optimally, there is a multiplicity of ways in which a rule-of-thumb might be
specified and implemented. We concur with Winter et al. (2012, p. 498) when stating
that

Any empirical analysis of rule-of-thumb saving behaviour would have to
account for the possibility that individuals are heterogeneous with respect to the
decision rules they use. Once we give up the fiction of optimal behaviour based
on the solution to a (unique) underlying optimisation problem, the result that
all individuals follow the same decision rule does not need to hold any more.

To assemble a consistent and useful consumption-savings heuristic mixed with
behavioral agent heterogeneity, we begin by assuming that each agent is endowed
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with a unique life philosophy or conception of the world (as a result of their upbring-
ing, education, life experiences and even genetics). The worldview of the individual
agent or his life-style choice will then determine the respective intertemporal pat-
tern of consumption and savings. Specifically, we consider that people can be, as
in Aesop’s fable, grasshoppers, who live for the short-run and do not plan for the
future, or, alternatively, ants, who store part of their income under the form of sav-
ings that allow them to sustain higher future consumption levels. Those who act as
grasshoppers do not care especially about what the future might bring, while ants are
the allegorical figures that represent those who believe saving is the proper path to
guarantee the perpetuation of consumption in future dates.

Evidently, households might be grasshoppers or ants in different degrees (closer to
a neutrality state or taking a relatively extreme position in any of the two directions).
Moreover, they do not necessarily remain forever in the same state; they might evolve,
e.g. as the result of social contagion or of the self-assessment of the consequences of
their actions under the state into which they find themselves.

Formally, let x € R be a psychological profile index, such that x = O represents a
state of neutrality, x > O defines a grasshopper, and x < 0 defines an ant, following
the notions presented above. The larger x is, in absolute value, the more extreme the
sentiment or worldview will be. This interpretation allows us to adapt rule (1), pre-
sented in the previous section, to the growth environment one intends to construe. The
rule is modified through the replacement of the expectation on the value of income
by a desired consumption threshold level, C (¢, d), which is defined as

Cit,d)=Y@®)e" 2)

Equation (2) is interpretable as follows: for x = 0, the household desires a con-
sumption level that equals his income; this state is designated as state of neutrality.
Whenever x > 0, the desired consumption level is higher than the effective current
income (this is the actual definition of a grasshopper); in the opposite case, x < 0,
the consumption threshold is lower than current income, which characterizes the life-
style choice of ants, who will save a share of the income earned. Replacing C(¢, d)
into equation (1), the consumption heuristic for the growth analysis that follows is
obtained,

Y ()

CH=1eY@) if0<x < [1 + %] ©

[e* +¢c(1—eM)]Y () ifx <0
Equation (3) indicates that ants save a share 1 — ¢ of the difference between
income and the consumption threshold, i.e., they save a percentage (1 — ¢) (1 — %)
of income. This share is higher the higher the value of x in absolute value; extreme

K@) +Y(@) ifx > 1n[1 + m]

3The dynamics of the distribution of the worldviews might be interpreted as an evolutionary process
that can be modeled, e.g., under a discrete choice switching mechanism as the one proposed by Brock
and Hommes (1997). The growth models to explore in the following sections focus on the impact of
heterogeneous savings behavior over growth dynamics, but they overlook the analysis of the dynamics of
the distribution of worldviews. Although this is a relevant topic of research, it is left for future work.
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ants will save more than moderate ants. Grasshoppers spend more than the income

they receive; extreme grasshoppers, for whom x > In [1 + I;T(zl))]’ will consume all

their cash-on-hand at period ¢.

4 Neoclassical growth: a modified Solow-Swan setting

Assume a decentralized economy in which time flows continuously. This economy is
populated by an unspecified large number of infinitely-lived households, indexed in
the interval [0, L]; for convenience, L is assumed constant. Following the discussion
in the previous section, the only eventual distinguishing feature among households
is their sentiment level / worldview index. The amount of households experiencing
sentiment x will be represented by L(x) < L. On the supply-side, in turn, we take the
simplifying assumption that all output is generated by a single representative firm.
This firm produces a homogeneous good that can be either consumed or invested to
generate additional physical capital.

Households inelastically supply labor and rent the capital they own to the repre-
sentative firm. Both the labor market and the rental market are competitive, with w ()
and r(¢) representing the competitive wage rate and the competitive gross rental rate.
Labor endowments, with respect to each sentiment class, are assumed constant over
time, while capital endowments evolve under rule

K(t,x) = I(t,x) —8K(t,x), K(0,x) = Ko(x) given )

In equation (4), K (¢, x) and (¢, x) stand for the capital stock held by the group of
agents in class x and for the respective flow of investment; § € [0, 1] stands for the
capital depreciation rate. In a closed economy with no government, investment fully
originates in the household’s savings, i.e. I (¢, x) = Y (¢, x) — C(¢, x), with Y (¢, x)
and C(¢, x) defining the income and consumption levels of the set of households in
class x. Income has two components, labor returns and capital returns; therefore,

Y, x) =w@)L(x)+r()K(t, x) 5)

If agents are homogeneous with respect to their labor productivity and if no frictions
exist in capital markets, the wage rate and the rental rate introduced in equation (5) are
identical across households, regardless of the sentiment class to which they belong.

In this economy, the representative firm rents capital and recruits labor in competi-
tive capital and labor markets, with the goal of producing a competitive homogeneous
good that it sells to households. The firm’s production function is a continuous and
twice differentiable function F : Ri — R4 with capital and labor as inputs,

Y(t) = F[K(1), L] (6)
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In equation (6), K(¢) and Y () represent, respectively, the economy’s capital stock
and the economy’s output, which, under market clearing, are identical to the sum of
the households’ capital stocks and income levels, i.e.,

K(t) = / K(t,x)dx (7N
xeR

V() = / Yt x)dx @®)
xeR

The firm solves a straightforward static optimization problem; at each date it
maximizes profits, expressed as:

(1) = FIK(1t), L] —w()L — r(t)K (1) ©)

The computation of optimality conditions for the maximization of (9 ) uncovers the
competitive levels of the wage and of the rental rate, which are, simply, w(¢) = F;
r(t) = Fk.

The information collected so far is systematized in the following definition.

Definition 1 The collection of trajectories {[K (¢, x), I (¢, x), C(t, x), Y (t, x)]xeR}fio ,
and the trajectories of the respective aggregate levels, define the equilibrium of the
economy, which originates in: (i) consumption-savings choices of households within
sentiment class x , Vx € R; (ii) representative firm profit maximization; and (iii)
market clearing in both capital and labor markets.

On the aggregate, the equilibrium translates into a typical physical capital accu-
mulation dynamic constraint,

I.((t) =Y@) —C@k)— K@), K(0)= K given (10)
with

C(t)z/ C(t,x)dx (11
xeR

The pattern of growth in the characterized economy is contingent on: ( i) the
production technology, i.e., the shape of the production function; and ( ii) the behav-
ior of households, concerning consumption-savings choices. Relative to this second
item, we adopt the consumption heuristic formally presented in Section 3. In what
respects the production function, we will, for now, evaluate the growth problem under
a neoclassical production function. The following definition applies.

Definition 2 Neoclassical growth under heterogeneous heuristic behavior material-

izes into the dynamics underlying equation (10), subject to consumption rule (3) and

to output being generated through production function (6), with F[eK (¢),eL] =

eF[K(t),L],Ve > 0, Fx > 0, Fi > 0, Fkxy < 0, Fr1 < 0O; I}imO(FK) =
—

lim (FL) = oo, lim (Fg) = lim (FL) = 0.
L—0 K—o0 L—o0

@ Springer



Growth theory under heterogeneous heuristic behavior

Applying consumption heuristic (3) to constraint (4), the differential equation for
the motion of each household’s class capital stock becomes the following piecewise
equation,

_(1+8)K(Lx)ﬁxlen[l+'583{

K(t,x) = —(ex—1)Y(t,x)—8K(t,x)if0§x<1n[1+%] (12)
(1 —2)(1— ) Y(t, x) — 8K (1, x) if x <0

To explore the growth dynamics underlying (12), we proceed with a two step analysis.
In the first step, it is assumed that all agents fall in the same sentiment class. In a
second stage, sentiment heterogeneity, in the terms discussed in section 3, is added
to the discussion.

4.1 Sentiment homogeneity

To simplify notation, in the sentiment homogeneity scenario, index x is dropped
and the analysis is pursued for a single representative agent. A first fundamen-
tal result emerges from the straightforward observation of the dynamics underlying
equation (12).

Proposition 1 In the neoclassical growth model with consumption-savings decisions
determined by consumption heuristic (3), one of two long-term outcomes is obtained:
(i) for x = 0, the capital stock and the levels of income and consumption fall to
zero over time; ( ii) for x < 0, there is a unique steady-state point such that steady-
state levels of capital, income, and consumption, K*, Y* and C*, stay positive and
constant.

Proof See Appendix A. O

When taking a Cobb-Douglas production function, Y (f) = AK ()*L(t)' = with
A > 0 the technology index and « € (0, 1) the output-capital elasticity, the unique
steady-state capital level presents itself explicitly as

3 (13)

Expression (13) establishes an obvious relationship between the negative sentiment
level and the stock of capital in long-term equilibrium: the stronger the sentiment in
absolute value, i.e. the larger the value of |x|, the larger will also be the level of K*
(which is a straightforward effect of increased savings). The respective steady-state
income and consumption levels are,

_ _ xyja/(l-a)
Y*:Al/(l—a)[(l 4“)_;1 ¢ )} L (14)

_ X 1/(1-a)
K*:[a o) e)A} .

L (15)

_ _ xya/(l-a)
C* = AVI-D [ 4 r(1 — %)) |:(1 H(l—e )]

8
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Unlike capital and income, for which stronger sentiments are undoubtedly a source
of higher steady-state values, C* has no trivial relation with x; such relation has an
inverted U-shape, with a maximum at point

Sy I =8 —a\ w2\
(xmaXvaax)—[ln<—l_§ ),A (1 a)(s) L (16)

The maximum point (16) is the solution of % = 0, and it exists only when
constraint { + o < 1 is satisfied. If this inequality is not satisfied, steady-state con-
sumption increases with the intensification of the negative sentiment throughout the
entire range of values that this variable might assume. The steady-state consumption
outcome under ¢ +«a < 1 corresponds to the golden rule result (Phelps 1966). This is
the long-term level of consumption that cannot be increased by either an increase or
a decrease in the savings rate; in the steady-state perspective, a savings rate higher or
lower than sgo¢ = (1 —¢) (1 — e*™x) = o will signify, respectively, over-savings or
under-savings relative to the optimal long-term consumption scenario. The obtained
result is precisely the same one derived when computing the golden rule for a triv-
ial capital accumulation constraint outside the consumption heuristic framework, i.e.,
the exogenous savings rate must coincide with the output-capital elasticity.

One additional result to explore for the neoclassical growth model concerns the
speed of convergence to the steady-state, in the steady-state vicinity. For x < 0 and
a Cobb-Douglas production function, this is given by

L 1—a
= |:ot(1—§)(1 —ex)A<F) —5} =(1—-a)

A7)
The speed of convergence (17) is independent of the degree in which an agent is an
ant. It corresponds to the trivial result found for any Solow-like growth equation.

Figure 1 sketches transitional dynamics for the discussed growth model. The case
x < 0 is a typical neoclassical growth outcome, with convergence to a zero-growth
steady-state. In the other two cases, there is negative growth and a divergence of the
growth process towards the zero capital stock outcome.

Consumption rule (3), combined with capital accumulation equation ( 12), allows
for the determination of the temporal trajectory of consumption under each of the
three possible worldview conditions. At this respect, note that, for a given K (0) =
Ko,

_dk(t,x)
dK(t,x)

K (t,x)=K*

> [e* +¢(1— )Xo (18)

x<0

X

Ko+ YO'len[1+I;—g] = ¢ YO| 0§x<ln|:1+[;—g}
Condition (18) signifies that, for some initial capital level, consumption at ¢ = 0 is as
much higher as the higher the value of the sentiment index. The only segment of the
heuristic conducting to positive output and consumption levels in the long-run is the
one that performs worst in the short-run. Note that, under the first two consumption
functions, consumption falls to zero (because output falls to zero as well). Possible
consumption time trajectories are depicted in Fig. 2.

Figure 2 allows for a visual interpretation of the short-term / long-term conflict that
emerges in the growth setting under the consumption heuristic. Unlike the optimal
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k@ 1
‘ﬁ/\ e o
0< In|1 Ko
<x<in +m
K(t)
XZITl[]-Fm]

Fig. 1 Phase diagram (neoclassical growth)

planning problem that explicitly considers intertemporal preferences, the assumed
consumption heuristic generates a more subtle way of looking at and interpreting
the economy’s fundamental choice concerning the anticipation or postponing of con-
sumption. The representative agent is endowed, in this case, with a given view of the
world; as discussed in Section 3, he can be an ant or he can be a grasshopper. The
grasshopper (x > 0) is the agent that attributes priority to the possibility of consum-
ing more in the short-run, neglecting the long-term. The ant (x < 0) is patient, in the
sense that it is willing to sacrifice short-run consumption, thus saving a percentage
of the received income, and guaranteeing in this way the perpetuation over time of
positive consumption levels.

4.2 Sentiment heterogeneity

The heterogeneity assumption brings a fundamental change to the analysis. In an
economy exclusively populated by grasshoppers, the values of capital, output and

C(t) 1;

Ko+Yy

e*Y,

e*+ 1-e9]Y,

Fig.2 Consumption path (neoclassical growth)
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consumption fall to zero for all agents. However, a grasshopper in a world with a
mixed population will not necessarily suffer a progressive decline of income and
consumption levels towards zero, as we discuss below.

Proposition 2 The neoclassical growth model with consumption-savings choices
derived from heuristic (3) and with heterogeneity of worldviews yields the following
steady-state outcome: ( i) agents for whom x > 0 will consume, in the long-term,
their wage income; ( ii) agents for whom x < 0 will consume, in the long-term, their
wage income and the returns they get from the capital they accumulate. The steady-
state capital stock is a unique constant positive value, and thus the wage and the
capital return rate are also unique constant solutions of the growth problem (and
identical across agents).

Proof See Appendix B. O

Although one cannot compute a general explicit expression for K*(x) , this is

0
feasible for the aggregate stock of capital, i.e., K* = [ K*(x)dx. To reach this
—00
result, first let the percentage of households in the ant classes to be a share ¢ € (0, 1)
of the population; 1 — ¥ is, then, the percentage of grasshoppers in the economy.
Under a Cobb-Douglas technology, straightforward computation allows to arrive to
the following result,

1
A =
K*:{(1—{)(1—e7)5[(1—06)19+a]} (19)

with X the average sentiment of ants. The aggregate income generated with the stock
of capital K* is

Y*:Alla{(l—é’)(l—e)?)é[(l—C()l?-i-a]}laL (20)

Income, as expressed in (20), is the sum of two terms, namely, the long-run income
of ants and the long-run income of grasshoppers,

Yy =F/OL+FgK*=[(1-a)0 +a]Y* (21)

Yorass. = Ff(1 =)L = (1 -a)(1 —Y* (22)

It is straightforward to verify that Y5, + Y., = Y. Steady-state consumption
levels are also, in this case, decipherable; grasshoppers consume C3, .o = Y544
and ants consume C},. = [e* + ¢(1 — e¥)]Y} ... The overall consumption level is

Cr={1-[1 -1 =1 - +al}¥* (23)

According to result (23), the steady-state consumption-income ratio is a lower than 1
value that benefits from high savings, strong sentiments, and a relatively small share
of ants.
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The differential equation that fully represents the motion of the aggregate capital
accumulation equation is, in the neoclassical case with sentiment heterogeneity,

0
K =01-10) / (1 — ") [FLL(x) + Fx K (1, x)]dx
1+ 5E4 ]
- / (ex - 1) [FLL(x)+ FxkK(t, x)]dx

0
+00

- / K(t, x)dx — K (1),
[ 145 ]

K(0,x) = Ko(x) given.

(24)

A qualitative evaluation of equation (24) allows us to infer what the typical time
trajectory of the capital variable will be. Assuming that all agents share an identi-
cal initial capital endowment, there will be a first phase in which capital, and also
income, decline as grasshoppers spend their wealth without replacing it through
new investment; after a given threshold, the amounts of capital of grasshoppers
become irrelevant, and capital accumulation will follow the standard convergence
path towards the steady-state of the neoclassical growth model, i.e., there will be
convergence to a steady-state of zero growth and positive and constant capital stock.
Fig. 3 displays the characterized trajectory, turning it clear how the introduction of
the heuristic changes the initial phase of the transitional dynamics of the standard

neoclassical growth model.

K(t)

K* ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig.3 Growth path in the neoclassical growth model under sentiment heterogeneity

\ 4
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Taking differential equation (24), we can formally represent the steady-state as the
circumstance in which:

ln[l"'l;((ttj))] +00
lim / (" =1)[FLL(x)+Fx K (t,x)]dx= lim f K, x)dx =0
t—00 1—00
0 1n[1+’§<(f;j§f]

(25)
and, therefore, we might present a more detailed version of expression (67) in
Appendix B, i.e.,

0
[ (1 —e)[FLL(x)+ FgK(t,x)]dx
K*: lim —=

t—>00

5 (26)
[ K(t,x)dx

The singularity of the steady-state is guaranteed, as before, because the output-
capital ratio in the left-hand-side of (26) is a continuous, twice-differentiable,
decreasing function, that converges to zero if K* — oo and to infinity if K* = 0.
Consequently, the constant ratio in the right-hand side of (26) is crossed once and
only once, implying that K* effectively exists and is unique.

5 Endogenous growth: the AK model with a twist

Consider now a simple endogenous growth model under an AK production func-
tion. The production function, Y (r) = AK(t), aggregates material inputs into a
unique production factor, subject to constant marginal returns; parameter A > 0
continues to reflect the state of technology. The income of the households in a
given sentiment class is given by (5). However, one should note that no labor is
associated with the production function and therefore no wages are paid; hence,
Y(,x) = r(t)K(t,x) = AK(¢, x). Such a plain specification of the production
technology allows for a straightforward presentation of the capital accumulation
differential equation and of the consumption function, for each class of agents,

—( 48Kt x)ifx > In (1 n %)
K, x)= —[(e"—l)A+8]K(t,x)if0§x<ln<1+%)’ K (0, x)=Ko(x) given
[A=0) (1 —e)A—68] K@, x)ifx <0
27
(1+ A)K(t, x) ifx > In (1 + %)

C(t,x) =\ " AK(1,x) if0 < x < In (1 + %) (28)
[e* 4+ 2(1 — e)]AK (¢, x) ifx <0
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As in the neoclassical case, we start the analysis by assuming homogeneous
sentiments and then proceed, for further insights, to the heterogeneity case.

5.1 Sentiment homogeneity

Take capital accumulation equation (27) for a population of households sharing an
identical sentiment level and, for convenience, drop the x index. The characterization
of the dynamics involved in (27) might be synthesized in the following proposition:

Proposition 3 If x > 0, then there is negative growth and convergence to K* =
Y* = C* = 0. If x < 0, then the growth rate might be either negative, pos-

itive, or zero, respectively for x > ln[l - ﬁ], x < ln[l - ﬁ], and

x = In [1 — ﬁ] For x < In [1 — ﬁ], the capital stock, income, and

consumption all grow, over time, at positive constant rate

y:(l—;)(l—ex)A—S (29)

Proof See Appendix C. O

From (29), it is straightforward to conclude that the higher the value of x in abso-
lute value (the more extreme the sentiment), the faster will be the pace of growth.
Figure 4 displays the corresponding phase diagram. In this diagram is reflected the
idea that growth is always constant for the AK production technology; growth might
be positive, zero, or negative, depending on the value of x. Positive growth requires
a value of x above a given threshold.

In Fig. 5, the time trajectory of consumption is displayed for each of the three pos-
sibilities regarding the value of x. The diagram has evident similarities with the one

k@) 1

Fig.4 Phase diagram (AK growth)
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Cc(t) T

(1+ A)K,

e*AK,

[e* + 1 — e¥)]AK,

Fig.5 Consumption path (AK growth)

in Fig. 2. The main difference is that when savings exist, capital and income accumu-
late at a positive constant rate, allowing consumption also to grow exponentially. An
inequality similar to condition (18) applies in the current case, what allows placing
the trajectories in Fig. 5 by the order they appear.

Figures 2 and 5 are illustrative of the short-run / long-run conflict that the growth
model under the consumption heuristic allows to unveil. This conflict is a timeless
theme of discussion in Economics. As J.M. Keynes put it in his General Theory,

“A diminished propensity to consume to-day can only be accommodated to the
public advantage if an increased propensity to consume is expected to exist
some day. We are reminded of ‘“The Fable of the Bees’ — the gay of tomorrow
are absolutely indispensable to provide a raison d’ étre for the grave of to-day.”

Keynes (1936, p. 93).
5.2 Sentiment heterogeneity

Assuming sentiment heterogeneity does not change the qualitative steady-state
results of the AK model relatively to the above characterization. The reason for
this was already explained: differently from the neoclassical model, there is now a
single input, which is capital; as grasshoppers spend all their wealth in short-run
consumption, they will exhaust their productive resources and will not participate in
production in the long-term. Thus, their income and their consumption will effec-
tively fall to zero. In this setting, in the long-term, only redistributive policies will
eventually allow for positive grasshoppers’ consumption. The generation of income
and the growth rate of the economy will be solely in the hands of the ants.

While heterogeneity does not bring any significant novelty to the long-run locus,
it introduces changes in terms of transitional dynamics. The income of each group of
agents grows at a constant rate over time, meaning the absence of transitional dynam-
ics at the class level. However, the shift of capital from the hands of grasshoppers
to the hands of the ants implies that, on the aggregate, capital does not necessarily
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grow at a constant rate. In particular, the equation of motion for the aggregate stock
of capital is,

o in(1+%)
K(t) = A(1 —¢) / (1—¢")K(t, x)dx — / (" — 1) K(t, x)dx

0
+o00

- / K(t, x)dx — 8K (1),

n(1+5)

K(0,x) = Ko(x) given. (30)

The most striking difference between equation (30) and a similar equation with
household homogeneity is that now we will have transitional dynamics in the AK
model. The economy will converge to the long-term growth rate

0
[ (1 —¢)K*(x)dx

y=(0-5—"— A=3 (31)
[ K*(x)dx

—00

fo (1—e*)K*(x)dx

with =—; < 1. However, this will not be the growth rate for the entire
[ K*(x)dx

process of capital accumulation. In a first phase, the presence of individuals who save

at a declining rate will imply a growth rate lower than y. As the level of capital of

such individuals falls to zero, the ants’ group becomes dominant and the growth rate

rises until it reaches the value in (31). Therefore, although for each household the
growth rate is constant over time (positive under x < In [1 - ﬁ] and null or

negative otherwise), the growth rate of the aggregate economy is not constant in the
transient phase.
We should highlight, as we have done in the first approach to the AK model,
0

[ (1—e")K*(x)dx

that growth rate (31) is not necessarily a positive value. Only if == <

0
J K*(x)dx

—00
1 — (1_%, will the growth rate be larger than zero. This condition requires the
distribution of x to be relatively apart from the state of neutrality.
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6 Endogenous growth: heuristics for consumption and human
capital accumulation

In this section, we continue the characterization of conventional growth models under
consumption rule (3) by extending the analysis to a two-sector endogenous growth
model of the Uzawa-Lucas type.

Let H(t) represent the aggregate endowment of human capital in the economy
and consider the following production functions for physical goods and for human
capital, respectively: F [K(¢), u(t)H(t)]; G {[1 — u(¢)] H(¢)}, with u(t) the share of
human capital allocated to the production of physical goods. Function F : Ri —- R4
is a neoclassical production function, and function G : Ry — R/ is alinear function.
Physical capital and human capital accumulation constraints are, respectively,

K(t)=FIKQ®),u()H(@)] — Ct) — 8K (1), K(0) = K given (32)

I:I(t) =G{[l —u@)]H@)}—-8H(), H0) = Hyp given (33)

As a simplifying assumption, we consider identical depreciation rates for phys-

ical goods and for human capital. As above, in the first step of the analysis the
homogeneous sentiment case is characterized.

6.1 Sentiment homogeneity

In order to maintain the coherence of the analysis, the cognitive constraints that were
attached to consumption choices are now extended to human capital allocation deci-
sions. In particular, in the current setting we assume that the intertemporal allocation
of human capital across sectors, i.e., the trajectories of u(¢) and of its complement,
1 —u(t), will also be determined by a heuristic that, again, splits households between
ants and grasshoppers.

Consider the following linear production technology for human capital:

G{l—u®]H®} = B[l —u@®)]H{), B>0 (34)

The human capital allocation heuristic to adopt is:

u(t) 0if x>0
PPN I ] _ L ’
u(t) { B+ Bu(t) K@) if x <0

Rule (35) considers two distinct cases. For x > 0, it is assumed that agents select the
simplest possible course of action, i.e., they take an initial value of u(¢) such that the
distribution of human capital across sectors remains constant over time. Agents for
whom x < O are, in this setting, sophisticated agents who opt to allocate optimally
human capital over time assuming no a priori knowledge on the rule considered for
consumption; the expression for the growth rate of u(¢) in the case of the ants’ class
is the outcome of an optimal control problem.* As we will prove below, u(r) will
converge, in the optimization case, to a long-term steady-state level that is lower than

8
u@=1-— (35)

4See Appendix D for the derivation of this equation.
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u(0), meaning that an agent who optimizes will allocate a larger share of human
capital to education than one that does not.

The adopted heuristic for human capital allocation intends, as the consumption
rule, to translate with some degree of accuracy what empirical evidence allows us
to observe. In the case of human capital accumulation, there is significant evidence
pointing to the existence of a correlation, among households, between those who
are patient and save and those who make planned investments in human capital. By
contrast, impatient agents - grasshoppers - prefer to direct their workforce primarily
to an income generating activity that allows for immediate consumption gratifica-
tion rather than investing in human capital that is likely to bring returns in future
dates. Patient agents - ants - will plan the future and this plan will materialize in a
relatively high investment in education. Furthermore, this interpretation of the behav-
ior of savers postulates that this class of agents puts different cognitive effort in
human capital allocation decisions relatively to consumption-savings choices. The
latter are assumed intuitive and rule-based, while education choices are subject to
careful deliberation. Studies confirming these stylized facts include Cadena and Keys
(2015) and Dohmen et al. (2016).

Next, define the ratio between capital variables, Q () = %,
Cobb-Douglas technology, the corresponding dynamic equation:

and write, under

Qo Jun ™ co
m_A[Q(t)} —m—B[l—u(t)] (36)

The consumption-capital ratio is obtainable, in our setting, directly from the con-
sumption heuristic,

au]' “} (37)

1_
1+A[g((ft))] “ iflen{ %[
O _ u ()
K@) [

-« 1
| 1f0<x<ln{ 1

[e" +¢(1 — M)A [;;‘g,))] “ifx <0

The dynamics of the two-sector model can be inspected from system (35)-(36), which
is, then, composed of three pieces, namely,

1—
DIfx > ln{l +4[20] “},

{M(I)Zl_% (38)
S =—0+9)

]_
iIFO<x <ln{1+%[iz((;))] a}’
uty=1-1%
20 — (e~ —l)A[

me

Qmn

—~
v

l—a
} L (39)
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iii)If x <O,

i) _ 1-a . oyia [uw 17
) = 22 B 4 Bu(n) — " + (1 - eN)]A [ 5] w0

. l—a
S =0-0a-ea[gh] "~ Bl -uw)

The following proposition summarizes growth dynamics.

Proposition 4 In the Uzawa-Lucas growth model under heuristic behavior, if x > 0
then the steady-state levels of income and consumption will be zero; if x < 0, then
the economy converges, through a saddle-path stable trajectory, towards a balanced
growth path such that both forms of capital, income and consumption grow at a
constant rate. Under Cobb-Douglas technology this rate is

Um0 —en
o

b (41)

Constraint
s d-9d-—-eH)
—_—,—— <
B o

must hold in order to guarantee an interior solution and a positive growth rate.

1 (42)

Proof See Appendix E. [

One may plot, for the Uzawa-Lucas model, a figure in the same spirit of Fig. 5.
Figure 6 makes use of equation (37) to draw the time trajectory of consumption.
The trajectory initiates its course, for a given pair of values (Ko, Hp), at one of the

| Y —a
points Cy = {1 + A [g—g] }Ko, Co = e*A [é—%] Ko, Co = [e* +¢(1 —

e¥)]A | &L Ko. These points are ordered from the highest to the lowest value,
Q0

given the constraints in equation (37). Therefore, as in the one-sector model, the
representative agent might focus on the short-run and expect a high level of income,
which leads to a high short-term consumption level that rapidly begins to fall, or,
alternatively, he may choose to adopt an ant behavior, thus saving and guaranteeing
a long-term consumption level that grows at constant rate (41).

Cc(t)

Tk x <0

0o<x<ini1 LILIO)
sx<lIn +7m
v

[1+ A(uo/Q0)'“1Ko

e Ao /) ™Ky

A 1)

/ylen{l-#Z m

.

[e* + 81 — eM)]Auo/Q0) ™Ky

t

Fig. 6 Consumption path (Two-sector endogenous growth)
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6.2 Sentiment heterogeneity

The first point to highlight when introducing heterogeneity in the heuristic Uzawa-
Lucas framework is aligned with the initial note emphasized in the case of the one-
sector neoclassical model. Agents can be separated into three categories, given their

worldview: x < 0;0 <x < In {1 + % [2((;’,;))]1 a};x > ln{l i % [S;((tt:;))]] a}-
Variables 2 (¢, x) and u(¢, x) represent the physical capital — human capital ratio and
the share of human capital allocated to the production of physical goods for the set of
individuals endowed with sentiment x. Agents in the second circumstance will evolve
to the third, because in that case the ratio 2 (¢, x) falls to zero as time progresses.

Therefore, only two profiles of households will eventually subsist in the long-term.
The agents in sentiment class x will earn the following income:

Y, x) =w@®u(t,x)H(t, x)+r@)K(t, x) 43)

The wage rate and the rental rate correspond, in this case, to the following marginal
returns of each form of capital:

o Qe
W) = Fu = (1 —)A | =25 (44)
r(t) = Fx = aA [ u(t) ]l_a (45)
Q(1)

In the current setting, 2(¢) and u(z) are, respectively, the aggregate physical capital
- human capital ratio and the average share of human capital allocated to production,
ie.,

Q1) [eer K@, x)dx
u(®) [ gut,x)H(t, x)dx
Steady-state outcomes are summarized as follows:

(40)

Proposition 5 In the Uzawa-Lucas heuristic growth model, the economy’s balanced
growth path is such that grasshoppers will consume a constant amount, which corre-
sponds to their wage, while the consumption of ants grows at a constant rate, which
is also the growth rate of income and both forms of capital.

Proof See Appendix F. O

On the aggregate, the growth rate of the economy is, in this case,

0
(1 —9)LEHyx) + 25 [ (1 —e") H*(x)dx
y*=8B — —35 47)
(1=9)LHo(x)+ [ H*(x)dx

—0o0
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The fraction term in expression (47) corresponds to the overall share of human capital

allocated to the education sector. Growth rate (47) is a weighted average of the growth

rates of each sentiment class. This expression encloses two particular cases: ( i) for

an economy solely populated by grasshoppers (¢ = 0), the expression reduces to

y* = 0; (i) for an economy exclusively populated by ants (% = 1), the respective
0 0

[ (1—e*)H*(x)dx [ (1—e*)H*(x)dx
growth expression is y* = %WO—B — 8, with =—; < L
[ H*(x)dx J H*(x)dx

Evidently, in this last case, if we go back to the beginning of the analysis and take a
unique x < 0 value, the just presented growth rate reduces to the expression in (41).

From the discussion so far, we can highlight that the three inspected models deliver
three different steady-state results: (i) in the AK model, consumption by ants grows
at a positive rate and consumption by grasshoppers falls to zero; (ii) in the one-sector
neoclassical growth model, consumption by ants and consumption by grasshoppers
are constant values but they differ between classes; (iii) in the two-sector human
capital model, the consumption by grasshoppers is constant and the consumption by
ants grows at the economy’s constant growth rate.

7 The age of automation and robotics: a brief assessment

A final growth model to assess in the current analysis is a framework that considers
not only the standard notion of capital that complements labor in production, but also
a second type of capital, which serves as a substitute for labor. This second type of
capital corresponds to machines and processes that replace humans, i.e., robots.

Start by letting R(¢) be the amount of automated capital used in production and
continue to consider K (¢) as conventional physical capital. The production function
for physical goods is, when contemplating both capital inputs,

Y@) = AK(OY[L + R(1)]'™ (48)

Parameters A, L, o are defined as in previous analyses. As in Prettner (2016), we
consider exogenous shares of savings directed to investment in each of the capital
sectors: let o be the share of savings allocated to physical capital production and its
complement, 1 — o, the share of savings allocated to the automation sector. Capital
accumulation equations are typical growth constraints, namely,

K(t) =0 [Y(t) — C()] — 8K (1), K(0) = K given (49)

I'Q(t) ={1—-0)[Y(#) —C(@#)]—056R(), R()= Ry given (50)
Equations (49) and (50) take, as underlying assumption, that the technology for pro-
ducing one or the other type of capital is the same. For simplicity, we assume also
identical depreciation rates for the two capital types.

SThe role of automation and robotics as an engine of long-term growth has been explored in recent liter-
ature. See, e.g., Benzell et al. (2015), Sachs et al. (2015), Prettner (2016), Gasteiger and Prettner (2017),
and Gomes (2019).
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In this new setting, and continuing to assume competitive markets, the following
returns on labor and capital hold:

= =F,=Fr=( A Ko 17 51

w(t)=rr@®) =FL=Frp=(1-0a) [m} (51
o L+R®]

I"([)—FK—O[A [W} (52)

Wages and gross returns on robotic capital are identical since they are assumed as
perfect substitutes in production. Note that the accumulation of automated capital
lowers the labor income share, i.e.,

w(t)L _ L
voo - YT Y TR (53)

The consumption-savings heuristic is, in the robot setting,

K(t)+ R(t) + Y (1) ifx > In [1 + %]

C) =1 e*y(r) if0<x < ln[l + %tf(’)] (54)
[e"+C¢(1—eM)]Y () ifx <0

implying the following accumulation constraints for each of the capital types,

—6 [K(1) + R(D)] — 8K (@) if x > In [1 + %]

K =1 —g (" — 1) Y(t) = SK(1)if0 < x < In [1 + —K(%f‘”] (55)
o(l=¢) (1 —e)Y(t)—8K()ifx <0
(1 — o) [K(t) + R(t)] — 8R() if x > In [1 + %]
RO =1 _(1—6)(e" = 1) Y(t) = SR() if 0 < x < In [1 + —K(’}J{,f(’)] (56)
I-0)1-0)A—-e")Y(@)—8R()ifx <0
Repeating the same procedure of analysis as in all previous cases, we start by

assuming a representative agent endowed with some sentiment level, and then we
proceed to the sentiment heterogeneity case.

7.1 Sentiment homogeneity

The main result associated with the version of the growth model under appreciation
is as follows:

Proposition 6 In the growth model with robotic capital and with consumption deter-
mined by the assumed heuristic, the steady-state involves the following features: ( i)
If x > 0, then income and consumption decline towards zero; ( ii) If x < O, then the
two capital inputs, income and consumption will converge to a balanced growth path
where the common constant growth rate is

y=0"1-0)""1-¢)(l—e)A-3 (57)
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Proof See Appendix G. [

In the short-run, this model exhibits properties that are similar to those previously
discussed in other versions of the growth model, i.e., initial values of consumption
for each of the three rules are such that the one generating better short-run results is
the one that is less favorable in the long-run and vice-versa. Again, Keynes’ fable of
the bees citation is meaningful.

Next, we evaluate the automation-growth model under sentiment heterogeneity.

7.2 Sentiment heterogeneity

Income is, for some sentiment group x,
Y(t,x) = Fp[L(x) + R(t,x)] + Fk K (1, x) (58)

Income level (58) is the weighted sum of the returns on labor, robotic capital, and
physical capital. Recall that returns on labor and returns on robots are identical.

Proposition 7 In the growth model with robotic capital, with consumption deter-
mined by heuristic (3), and with a population containing both ants and grasshoppers,
the following steady-state outcome is derived: ( i) grasshoppers would presumably
consume a constant amount, which would correspond to the received competitive
wage, although because in the long-term labor is replaced by machines in produc-
tion, they are displaced from the productive process and earn no income, ( ii) ants
will access a consumption level that grows, for each class x, at rate (57).

Proof See Appendix H. O

In the growth and automation model, aggregate dynamics might be condensed in
the following equations,

K(t,x)+R(t,x)
Inf 14+ K0 R0 )

0
I.((t) =o(1-20) / (1 —ex) Y(t,x)dx — o f (ex - 1) Y(t, x)dx

0
+00
—c / [K(t,x) + R(t, x)]dx — §K (1),
In[ 14 Kk
K@) = / K(t,x)dx, K(0) = K¢ given (59)
xeR
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1n[1+ K(m)-%—R(t,x)]

0 Y(.x)
R(t) = (1—0)(1-¢) / (1=€") Y (1, x)dx—(1—0) / (" =1) Y (1, x)dx
—0 0
+00
—0 / [K(t,x)+ R(t, x)]dx — 6R(2),
1n|:1+[((t.,}r£)(;i:.()(t.x)j|

R(t) = / R(t,x)dx, R(0) = Ry given (60)

xeR

The equations indicate, as in the AK model, that there will be an initial transient
phase of growth below the steady-state rate, given the fall in the capital levels of
agents in the x > 0 classes. In the long-term, physical capital, robotic capital, income
and consumption will grow at the rate determined by the capital accumulation process
of ants. The growth rate of the economy is

0
[ (=" [L(x) + R*(x)] dx

)/ZGO‘(l—J)l*O‘(l—{)A (l—a)li07 5 +at—5
[ K*(x)dx

—00

(61)

Equation (61) allows us to understand that, as the distribution of sentiments skews

right (i.e., the sentiment distribution allows for a higher concentration of ants at more
extremist positions), the steady-state growth rate increases.

8 Conclusion

In this paper, we have revisited some of the most noteworthy economic growth mod-
els, namely, the one-sector neoclassical growth model, the AK endogenous growth
model, the two-sector endogenous growth model with human capital, and a two-
sector model with physical capital and robotic capital. These frameworks were
addressed under the exact same supply-side structure of analysis as they are typi-
cally approached in the literature. The meaningful difference relatively to mainstream
research in the field was the substitution of the household intertemporal planning
apparatus by a consumption heuristic.

The baseline idea is that households are cognitively constrained and, therefore,
they lack the resources to formulate intertemporal plans in long horizons. Hence,
they select a static rule from a short menu of possibilities, a choice that is contin-
gent on their view-of-the-world or sentiment about intertemporal consumption. At
a first glance, replacing optimal choices by a static consumption-savings rule might
be interpreted as a return to the simplistic Solow-like framework with a constant
savings rate. The investigation pursued in this paper reveals, however, that this is
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not quite so. In fact, there are important and substantive insights about intertempo-
ral choice, transitional dynamics, steady-state outcomes, and behavior heterogeneity
that the proposed setting allows us to contemplate and discuss.

Concerning transitional dynamics, the evident outcome, in every model, is the
conflict between the short-term and the long-term; what agents choose to be - ants
or grasshoppers - determines their intertemporal preference, with grasshoppers priv-
ileging current consumption and ants securing the perpetuation of consumption over
time. The distribution of agents across the ant and the grasshopper states determines
the pace of growth as the economy converges to the steady-state.

The distribution of the agents across the two states is also capital in shaping the
steady-state. Regarding the steady-state, though, the different models lead to dis-
tinct outcomes, with ants and grasshoppers following a variety of potential diverse
consumption paths. The main findings are systematized in Table 1. Note, in particu-
lar, the coincidence of outcomes between the AK growth model and the model with
robotic capital; although they are distinct in the transient phase, they converge to a
same type of long-run locus: in the growth model with robotic capital, the economy
converges to a long-run scenario where humans are fully replaced by machines and,
hence, no labor input exists and no wages are paid; the only income that is generated
in the balanced growth path is capital income, to which only ants have access.

Admittedly, this paper leaves many questions unanswered or only partially
answered. The main goal is to launch the debate on how the replacement of sophisti-
cated consumption plans, plans that agents in fact do not pursue, by straightforward
decision rules, changes the growth theory landscape. Such debate can continue by
associating to the analysis many other features commonly found in the discussion of
the determinants of growth. Future work should address population growth, finan-
cial literacy, technology diffusion, heterogeneous productivity, and decentralized
interaction, in the context of growth models involving the selected heuristic and even-
tual other consumption-savings rules closer to actual behavior than intertemporal
planning.

Table 1 Synthesis of steady-state results

Ants Grasshoppers
One-sector Constant consumption level Constant consumption level
neoclassical (wage + capital returns) (wage)
growth model
AK endogenous Constant consumption growth Zero consumption (zero cap-
growth model (growing capital returns, zero ital returns, zero wage)
wage)
Two-sector Constant consumption growth (grow- Constant consumption level
endogenous ing capital returns, constant wage) (constant wage)
growth model
Growth model with Constant consumption growth (grow- Zero consumption (zero cap-
robotic capital ing capital returns, zero wage) ital returns, zero wage)
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Appendix A: Proof of proposition 1

For x > 0, the process of capital accumulation may initiate under one of two dynamic
rules, depending on whether x < In [1 + [;((8)) ] orx > In [1 + [; ((8))] In the first of
these two cases, the agent adopts the middle capital accumulation rule in heuristic (3);
otherwise, the first rule, such that capital accumulation grows at the constant negative
rate 1 + &, is followed. Observe, as well, that, in both cases, households will not
invest and the level of capital will progressively fall to zero. Given the properties of
the neoclassical production function, the value of the ratio ’; ((t')) will also decline over
time and, as a result, someone starting at the second capital accumulation dynamic
rule will necessarily pass onto the first one at a given point in time (a point that
is as much further away in time as the smaller is the value of x). Therefore, in the
long-term, as long as x > 0, capital depletion will invariably occur at rate 1 4 §,
which obviously implies zero steady-state levels of income and consumption, given
the production technology and the consumption heuristic.

For x < 0, we are faced with a Solow-like capital accumulation constraint,

with the constant savings rate given by (1 — ¢) (1 — e*). In this case, it is trivial

to determine a unique zero-growth steady-state point by solving K (t) = 0. The
solution is
Y* )

K —=————— (62)
K* (1= —e)

The steady-state output-capital ratio, K* , is, under the neoclassical specification, a
continuous, twice-differentiable, decreasing function, which diverges to infinity for
K* = 0 and converges to zero whenever K* — oco. Therefore, it crosses the constant
value in the right hand side of (62) once and only once. If K* is unique, positive
and constant, then Y* and C* are also unique positive and constant values, given the
production function and the consumption rule.
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Appendix B: Proof of proposition 2

Start by observing that income in a given sentiment class is presentable as in equa-
tion (5). The main point to highlight concerning this equation is that all agents,
regardless of their sentiment, will receive the same wage, w(¢), and the same return
rate from capital, r(¢), because they are identical to one another except, eventually,
for the value of x. This argument is precisely what makes the analysis under het-
erogeneous sentiments relevant: everyone will always get an income regardless of
the trajectory followed by the capital variable, as long as there is at least one ant
among grasshoppers. Agents who suffer a complete depletion of their capital stock
will continue to be able to consume, because they continue to receive a wage for the
participation in the productive activity.

If x > 0, then K (¢, x) — 0, and the income of the agents in the specific sentiment
class converges to the steady-state outcome

Y*(x) = w*L(x) (63)
The steady-state wage level is
0
w* = Fp, / K*(x)dx, L (64)
o

In the Cobb-Douglas specification,

o

0
[ K*(x)dx

w =((1—-a)A (65)

L

Under the heuristic, the consumption equality that subsists in the steady-state will
be, as long as x > 0, C*(x) = K*(x) 4+ Y*(x). Because K*(x) = 0, the long-term
level of consumption of any class of grasshoppers in this economy is identical to the
respective income, as is expressed in (63). Grasshoppers will take advantage, in the
long-run, of the presence of ants in the economy; they can work for them (ants will
be those who hold all capital in the steady-state) and continue to consume their wage
income level at each period.

With respect to x < 0, the capital accumulation dynamic equation of households
in some sentiment class x is

f((t, x)=01-2¢) (1 — e") [w@)L(x) +r@)K(t, x)] —5K(¢, x) (66)
The steady-state value of the capital stock is the value of K*(x) such that

w*L(x) +r*K*(x) s
K*(x) S 0-0-e9

(67)
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with w* defined in (64) or (65), and

1—a
0
L
r* = FK / K*(x)dx, L] =aA 0— (68)
00 [ K*(x)dx

—0o0

To determine K *(x) explicitly, it would be necessary to solve a system of dimen-
sion equal to the number of sentiment classes that possibly exists for the ant type of
households. Nevertheless, the simple observation of expression (67) indicates that the
right-hand side of the equation is a constant value, while the left-hand side is, as is
for (62), a continuous, twice-differentiable, decreasing function that falls from infin-
ity to zero as we make K™*(x) to vary from zero to infinity. Hence, the two sides of
(67) cross once and only once at some positive K *(x) value, which signifies that we
guarantee the existence of a unique steady-state amount of K*(x), and, consequently,
also unique steady-state levels of income and consumption.

Appendix C: Proof of Proposition 3

The examination of differential equation (27) directly suggests the result in the propo-
sition: the two first rules in the capital accumulation equation yield negative growth
and a convergence to a zero capital long-term state. Note that unlike what one has
observed in the neoclassical growth model, now the threshold between the two first
dynamic rules in the heuristic is a constant value, meaning that there is no transition
between rules as the stock of capital falls. This, however does not change the fact
that, in both cases, the absence of savings and investment throws the economy to an

extinction state. For x < 0, there is a constant growth rate y = ’Iggi ; that is perpet-

uated over time. For this growth rate to be positive, the sentiment level must be not
only negative but sufficiently strong, in absolute value, in order to guarantee y > 0;
this condition is equivalent to the one in the proposition setting an upper bound on
the value of x.

Appendix D: Derivation of the differential equation representing
the motion of the human capital share in the Uzawa-Lucas model
x<o0

Let the current-value Hamiltonian function for the intertemporal Uzawa-Lucas

growth problem be written as follows, with p(¢#) and g(¢) the co-state variables
associated, respectively, to physical capital and human capital,

H[K®), H(®), u@), p(t),q(®)] = pO{F[K@®),u()H(1)] — C@t) — K (1)}
+q () (G{[1 —u(OIH@®)} —8H(1))  (69)
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First-order optimality conditions are as follows:

MO _ o Fu 40

= = (70)
du(t) -Gy p@)

p(t) = pp(1) H® p(t) = §— Fg) p@) (71)

P =ppt) =50 =pt)=(p+5—Fx)p
2y = — 2B 7(t) = §—G F, 72
q(t)——aH([) =q®) = +3—Gn)q@®) — Fup(t) (72)

and the transversality conditions come

tﬁ)l{}OK(t)e*ptp(t) = ll_i)H(}OH(t)efp’CI(t) =0 (73)

where p > 0 1is the intertemporal discount rate. Defining Q(¢) = % , equations (71)

and (72) can be condensed in a unique equation for the dynamics of ratio Q(¢),

(1)

—— =Gy —F F t 74

00 H— Fx +Fr Q1) (74)
Equation (74) might be further simplified by resorting to (70), i.e.,

o) G,

—— =Gy — Fx — Fg— 75

00 n—Fx = Fn g (75)

Further insights require specifying functional forms for the production functions.
Consider a Cobb-Douglas production function for the goods sector and a linear pro-
duction function for the human capital sector. The second is already displayed in
(34). The first one is

FIK@®),u@®)H(@)] = AK()* [u(t)H(t)]l_"‘, A>0,aae (0,1 (76)
Under (34) and (76), we rewrite equation (75) as

; l—a

OO _p_ya [—”(”H “)] an

() K (1)
and optimality condition (70) becomes,

PRV B COIN |

Q(t)—(l—Ot)B [u(t)H(t)] (78)
From (78) one draws the following relation between growth rates,

i) 100 K@  H@ 79

u(ty « Q@) K@) H®)

Replacing (77), (32), and (33), into (79 ), an equation of motion for the optimal
allocation of human capital across sectors is obtained, which is the equation in rule
(35) forx < 0.
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Appendix E: Proof of Proposition 4

Under systems (38) or (39), it is straightforward to notice that the ratio €2 (¢) declines
towards zero with the passage of time. This observation implies that variables income
and consumption will both converge to a steady-state of complete exhaustion, as
mentioned in the proposition.

Only system (40) involves no trivial dynamics. For this system, we can com-
pute steady-state values and analyze transitional dynamics in the vicinity of the
steady-state, given a Cobb-Douglas technology. Straightforward algebra allows for
calculating the steady-state value of the human capital share allocated to the goods

sector. To derive such result, just consider S.2(t) =u(t) =0,

1-— 1—¢e*
e 0=na-eh 50)
o
Given (80), in order to exist an interior solution it is required that the following con-
dition holds: (1 — ¢) (¢* — 1) < «. The physical capital — human capital ratio will
be, in the long-term equilibrium,

1/(1-a)
Q* = (l E) u* (81)
a A

Replacing the human capital share (80) into the human capital accumulation con-
straint, (33), one immediately derives the steady-state growth rate of human capital,
which is also the balanced growth rate of physical capital, since Q* is constant. Fur-
thermore, given the shape of the production function and the consumption heuristic,
the mentioned growth rate is also the steady-state growth rate of these aggregates.

To prove that dynamic system (40) is saddle-path stable, we linearize it in the
vicinity of the steady-state, thus computing the following matricial system:

i |_p[ w05 e -] & a0 ]
Q1) QL+ (l—a)(I—u) L —(1—a)(l—ub) Q) —Q

(82)

The determinant and the trace of the Jacobian matrix in system (82) are, respectively,

l—a , , I
Det(J):—TBu;Tr(J)zB(u - ) (83)

what implies that the eigenvalues of J are A = Bu™ and A, = —ITT"‘B. With one
negative and one positive eigenvalues, one confirms that the system is saddle-path
stable.®

%Note, in this case, that saddle-path stability guarantees convergence to the balanced growth path. This
occurs because the representative agent chooses u(¢) optimally and, thus, he is capable of triggering an
initial jump that places this control variable over the stable trajectory, which is then followed until the
steady-state locus is reached.
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Appendix F: Proof of proposition 5

For every x > 0, the share of human capital allocated to the production of physical
goods is the constant value u(t, x) = 1 — % and the stock of physical capital declines
over time to zero. Hence, consumption of grasshoppers will be, in the steady-state,

*

C*(x) = Fu*(x)H*(x) = (1 —a)A ( ) (1 — %) Ho(x), Vx>0 (84)

ur
where
0
o 7{0 K*(x)dx
— = 5 (85)
(1—9)L(1— %) Ho(x) + [ u*(x)H*(x)dx

—0oQ

In (85), (1 — &)L represents the number of grasshoppers. Examining result (84), one
realizes that C*(x) is positive and constant. As in the neoclassical growth model,
grasshoppers take advantage of the fact that there are ants who save and apply
their capital in production, so that grasshoppers have the possibility of working and
receiving a wage, which they integrally apply, at each period, in consumption.

Let us now explore the steady-state result for the ants’ classes. Under x < 0, the
relevant dynamic system for agents in class x is, adapting from system (40),

i) _ 10 | By(r, x)—[e* + ¢ (1—e")] [w(tu(t, ) H(t, ) + r(OK (¢, x)]

u(t,x) —
ged = (1=0) (1 =) [wOut, x)H (1, x) + r(OK (¢, )] = B[1 = u(t, x)]
(86)
Solving f2(t, x) = u(t, x) = 0, one gets expressions for the share of human capital
u*(x) and for the long-term growth rate y*(x) that mimic (80) and (41), respectively.
Growth rate y*(x) is the growth rate of both forms of capital and, given the income
expression and the consumption function, also the steady-state growth rate of these
two variables (income and consumption).

Appendix G: Proof of proposition 6

The observation of differential equations (55) and (56 ) indicates that, under x > 0,
there is no capital accumulation in the steady-state. This is true for both types of
capital. Therefore, no income and no consumption will subsist in the steady-state in
an economy of grasshoppers that give priority to the short-run.

The third rule in the consumption heuristic introduces interesting dynamics into
the growth process and allows us to perceive that, in this case, endogenous growth

emerges. Defining ratio ® (1) = % , the following equation of motion is derived,
o) (1-0)(1-¢€)A L + Ly [o — (1 —0)® ()] 87)
—— = - — — 4 — oc—(1-o
o~ TN T ke Tew
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In this case, for x < 0, the capital accumulation constraint is

K@ 1 et al| L L1 ) %
m_o( -0 (1—e) [er%] - o

From the two above equations, it is possible to derive the steady-state growth of
physical capital. Start by noticing that a constant steady-state ratio ®* corresponds,
given (87), to:

o

P* =
1—0

(89)

From differential equation (88) one may, then, write the steady-state growth rate of
physical capital as

o

L l—o\'™
szo(l—g)(l—ex)A<ﬁ+ ) -4 (90)

Because K* grows at a constant rate in the steady-state and L remains constant,
ratio % falls to zero, and this observation directs us to the explicit growth rate of
physical capital, which is (57). This is also the steady-state growth rate of robots, as
one understands by noticing that under x < 0,

Ry _

1— 1-— I—XACDI|:L + ! :Ila—S 91
R = -0 =0 (1) 400 | 2o o1

K@) @@

Replacing ©(¢) in (91) by its steady-state value and remarking once again that the
labor-capital ratio falls to zero, the steady-state evaluation of the equation of motion
for robotic capital allows us to unveil, once again, growth rate (57). Given that the
production technology is Cobb-Douglas, then income also grows, at the balanced
growth path, at the same rate, which is also the growth rate of consumption, once we
take consumption heuristic (54).

Appendix H: Proof of Proposition 7

From differential equations (49) and (50), it is straightforward to observe that
K (#, x) and R(t, x) converge to zero for every non-negative x. Thus, the income and
consumption levels of grasshoppers will tend to

0
[ K*(x)dx
0
L+ [ R*(x)dx

—00

Y*(x) = C*(x) = F;L(x) = (1 —a)A L(x)  (92)

Because L is constant and K and R grow at a same constant rate in the steady-state,
for every x < 0, grasshoppers consume a positive constant amount in the steady-state
(as long as labor is not entirely replaced by robotic capital). Furthermore, notice that
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0
J K*(x)dx

—=—— = @ and, thus, expression (92) might in a simpler way be displayed
L+ [ R*(x)dx

as: Y*(x) = C*(x) = (1 — ) A (1 0) L(x).
For the ants’ classes, a positive endogenous growth rate is determinable. The
growth rate of physical capital held by agents in class x, Vx < 0, is

K(t,x) o Y, x)

e o(1-1¢)(1—¢") K

K@t,x) o[z L&)+ R, x)

K. _o(l—g)(l—e )[FL Ko FKi|—5<:>
f((t,x) L(x) 1

X6 1) O‘(l—é’)(l—e‘x){FLI:K(t’x)+q)(t7x):|+FK}—5 (93)

In the steady-state, term KL(( )) converges to zero and ®*(x) = Z-; the wage rate

o
and the rate of return on capital are, respectively, w* = F; = (1 — o)A <m>

l—a
and r* = Fg = aA (ITT") . Thus, the evaluation of (93) in the steady-state locus

conduct directly to growth rate expression (57).
A similar reasoning can be taken for capital variable R(¢, x), leading exactly to
the same outcome,

R@t,x) LY x)

R = 4=l =0 (1-e%) RG.x)

R@t,x) N L(x) + R(t, x) K(z, x)

Rixy = - U-D(1—e )[FL R(t, %) Fera x)i|
ROLX) g TR oo BELCORY A 5 (94
RG.» =0-0)1-0)( —e){ LI:R(t’x)-i- ]+ K (t,x)}— (94)

To confirm the identical outcome, observe that lim HF T [ RL(gx;) + 1] + FK} =
t—>00 ’

Ff+Fii& =A ( G) . Replacing this steady-state value into (94), we get (57).
If both forms of capital follow a same balanced growth path, then it is straightforward
to infer, as before, that income and consumption share the same long-term growth

rate.
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